
I<EOA^AION    A

EOAPMorAi
Elf       =v  r  KEKplMENA

npoB^HMATA     pfirMfiN
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Al.   E®APMorH   Ill:    z]¥rrpAMMIKAI      HEploAIKQE      AIA-

TETArMENAI      pQrMAI

®€copoouev   oboTnua   €Tt'eb-
Se[a§   welu€va)v   wac   Ttepio6iw@§

6iaTeTayu€vcov   pcoyu@V   a)a        ets

T6   TtCipcm^ebpa)§   Exfiua   I.T6   ufi-

74Os   eMdoTTis   pcoyuii§   €[vai         2a

Mat   f`   dii6oTaoLs   ueTaEb   T@V   u€-

ocov   6bo   6La6oxiw@v   pa)yu@v   et-

+8 •:-:'-                  ``-                            -

rota+
I:xfiua   I

vat   8.    uAiiaoai   aL   pa)yuat   SecopoovTai   q)opTLE6uevou           was€TCDS

6id  q]opTtoeo§    (-a)    €Tt.duapoT€pa]v   T@v   Tt^eup@v   a6T@v.   ®d   et}pco-

uev   T6v   ouvTe^eoTfiv   €vTcloecoc    T@v    Tdoea)v   et§   Td  &wpa           T@v

paJvtJ.div.    `0   ouvT€^eoTfi§   €vTdoecoe    Tdiv    Tdoecov   o6Toe   e[vou   Ttpo-

apav@s   6   atJT6s   ltat   eie   Tfiv   TteptTtTooLv   pcoyu@v   ufi   apopTiEou€vcDv,

€vT6s   u5oou   u€   ap6pTioLv   a   Sis   T6   &Tteipov   wa$5Tajs   €Ttt           Tfiv

6ie6Suvoiv   T@v   pcoyu@v,   fiToi   waTd   Tfiv   6ie6SuvoLv   Too     &Eovos

Oy   Bdo€L   Too   dva]T€pco   ExfiuaToe   I.
`H   ouvdpTnoLe   T@v   u€TaoTdoea]v   g(x)    ^auBdv€i           npoq>av@s

Tds   atJTds   Tluds   €T[t   T@v   dvTioTotxa)v   onuetov   6^cov   Tdiv   paJyuc5v,

6Tt6Te   6uvduesa  vd  ypducouev   Tfiv   t6i6uopapov   6^ow^npoTlwfiv  €E-

toooiv   ,   ets   Tfiv   6iTotav  dvdyeTai   T6  Ttp6B^nud  uae,   u6vov     €-
T[t   Tfis   PaJyufis   -a<x<a,   Bdoel   6€   T@v   6oujv   dveap€psricav   ets     Td

TufiuaTa  AI   Mat   81   Itat   e16"diTepov   Too   TbTtou    (Al.37)    f|   16i6-

uopq>o§   aoTn   6^olt^npcoTiltfi   €Etoa]oi§   Sd   €x"   Tfiv   waTOT€pco  6i6o-

u€vnv   uopq>fiv   u€   &yvcooTov   ouvdpTTiouv   Tfiv   g(x) ,   €v8a  xdpiv   d-
Tt^6TTiTos   €T€Snoav:I,   t   =     x/a,   d5oTe   fi   pa]yufi   -a<x<a  vd        €"-

appdE€Tai   d]s:-l<T,t<l:

eo

g(aT)       I
n = - CX)

(aT-nB) -at

a)

EiEiii  E
n = - cO

I-=|:FTFTnL(-5F-
1-

(aT-nB)
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+  :I:g(Cut)nice    [{:===:)=:=]2dT}=   -20. (i)

AauBdvovTee   t)Tt'6iLiiv   6TL:  T==   wac    t=E      €Ttt    Tfic   paJyufie   dJS

MCit   T6   ycyov6e   6Ti   €v   npoMeLu5vap   i   ouvdpTnoie   g(aT)          €[vaL

wasChp@c   apavTaoTLwf\,   ate   6uvduesa  vd  S€oouev:

u(I,    =  :g,aT,,                                                                                          (2)

Tfie   ouvapTfio€oe   u(I)    o0onc   TtpChyuaTLwfie,    ypdapouev   Tfiv      L6i6-

uopapov   6^ow^npcoT"f\v   €Etoooiv    (1)    tjTT6   Thv   €Efie   dTt^fiv        uop-

apfiv :

:  I:u(I)nice T=g dT  =  i.                                    (3)

AauBdvovTee   TtepaiT€po   tjTt'6Uiv   Tfiv   TauT6TnTa   {PHILLIPS,

1966,     §7.6}:
CX)

TtcotTtx   =   1   +   2X   IX n=1   x   -n

€bptc"ou€v  €t"6^coe  Stu

= =cotE# ,

I+2-
a(I-t)                a

a

(4)

(5)

6Tt6Te   fi    £6L6uopapoe   6^oM^npcoTLwfi   €Eto®oLe    (3)    ^auBdvei      Thv

eEfi§   uopapfiv:

LH dT  = E
Ba

(6)

TtepaiT€po  6€,6e6ou€vou   6Ti   fi   ouvdpTnois  u(I)    €tvou   €v     Ttpo-

]4eiu€vap   nepLTTfi,    Thv   wdTcosi   uopapfiv:
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+ cot- ) dT = : . (7)

`H   ouvdpTnoLe  u(I)   TtapouoidceL    i6Louopaptae   napd  Td  &wpa

Tfie   pcoyufis   T€tvouoa   eie   T6  &neLpov   6Ld  I-±l,   6Ld   ToOTo     6€

waTd   Tfiv   iTpooeyyioTiwfiv   €nt^uoLv   Tfie   dvcoT€pa]   t6iou6papou     6-

^oM^npcDTLMfie   €ELocboecoe   dvTiwChstoTaTou   bn6   Tfi§   ouvapTfioecoe:

v(I)    =   /I==TF  u(I),                                                                                     (8)

6Te   i    t6i6uopapo§   6^olt^npcoTiMfi   €Etoa)oLs    (7)    ypdap€Tai:

joL7=v(I){cotE#+ cot#}dT =3.     (9)
•H   ouvdpTTioLs   Bdpoue   etvaL   f\   1//I=iTZ-,   6n6Te     kaTd^^n^os

Tp6Ttos  iTpooeyy ioT"oo   oTto^oy iouoo   Too  6^ow^npdtuaToS             Too

TtpdTou   uE^oue   eivai   6id   Tfi§   u€$66ou   GAUSS-CHEBYSHEV.            .Ev

Ttpowe lu€vap   6ua)s   Sd   xpnoiuoTtoifioa>uev   Thv   u€8o6ov           LOBATTO-

CHEBYSHEV,   was'6oov   €v6Laapep6u€Sa  wuptate   6id  T6v        ouvTe^e-

oTfiv   €vTdoecoc    T@v    Tdoeov,   dvd^oyov   Tfis   TLufis   Tfie     ouvapTfr
O€cO§   v(I)    eie   T6   OTiuetov   T=l.

ETiu€ioou€v   d>oabTa>e   6Ti   f`   ouvsfiwn   uovoonudvTou   T@v     ue-

TaTOTttoecov    :

I:
u(I)dT   =   0, (10)

6e6ouEvou   6TL   f`   ouvdpTTioue   u(I)    e[vai   €v   npot4eLu€\Xt>      nepLT-

Tfi ,    Tt^TipooTcw   attTOudTCDe.

KChTd   Tfiv   u€So6ov   6^olt^r\pd>oeoe   LOBATTO-CHEBYSHEV        dva-

TtTuxsetoav   eis   T6   Tufiua  r9   T6  6idoTnua  6^o"^npcboeoc        e[vaL
dTt6'  (-i)    €®e    (+I)    wac   fi   u5So6os   6Ld   xpTioLuonoLfioecos   2n      oT|-

uetov   elvai   dltpiBfis   6i.6^oM^npouu€vnv   ouvdpTnoiv   Tto^ud>vuuov
u€xpL    (4n-3)    Bat+UOO.    ulva     tpavfi   wa^bTepov   6TL   T6        6idoTnua
6^oM^Tipd>oeoe   eie   Tfiv   i6i6uopapov   6^ow^npoT"fiv   €Etoooiv       (9)

6bvaTai   vd   Sea]pTisfi   dTt6    (-1)    gate    (+1),  ypdapou€v   TabTnv           tJTt6
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Tfiv   uopq)fiv :

1

1/FT`'`',`,`-I-8         --'       a
+(I)cotTt"(:-t)  dT = i. (11)

KaTd   Tfiv   xpnoiuoTto[noiv   Tfi§   u€$66ou   6^ow^TipchoecDe        LO-

BATTO-CHEBYSHEV   Td   Bdpn   A.   wcht   aL   TeTunu€vai   I.   Wac   tkebpt-ll
c"ovTou   d>§  dvenTbx8Ti   els   T6   Tufiua  r9,   f`   6€   t6i6uopapoe     6^o-

w^Tipa]TLwfi   €EtocooLe    (11)    npoo€yytE€Tai   6id   Too   "dTCDSI      Yoau-

uLwoO   ouoTfiuaToe   €EicJdoea)v,   ^auBavou€vou  iid^iv   bn'6iLiiv     6TL
f`   ouvdpTnoLs   v(I)    e[vaL   TtepLTTfi,   6n6Te   Mat.obotchv   f`         t6i6-

uopapo§   6^ow^npa]Tiwfi   €EtcooL§    (11)    dvdygTai   ete   Tfiv    (9)  :

n
ZA.

i=11 (

cot
Tta(T±-tk)                  Tta(Ti+tk)

+cot
8               '    -_-           B

=!'      k=1'2 ,..., n.

v (Ti) =

(12)

A€ov   vd   TovLosfi   6Tl   f`   waTd   Td  dva)T€pa)  dvTlwaTdoTaoLS

ev6e   6^o]{^npd>uaToe   ete   T6   6LdoTnua    [-I,l],d>e   et§   Tfiv      t6i6-

uopapov   6^oM^TipcoTiwfiv   €Eto®oiv    (11),  6L'dSpotouaToe   n   Spa)v   Tfi

xpfioei   Tfi§   ue$66ou   LOBATTO-CHEBYSHEV   eivai   dMPLBfis   6i'   6^o-
w^Tipouu€vnv   nepLTTfiv   ouvdpTTioiv   Tto^uchvuuov   Basuoo             u€XPL

(4n-3)  ,   .€vS,€dv   €ytveTo  dvd^oyos  dvTLMaTdoTaoie   ev6s        6^o-
w^npchuaTos   et§   T6   6LdoTnua    [0,1]    ,   u€   BdoLv   Tfiv      L6i6uopapov

6^ow^npcDTLwfiv   €EtocooLv    (9)  ,    Tfi   xc>fioei   Tfie   TpoTtoTtoinu€vne   ue-

$66ou   LOBATTO-LEGENDRE   u€   n   Ttd^Lv   6pou§,   a-6TTi   Sd   fiTo     dMPL-

Bfis   6i '6^ow^npouu€vTiv   ouvdpTnoiv   Tto^uc6vuuov   u6vov             u€xpi
(2n-3)    Basuoo.   T6   apaiv6u€vov   ToOTo   6q)et^eTaL   €te   T6   y€yov6e
6TL   f`   ouvdpTTioLe   v(I)    €Ivai   nepLTTfi,    T6   6notov   wa:         €EE:uE:-

Ta^^E:bsriucv   ward  T6v   oxnuaTiou6v   Too  ypuuuiMoO        ouoTTiuaToe
€ELochoea)v    (12)    xpTiouuonoifioavTe§   Tf`v   u€So6ov   dpLSunTLwfie   6-

^oM^npd>o€co§   LOBATTO-CHEBYSHEV     dvTt   Tfie   TpononoLnu€vns      ue-

S.66ou   LOBATTO-LEGENDRE.
•H   TtpooeyyioTLItfi   €Ttt}uois   Tfi§   i6iou6papou   6^o"^npoTiwfi§

€Eiod)oecos    (11)    6i'€Tti^boeoe   Too   TtpooeyytEovToe   TabTnv        ou-
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oTfiuaToe   ypauuLM@v   €ELocho€aJv    (12)    €y€veTo   u5   n=5   oT"€.[a   5i,d

xpfiocco§   i)Tto^oyioToO.    'EEnTdo8noav   Tpecs   Tiuat   Too   ^6you        %

fiTOL:   8=0,01,    0,25   wac    0,45.    Ete   Tfiv   npchTnv   neptnTcooLv      at

pcoyuat   e[vai   ^tav  diiou€uawpuou€vai   dMfi^cDv,   ete   TTiv     6cuTE-
pav   T6   6LdoTnua  u€TaEb   6bo   €yybe   MeLu€v®v   &Mpajv   6bo     6La6o-

xLM@v   pcoyu@v    toooTaL   u€   T6   ufiwos   uid§   pcoyufie,    €ts   6€            TTlv

TptTTiv   aL   pcDyuat   M€tvTai   Tto^b   n^notov   d^^fi^cov.

Td  XpnoLuoTt-oins€vTa  oT|ueta   tk   Wat   I.   d>e   ltat   at        TLuati
Tfis   ouvapTfioecoe   v(I)    eie   Td  oTiueca   I.   6t6ovTaL   €C§   T6v     Md-

1
TCDSL   Htvat4a   I.

HINAE   i

Tluat   Tfi§   ouvapTfioca]e   v(I)   npoMbuaoaL   €w   Tfie   dpi-

SuTitiwfis   6TtL^boecoe   Tfis   t6Lou6papou         6^ow^npcoTiwfis

€ELod>o€cos     (11)  .

n=5 CL-a 0'01 0,25           I 0,45

tk I. v (I . )
1 1

0,98481 I,.00000 I,00015 I,12838 2,11334

0,86603 0,93969 0'93985 I,05816 1,82457

0'64279 0'76604 0,76617 0'85839 i,28513

0,34202 0'50000 0,50008 0,55737 0,75582

0'00000 0'17365 0'17368 0 ,192 96 0,25001

'Aq>'eT5pou   6   ouvTe^eoTfi§   €vTd.oecos    Tdiv    Tdoccov   kL   ouv6€-

eTal   ueTd   Tfie   Tiufi§   Tfie   ouvaoTfioea]s  v(I)    €ts   T6   onuE:tov   T=1

6Ld  Too   Tbnou:

kL   =   Ovavti),                                                                                                    ti3i

6[6eTai   6€   ete   Tfiv   €E€TaEou€vTiv   nep[nTa)oiv   wac        dva^uTiw@e

Bdo€l    Too   Tbnou   {SNEDDON   and   LOWENGRUB,1969,     §2.9}

kl=O (14)
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6Tt6Te   iTpo"bTtTeL   6Ti :

v(i)    =
kl_

-   _    __           -

a/a
rfutanF ."a (15)

Ete  T6v  wdT®9i   IItvawa  2   ouv"ptvovTai   Td  ebpes€vTa  dno-
T€^€ouaTa   6Ld   Tfie   Ttpoo€yyioTLwfie   €Tu^boecoe   Tfis         t6Lou6papou

6^o"^TipoTiltfis   eEiodoecoe    (11)    u€   Td  SeajpnTiwd  ToiaoTa

rtpowbnTovTa   Bdoei   Too   Tbnou    (15)  .
HINAE   2

EbyMpioie   T@v   €w   Tfie   dpisunTi%fi§   €Tti^toeaJs   Tfi§   i-

6Lou6papou   6^oM^npcoTiMfis   €ELochoecoe    (11)    npoMuiuao@v

TLu@v   Too   dvTiyu5vou   ouvTe^€c7ToO    €vTdoecoe    Tdiv   Td-

Ov   kL/(a/a)    Ttp6s   Tde   Sea]pTiTiwde   Tiucts   IOU.

a- kl-=v ( i ) kl-
8 a/aa/a

( HpOO€ y y i oT I w@e ) (®ecopnTLWG;e)

0'01 1,00015 i,00016

0,25 I ' 12838 i,12838

0,45 2,11334 2,11331

`H   ouuapovta   T@v   9eopnT"@v   dTtoTe^eoudTov   ueTd  T@v     Ttpo-

kuudvTaDv   €vTaosa   €w   Tfis  dpisunTiwfie   €Tti^t)oea)e   Tfie      i6lou6P-

Qou   6low^npaJTiMfie   €Eiod)oea)s    (11)    Tfi   xpfioei   Tfie   ue$66ou     LO-
BATTO-CHEBYSHEV   u€   n=5   u6vov   onu€Ca   e[vou   &wpa)e         twovonol-

nTlwfi   wac   6v6eiwT"fi   T@v   6uvaTOTfiT®v   T@v   ets   TTiv        Ttapoooav
6laTpiBfiv   TtpoTeivou€vov   ue$66®v   dpi8unTLwfis   €Tti^boea)s   i6Lo-

u6papa)v   6^ow^npa]T iw@v   €E iod>oecov.

IIp5Ttei   vd  dvaq)epsfi   djoabToe   6ti   fi   i6i6uopapoc     6^ow^Tlpa>-

Tiwfi   €Etooois    (6)    6t)vaTai   vd  Secopnsfi   TtpowtTtTouoa  wac   €w   Tfie

L6iou6pq>ou   6^olt^npcoT"fie   €Eiodoeajs    (84.21)  ,   ets   Tf\v     6T[otav

ecxouev   waTa^fiEel   ets   T6   Tufiua  84   6EeTdEovTes   T6          yeviw6v

Ttp6B^nua   T@v   Ttepio6"@§   6iaTeTavu5vcov   pa]vu@v,   Too           6Ttotou

ei6"fi   TteptTtToois   €tvou   T6   €vTaosa     6EeTaos€v     Ttp6B^nua  T@V
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ouyypquuLw@v   nepLo6Lw@s   6laTeTayu€vcov   pa)yu@v,   T6   6Ttotov   ^6-

yap  Tfie  dn^6TTiT6§   Iou   €u€^eTfioquev   €vTaosa  ufi   ^a86vTee        bn.
6Uiv   Tfiv   dvdTtTUELv   Too   TufiuaTos   84.

Z]XETIKAI      EprAEIAI   -HAPATHPHEEIZ}:   T6   €ECTaos€v            et§

Tfiv  napoooav   €tpapuoyfiv   np6B^Tiua  Tfis  o€Lpde  ouyypauulw@v,ne-

pio6ilt@§  6iaTeTayu€va)v   pa]yu@v  u€   oTasepdv   wds€Tov     ap6pTlolv
€Tt'duapoT€pa)v   T@v      n^eup@v   Tcov   e[vaL    €M   TGiv   npoB^nudTcov      T@v

€TtL6exou€vcov      ^boLv   M^eLOTfis   uopapfis   6Ld   T@v   ue$66®v   Tfis   ®€-

aJptae     Tfie   'E^aoTilt6TnToc.   AbocLs   Too   TtpoB^fiuaTo§   TobTou   €-

66STioav   bn6      Too   WESTERGAARD   {1939}wat   Too   IRWIN   {1957}   6Ld

Tfie   ue$66ou   Tfis   uiya6iwfie   ouvapThoecoe   Z(z)    Too   WESTERGAARD,

tjTt6   Too   KOITER   {1959A}   6id   Tfi§   ue966ou   T@v   uLya6Lw@v   ouvap-

Tfio€cDv   a(z)    Mat    a(z)    Too   MUSKHELISHVILI,    bTt6      T@v         ENGLAND

and   GREEN   {1963}   6L.et6Lwfi§   ue$66ou   oTnpiEou€vne   ete           Td§

ulya6iMde     ouvapTfioei§     a(z)    wac   P(z)    Too        MUSKHELISHVILI,
bn6   Too   ISIDA   {1973,§.2.3}   6Ld   Tfie   ue$66ou     Too  dvouTbyuaTo§

T@v   dyvdoTcov   uLya6Lw@v   ouvapTfioecov   Too  MUSKHELISHVILI         ete

oeLpde,    bTt6   Too      BUECKNER   {1973,    §5.4}   6i'dvaycoyfie   Too   npo-

B^huaTos   ets   16i6uopapov   6^ot{^npcoTiwfiv   €E[oa]oLv   wac   dwoLBooe
€nL^bo€cDs      Tfi§   T€^euTatas,bn6   Td;v   BENTHEM   and   KOITER   {1973,

§3.6}   6Ld   Tfi§   xpfioecos   douunTcoTLw@v   TtpooeyyioTitt@v         u€$66a)v

Mat    bTt6   T@v   SNEDDON   and   SRIVASTAV   {1965},    T@v      SNEDDON      wac

LOwENGRUB   {i969,§2.9}   kat    TOo   SNEDDON   {i973,    §6.3}   6Ld   xpfr

oecDs     Tfis   ue$66ou   T@v   oeip@v   FOURIER.   T€^oe   Ttpoo®dTa]s           oi

DATSYSHIN   and   SAVRUK   {1974}   dvfiyayov   T6   Ttp6B^Tiua   T@v   neplo-

6Lw@s   6LaTeTayu€vcov   pa]yu@v      E:t§   Tfiv    t6i6uopapov      6^ow^npaJTl-

%fiv   €EtouJOLv    (6)    6Ld  ue$66ou  dpweTd  dva^6you   Tfi§           €vTat)Sa

xpnoiuonoins€toTie.   Tfis   €ELed>oecDs   TabTn§   56a]oav           nepcLLT€paD
Tfiv   Sea]pTiTikfiv   ^boiv   6Ld  nepLo6Lw@s   €Tt'ebsetae     6LaTeTaYu€-

vas   pcoyude.       At        ^bocL§           6iap6pajv  TtpoB^nudTa]v     nepio6L-
W@S   €n'    ebsetae   Slate:Tayu€va)v   pa]yu@v   u€   noLwt^as     apopTto€L§

6t6ovTai   bTt6   T@v   TADA,    PARIS   and   IRWIN   {1973,    §7}.

KaTd  TaoTa  f`   €vTaosa  naoouoiao9€toa  u€So6oe     €nL^boca)S
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Too  npoB^fiuaTos  T@v  Ttepio6"@e     €n'ebsetas       6iaTeTayu€v®v

pcoyu@v   Sd  f`6bvaTo   vd  9e®pnsfi   chc   uta  dw6un   u€So6oe   €nL^boeco§
ev6s   6id  T6o®v   ue$66cov   €xovTo§   fi6n   €nL^usfi   TtpoB^fiuaTo§.    .Ev

TobToie  iip€iieL   vd  ^napsfi   bn'6iLjLv   6Ti   dTtaoou   at   iipoavaapepset-

oaL   u€So6oi   65v   6bvavTou   vd  €apapuoosoov   €1e  nepLTtTchoei§  wau-
Ttt^a)v   Tteplo6"@s   6iaTeTayu€vcov   pa)yu@v,   €v¢  fi   u€So6oS   6TH^b-

oecoe   Too   npoB^fiuaTos   T@v   nepio6iM@e   6iaTCTavu€vcDv   P®Yu@V      fi

dvcmTuxsetoa  €te  T6   Tufiua  84   6bvaTai   vd  6apapuoosfi  6Ld    wdse
iTeptTtTooiv     iTepio6iJtfie   6iaTdEeos   pa)yu@v   ltat   u€   a)6PTIolv   Tu-

xobons   waTavoufis   Sap.€wdoTn§   TobTcov,   Ttisov@e   6€   wac        6iap€-

pouoav  dTt6   Tfis  uide   eis  Tfiv  &^^nv  Tt^eupdv   Tns,   dp"et'   BeBat-
®e  6^ou   at   p®yuat   vd   c[vou   apopTLou€vai   u€   T6v  abT6v   Tp6nov.
H€pav   T@v   6uvaTOTfiTa)v   TTis   TotJTov   fi   dvaTtTuxsetoa   ets   T6   Tufi-

ua   84   u5So6oe   €iTi^t)oecos   Too  TtpoB^fiuaTos   T@v.  Ttepio6iw@s   6ia-
TeTayu€vcov   pcoyu@v   6i'dvayoyfis   Too   ets  utav   ulya6lwfiv      t616-

uopapov   6^ow^TipcoT"fiv   eEtocooiv     Tuyxdvei   dTt^ouoTdTn           T6oov
waTd   Tfiv   o6^^nuiv   6oov   wac   waTd  Tfiv   €q)apuoyfiv   Tt|s   ets     OUY-

weltpiu€vov   TL   Ttp6B^nua.    `H   €vTaosa  6osecoa   €q>apuoyfi   Tne   ets

T6,  dTt^o0v   Ttp6B^nua   T@v   ouyypauuiw@v   Ttepio6iw@s   6laTeTaYu€   -

vov   paJyu@v   dlT€B^eTte   waTd   Bdoiv   ets      Tfiv   €Ttt6elElv   Too     Tp6-

Ttou   €q>apuoyfie   TTie   ltat   ets   Tfiv   obywpioiv   T@v        diTOTe^ecrudTov

TT|s   u€   Td  8eopnTiw@s  dvauev6ueva  dTtoTe^5ouaTa,   Td  6Ttota  ets
otJ6eutav  &^^nv   €q)apuoyfiv   €Ttt   Ttepio6iw@s   6iaTeTayu€vav,   d}^d

ufi   ouyypauuiw@v,p®yu@v   Sd  fioav   6ia8€oiua.   IIp€iTei   vd  cmuei®-
Sfi   doat)Tcos   6Ti   ^ttoie   w^eioTfie  uopapfie   Tfis   i6iou6pQou   6^olt^Ti-

poTiwfis   €Eiochoeoe    (6)    Sd  f\6bvaTo   vd  6o8fi   ettxep@s,   Tt^fiv   6ucoe
TTpoeTiufisn   €vTaosa   fi   dpisunTiwfi   €iTt^uoCs   TTis   Ttp6s   €Ttt6eiElv

T@v   ete   T6   Keq)d^aiov   I  dvaTtTuxseio@v   u€$66ov   €Tti^tJoea)s   t6i-

ou6papa)v   6^ow^ripcDT Lw@v   €E iod>oecov.
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A2.    E®APMOI.H   2a:    HAPAAAHAOI      IIEPIOAIKQZ}      AIATE-

TArMENAI   pQrMAI

©ea)poouev  oboTnua  napa^^i^a)v
"at   nepLo6LM@s      6LaTeTaYu€vaJV   pa)-

YTJ.@V   u€   T&   u€Oa   Tcov      Wetueva      €n.

ebs€ta§  was€Tou   €Tt[   Tfiv     6L€bsuv-
oLv   T@v   pcoyuG)v   d)s      ef a   T6        napa-

n^ebpco§   Exfiua   I.   T6   ufiwo§   ewdoTn§

PaJyufis   e[vaL   2a  Mat   fi        dn6oTaois
6bo   6La6oxlw@v   pa)yu63v   etval   a.`Q§

wac   €1e   Tfiv   npoTiyouu€vTiv      €(papuo-

I

i-=:==
Exfiua  i

yfiv   &TtaoaL   aL   pcoyuat   Sea]poOvTaL   apopTLE6u€vaL   wasETcos           6Ld

q>opTto€®e    (-a)    €n'duq)oT€pcDv   T@v  'Tt^eup@v   abT@v.   ®d         ebp®uev

T6v   ouvTE:^€oTfiv     €vTdo€tDc     T@v   Tdoecov   ets   Td   &wpa      T@v         PcD-

yu@v.    'Ava^6ycoe   Ttp6§   6oa  dveap€pSTioav   e£§   Tfiv        Ttponyouu€vnv
€apapuoyTlv   AI   T6  np6B^nud  ua§   dvdy€Tai   €i§   Tfiv   5nt^uoLv     Tfi§

wdTCDSL    i6Lou6papou   6^oM^npcoTLwfis   €ELodtoea]§   u€   &yva)oTov      ouv-

dpTnoiv   Tfiv   Ttuwv6TTiTa   T@v   u€TaoTdo€cov   g(x)  ,    €v         npoME:iu€vap

ouvdpTTiouv   Masab@e   tpavTaoTLwfiv,   wac   u5   u€TaB^nTde:I,t   =  X/a

uCTaBa^^ou€vas   €ie   T6   6LdoTTiua:-l<T,   t<1:

dt--__

aE

+i
Ttl

11cO
g(aT)       I

-1

1aTFT   i
(aT-inB) -at

1                  n=-co    (a=+inB)-CLE

(=`1-1

CX)

Fidr   I
n = - cO

dT-

(aT-inB ) -Cut
aF+

jLg(aT)nice    [(:=±±:8)=:=]2   dT}=   -20.-1
(I)

AauBdvovTes   I)n.6iLJLv   6TL:    T==,    t=E      €Ttt   Tfi§   pcoyufie      Mat

8€cDpoOvT€e   d>e   &yvcooTov   ouvdpTTioLv   Tfiv   6pLosetoav   €te   Tfiv   i-
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apapuoyfiv   Al   Mat   waTd   T6v   TbTtov    (I.2)    TtpayuaTiwfiv        TtepiTTfiv

ouvdpTnoLv   u(I)  ,   ypdapouev   Tfiv   i6L6uopapov   6^ow^npcoTiwfiv   €Et-

ocoiv    (I)    tjTt6   Tfiv   eEfis   dTt^ouoT€pav   uopapfiv:

:  I:u(I,

=1.

CX)

2Z
n:-co   (I-t)-inE

CX)

-(I-t)   I
n = - cO

(2)

AauBdvovTes   TtepcHT€pco   t)Tt.6iuiv   Tfiv   TChuT6TTiTa   {PHILLIPS,

1966,    Examples   7}:
CX)

TtcothTtx   =  1  +   2x   I
X

''````-.-''`-X          ---n=i   x2+n2

kat   Tfiv   6Ld  Ttapaycoytoeos   TabTns   TTpowtiTtTouoav:
CO

n2csch2ix  =  i  -  2  IrliL .--- "   'L'``         x2         -n:ix2+n2

ebptc"ouev   ebM6^a]§  6Ti:

CX)

I
n:-co   (I-t)-inE

CO

+   4x2   I4
n= 1 (x2+n2 )

I        + 29Jfl.
a(I-t)                a

a

a(I-t)

Mat   €Tttons   6TL:

[,I-t,-in3]2

a)

+2E
n=1

=   ,g,2

= #othE-
8

FH-2 [#]2+n2

(3)

(5)
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+ 4FJfl]2a
([#]2+n2)

(F) 2csch2E±
B

(6)

`H   ox€ois   (6)   npoMbnTei   MaT'&^^ov   Tp6nov   6L'dn'   ebseta§

iiapava)ytoecDe   Tfie   ox5oeaJe    (5)    a)s   TTp6§    (I-t),  xcDpts   vd        ^Tiapsfi

bn'6iuiv   T6   dvdTtTuyua   (4)    Tfi§   bTtepBo^Lwfis   ouvTeuvobonc.
"H6n   f`    i6L6uopapos   6^oM^npa)TLwfi   €Etoa)oic    (2)            ^auBdveL

Tfiv   eEfis   uopq>fiv:

jLu(I){2cothE#-1

Tta ( I - t )

.csch2# } dT = 3. (7)

`H   €Etou)oLs  abTn   etvaL   n^€ov  no^bn^owoc   Tfis      (I.6)      Tfis

ioxuobone  6i&  T&s   €n.€bsetas  nepLo6Lw@s  6LaTeTayu€vas        paJ-

yud§  ttat   &wpLBfis   €Ttt^uot§   Tne   6ev   €[vaL   6uvaTfi.   Ae6ou€vou   6-
Ti   f`   ouvdpTnoLe  u(I)    etvai   nepiTTfi,   fi   t6i6uooapos     6^oM^npaJ-
Tit4fi   €Etocoois    (7)    6bvaTaL   v&   ^dBn   Tfiv   eEfis   uopapfiv:

'olu,,,(
2(cothTta(I-t)   +  cothTta(I+t)    )   _

88

_ (EgL!±±Lcsch2EqJ±±l  +  EgJ±±±lcsch2 Eg±±±±L }  dT  =
B888

=E.                                                                                                                           (8)a
ALd   Tfiv   Ttpoo€yyLOTiwfiv   €nt^uoiv   Tfis   £6Lou6pq)ou   6^oM^n-

pa]Tiwfie   eEiod>oea]§    (7)    fi    (8)    etodyouev   Tfiv   ouvdpTnaLv        v(I)
waT&  Thv  ox€oLv    (i.8)    wac   xpnoiuonoloouev,   dwpLB@s     d>S     wac

6id  Tfiv  TteptnTcooiv   Tfis  nponyouu€vn§   €apaouoyfis  6id  Tdc  neol-
o6ltt@s   €n.ebseta§  6LaTeTayu€vas  pa)yu&s,   Tfiv  u€So6ov     dvayco-

yfis   Tfi§   np6s   €Ttt^uoiv   t6iou6p®ou   6^ow^npa]Tit4fis        €ELod>oc®§
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eis   ypauuiw6v   oboTTiuCh   €Eied>oeajv   6Ld   TtpooeyyLOT"fie   €wq>pdoe-

coc   T@v   6^ow^npajudTcov   6Ld   i.fie   ue$66ou   LOBATTO-CHEBYSHEV   ouu-

apchvos   Ttp6e   Td   €wTes€vTa   eis   T6   Tufiua   r9.   T6   Ttpow6TtTov        oti-
oTT|ua   ypauuLw@v   €Elocho€®v

¥    .    1^ ,..- (Ti-tk)

-(
-(Ti-tk)

`csch2
la(Ti+tk)

etvaL   T6   wdTcosi:

+  coth
-( I . +tk )i

na(T±-tk)         na(Ti+tk)

•)

8`8

V(T±)     =3|    k=1,2  ,..., n.                   (9)

•H   npoo€yyLOTLwf`   €nt^uois   Tfie   16iou6papou      6^oM^npcoT"fis

€ELod>oecoe    (7)    fi    (8)    6i'€ni^boecos   Too   npoocyytEovToe      TabTnv

ouoTfiuaTos   ypauuLw@v   €Eiod)oeov    (9)    €v€veTo   u€   n=5           oT"eta

6id  xpfioecos   Tot)   OTto^oyLOToO.    'EEnTdosnoav   6bo   Tiuat   Too   ^6-

you  i,   fiTOL:   3=0,25   wac   0,33.   Td  xpnoiuoTtoins€vTa  onueta  tk
a

wac   I.   d>e   wac   aL   TLuat   Tfis   ouvapTfio€®e   v(I)    et§   Td        onu€tai
i.   6t6ovTou   et§   T6v   wdTcosi   Htvalta   1.

1
IIINAE   i

TLuat   Tfis   ouvapTfioecoe  v(I)=/I==Z-u(I)      Ttpowtuaoai
€M   Tfie   dpLSunTiwfi§   €TtL^boecoe   Tfie    i6Lou6pq>ou   6^o-

M^Tipa]TLwfie    €Eiod>o€cDs     (7)  .

n=5 CLi 0,25 0,33

tk I. v (I . )
1 i

0,98481 I,00000 0'78968 0'70376

0,86603 0,93969 0,73812 0'65307

0,64279 0,76604 0'59346 0,51425

0,34202 0'50000 0,38078 0'32076

0,00000 0,17365 0'13066 0'10771

•Aap'eT€pou   6   ouvTe^eoTfis   €vTdc7ecos    T@v    TdoeaJv   kL      6t6e-
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TaL   nd^Lv   bn6   Too   TbTtou    (i.13)  .    Efe   T6v   MdTcosL   Htvowa   2   ouy-

ItpivovTai   Td   etjpes€vTa  dTtoTe^€ouaTa  6Ld   Tfis     TtpooeyyloTLItfis

€TtL^bocate   Tfi§    t6Lou6papou   6^ow^npcoTLwiie   €ELod>oe®e    (7)       fi    (8)

u€   Td   etJp€t}€vTa  6L'&^^cov   u€$66cDv   dnoTe^€ouaTa   {ISIDA,1973,
§2.7,§2.9,    BENTHEM   and   KOITER,1973,     §3.6,    TADA,    PARIS      and

IRWIN,1973,   p.14.1}.    HapaTTipoouev   6TL   Td   6Ld   Tfie      napobcme

ue$66ou   ebpe$5vTa  dTtoTe^€quaTa  ouuapa)voOv  u€   Td  6i'&Mov  ue-
$66cDv   €bpes€vTa,   nLOTebeTaL   6€   6TL   e[vaL   n^€ov   dwplBfi.

HINA=    2

Z]bywpLOLe   T@v   €w   Tfi§   dpLSunTLwfis   €ni^boeco§      Tfi§

16Lou6papou   6^oM^TipcoTLMfie   €Eiodto€co§    (7)          npot4u-

nTouo@v   TLu@v   Too  dvnyu€vou   ouvTe^eoToO   €vTdoe-
cos    T@v    Tdo€cDv   k[/(a/a)   Ttp6e   Tde   ebpese[oas   6L'

&^^cov   ue$66a]v   TLude   lou.

a- k kl-i-v ( 1 )
8 aficJ. oJa;a

(ALd   Tfie   TtapoboTis (Ai '&^^a]v  ue$6-

ue866ou) 6a)v )

0,25 0,78968 0 ,78 96

0'33 0,70376 0,7043

Auvduesa   €£s   T6   oTiuecov   ToOTo   vd  napaTTipfiocouev   6TL   ete

Tfiv   t6i6uopapov   6^ow^npcDTLwiv   €Et-

ou)oLv    (7)    6uvdu€Sa   vd   waTa^fiECDu€V

Mat   BdoeL   Tfis  dvanTux8€ton§        €te

T6  Tufiua  84   ues66ou,   dpwet   vd  S€-
copfiocouev   Tde   pajyude        napa^^fi^oue
np6s   T6v   &Eova  Oy,   d)s   eis   T6   Exfi-

ua   2,   MaTd   Tp6nov,   d>oT€   f\     nepto-
6os   8   vd   6bvaTaL   vd  SE:a)pT|Sfi     npa- Exfiua   2

yuaTLWT|.    T6Te   fi    t6L6uopapoe         6^o-

M^npcoTLwf\   €Etocooie    (84.21)    ^auBdveL   6id   T6   np6B^r`ud   ucie   Tfiv

uopapf\v    (7)    dpMct   vd   ^Tiapsot)v   tjn'6ULv   at   Ttpoapavete   ox€oeLe:
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Cot(ix)   =  -icoth(x),      csc2(ix)   =   -csch2x.                     (|0)

EXETIKAI      EprAEIAI-HAPATHPHEEIZ]:   T6   eEeTaos€v   eie   Tfiv

Ttapoooav   €apapuoyfiv   Ttp6B^nua  Tfis   oeipas  Ttapa^^fi^cov,      Ttepio-

6Lw@§   6iaT€Tayu€v®v   pcoyud5v   u5   oTasepdv   wds€Tov   ap6pTLOLv   €n'

duapoT€pa)v   T@v   Tt^eup@v   Tajv   6€v   €Tti65xeTai   ^6oiv           w.^eioTfie

uopapfig  6id   T@v   ue$66ov   Tfis  ®ecoptasTfis'E^aoTiw6TnTos.   Hpoo-
eYyloTIwa[      ^tJoeis   Tot)  iTpoB^fiuaToc   Tot)Too   €66Snoav   t)Tt6   T@v

ENGLAND   and   GREEN   {196.3}   6i'et6iwfis   ue$66ou        oTnplEou€vn§

eta   Tds   uiya6iwde   ouvapThoeL§   a(z)    wac   ¥(z)    Too     MUSKHELI-

SHVILI   wac   waTa^nyobone   ete   6^ow^npcoTiwde   €EiocboeLe     Tbiiou

FREDHOLM,    tjiT6   Too   ISIDA   {1971,1973,     §2.3}   6id   Tfis   ue$66ou

Too  dvonTtJyuaToe   T@v   dyvd>oTov   uiya6iw@v   ouvapTfioecov           Too

MUSKHELISHVILI   eis   oeipde,    OTt6   T'o0   BUECKNER   {1973,     §5.3-4}

6i.dvaya>yfis   Too  TtpoB^fiuaTos   ete   i6i6uopq)ov   6^oM^npoTiwfiv€E-

Eto®oLv   iiapouotae   uopapfie   MaTd   Tfiv   €uapdvioLv   u€   Tfiv    (7)  ,I)Tt6
T@v   BENTHEM   and   KOITER   {1973,     §3.6}   6id   xpfioeoe   douuTtTaJTL-

w@v   TtpooeyyioTiw@v   ue$66a)v   wat`   tjTt6   Too   LOWENGRUB    {1966}    Tfi

xpf\Oel   Tfis   ue$66ou   T@v   ueTaoxnuaTLou@v   FOURIER.    `H        ^boLe
abTn   Too   LOWENGRUB   6t6€Tou   wac    bTt6   T@v   SNEDDON   and      LOWEN-

GRUB   {1969,    §2.10},    6uoC)   ueTd   Tfie   Ttpoavaapepsetone         ^boeos

T@v   ENGLAND   and   GREEN,    d>s   wcLt    t)Tt6   Too    SNEDDON    {1973,  §6.3}.

T€^os   oi   DATSYSHIN   and   SAVRUK   {1974}    €6ooav   Tfiv           yev"f\v

uopapf\v   Tfis   i6iou6papou   6^ow^npoTiwfie   €Eiod>oeos   Tfie      6ieTtotJ-
oTis   T6   Ttp6B^nua   T@v   TTepLo6iw@e   6iaTeTayu€vcov         e68uypduuov

poyu@v,    fiTLe   Old   TT|v   6LdTaELv   poyu@v   Too   Z]xfiuaToe   I   ouuTtt-

TtTeL   u€Td   Tfi§    (7)  ,   dwo^ousf\oavT€e   u€So6ov   dow€Td     dvd^oyov

Tfie   eis   Thv   €apapuoyfiv   Tat)Tnv   dwo^ousnsetone.    `H   6oS€toa   t)-

iT6   T@v   DATSYSHIN   and   SAVRUK   waTd   Td   dvcoT€po   i6L6uopapoe      6-

^ow^npcoTLwfi   €E[oooLs   6t>vonou   vd   8eopnsfi   cos   ei6iwfi   TteptTtTaJ-

oie   Tfie    t6Lou6papou   6^ow^npoTiwfie   €ELoc6oecos    (84.21)    dapopcioa
`'eie   oboTnua   ebsuypduuov   iiepLo6LWG)e   6LaTeTChyu€vov         pcoyu@v.

Hp€TteL   vd   dvaq>6pcouev   d>oChtjTo§   Thv   6Ld   Tfie   u€S66ou   TC5v   uiya-

6iw@v   6uvauLw@v   Too   MUSKHELISHVILI   TTpooeyyioTi"hv            ^tJOLv
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TOO   TtpoB^TiuaToS   T@v   TtChpa^^fi^a)v   nepio6iw@§   6LaT€Tayu€va)v   pco-

yu@v,   d^^d  u€   ap6pTioiv   6iaTunTLwfiv,   6osecoa,v   bn6   Too   KOITER
{1961}   wac   dtoabTaje   Tde   dvaap€pou€vae   bn6   TG5v   TADA,    PARIS   and

IRWIN   {1973,     §14}   ^boeLe   6Laap6pcov   TtpoB^TiudTa]v            napa^^fi^cov

TtepLo6Lw@§   6LaTeTayu€va]v   pcoyu@v   u€   noLMt^ae   apopTtoeie.
`Q§   €Tovtosn   wac   €t§   Thv   €apapuoyiv   Al,   f`   €vTaosa     €q>ap-

uoosetoa  u5So6os   €TtL^boeaje   Too  npoB^fiuaToe   Tdiv        Ttapa^^fi^cov
nepio6iw@e   6iaTeTayu€va]v   pcoyu@v   u6   wd9€Tov   ap6pTLOLv   dTtoTe   -

let   dTT^o0v   Ttapd6eLyua   €q)apuoyfi§   Tfi§   ue966ou   €nL^b`oecos        Too

yevIWo0   npoB^fiuaTos      T@v.  nepLo6Lw@e   6LaTeTchyu€vcov   wac            u€

Tuxoooav   ap6pTioLv   ^etajv   pcoyu@v      €vT6e  dnstpou   fooTp6Ttou  iLe-

oou,   d)e   €EeT€STi   at)TTi   ete   T6   Tufiua   84,    €Tepov   Ttapd6€Lyua      €-

apapuoyfi§   Tfie   6Ttota§   fiTo   f`   €apapuoyfi   Al..ETte^€ynoav   6€   Td  nci-

pa6etyuaTa   T@v   €apapuoy@v   Al   wCht   A2,   Mas'6oov   dap'ev6s   u€v   fi-
oav  dTt^G,   dq]'€T€pou  6€   tjaptoTavTai   6L'abTd  dpisunTiwd  dnoTe-
^€ouaTa  Mat   6i'&^^a)v   u€$66a)v,   €w   T@v   6Ttotcov   ob6euta  6bvaTal

Vd   €apapuoosfi   €iiLTux@s   cte   no^uTt^okd)T€pa  npoB^fiuaTa.
•AEtEeL   vd   oTiu€La]Sfi   6Ti    bTt6   Too   ISIDA   {1973,     §2.7}   xpn-

oiuonoioovTaL   6Ld   Tfiv   €n[^uoLv   Too   ete   Tfiv   €apapuoyhv   TabTnv

€EeTaosevToe  npoB^iuc„o§   oeLpat   u5   50-70   6poue  6Ld  a/B>0,3,
tva   €TtLTeuxsfi   dwptBCLa   CoT|   Tteptnou   u€   Tfiv   €niTeux8e[oav   €v-

Taosa  u€   €q)apuoosetoae  dpLSuTiTiwde   6^oM^Tipd>ocLs   u€   n=5     u6-

vov   6poue.   HLOTebeTou   MaTd  TaoTa  6Ti   f`   €vTaosa   €apapuoEou€vn

u€So6os   Tuyxdv€L   6xL   u6vov   f`   dn^ouoT€pa  dud  wac fi€EdTt6Ue®e
brio^oyiou@v   ebwo^coT€pa  6id  Tfiv   €nt^uoLv   Too  nap6vToe        npo-

B^fiuaTos   u€   d>pLou€vnv   dttptB€iav.
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A3.    E®APMorH   3Ti:    EyETHMA      AIE      HEploAIKQE      AIA-

TETArMENQN      pal.MQN

®ea)poOucv  oboTnua  6!s  ne-

pio6LM@§   6iaTeTayu5vcDv      pa)yTrfev

d>§   ets   T6   TtapaT[^e6poe     I:Xfiua   I

6uv&ucvov  vd  Sea]pnsfi  d§  Ttpoep-

x6uevov   €w  uid§   Ba-olwiie   paJyufi§

ufit4ou§   2a,   6Tav   abTn   ugTaTOTtL-
osfi   MaTd  Td  6lcrvbouaTa     a(mBL+
in82)   Mas'6^ou§  Tote     6uvaTobe
Tp6Ttoue,   5vsa  in  Mat   n     6^oi   ot
dM€paiol   dplsuot   Mat   BL   Wac   82

oT@oaL   Tde   TtcpL66oue   waTd  Tote

pa)yu@v   wcht   oy   Tfie   waseTOu   €Ttt

i -  -==+  i
+ChBi±CLBi-

Exfiua   I

TtpaYuaTIwat   oTa8epat        TtapL-

&Eovae   Ox   Tfi§   6ieusbvoea]sT@v

Tde  paJyuds  6ieusbvoea]e          Too

oxnuaTIEou5vou  ouoTfiuaTos   pcoyiJSv.    `H   €vTChosa   €EeTaEou€vn   Tte-

ptTtTcoois  Too  6le  Ttepio6"o0  ouoTfiuaTos  poyu@v   66vaTai   d>Oa6-
T®§  vd  Secopnsfi  a)e   €Tta^^n^ta  T@v   €EeTaoseio@v   eie   Tde     €apap-

uoyde   Al   wac   A2   npoB^nudTa>v   T@v  iiepio6iw@e   en'cbs€tae     6ia-
TeTayu5vov   wac   Ta}v   Ttapa^^fi^a]v   Ttepio6iw@e   6iaTeTayu€VaJV     PaJ-

Yu@V.   A`l   Pa]yuat   SeaJpoOvTai   Ttd^iv   q)opTiE6uevai   &Ttaoal   6uolo-

u6pq>cDs   6id   apopTtoecoe    (-a)    wchs€Ta>e   €Tt.duapoT€pov   T@v      Tt^eupc5v

abT@v.   ®d   ebpa)uev   T6v   ouvTe^€oTfiv    €vTdoe®§    T@v   Tdoecov      €ie

Td   &wpa   Td}v   pcDyu@v.
'Ava^6ycoe  Ttp6s  6oa  dveap€psiioav   et§  Td§  nponyouu€vae     €-

qupuoyd§  Al   wac   A2   T6  Ttp6B^nud  ua§  dvdyeTai   ete   Tfiv     eTtt^u-
oLv   Tfie   wdTa]Si    t6iou6papou   6^ow^npcDTiwfie   €ELed>oecoe   u€      &yv®-

oTov   ouvdpTnoLv   Tfiv   Ttuwv6TnTa  T@v   ueTaoTdoea]v   g(x)  ,   6v   npo-

wc iu€vap  ouvdpTnoiv   wasap@e  apavTaoTLwfiv, u€   apovTaoTLtt6v   u€poe

[-ou(x/a)I    ouvdpTnoiv   Tt€pLTTfiv   ^6yap  wac   Tfie   ox€oeaJe    (I.2)  :

±11g(aT,i        i (I-a) -t dT-
-1
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_i
ni

dt
____

aE

+ini

cO00

ETFT  I         I
m=-co   n:-co    (F-i)-I

-1

CX)                                00

rfu I     I
m=-co    n=-co

CX)

g(aT)    I

€vsa   €T€Sn:

a   =   mBi   +   Ln82.

(I-B) -t

i     (I-i,i   A
m=-co   n:-co     [(I-B)-t]2

dT+

-2o,         (i)

(2)

`H    t6L6uopapos   6^ow^npa)TLwfi   €Etoooi§    (i)    TTpolt6TtTei   waTd      Bd-

olv   €w   Tfis    (Al.37)  .

AauBdvovTe§   tJTt'6iuLv   6TL:    T==  wac   t=E   €iTt   Tfi§        Seue^l-

cb6oue   pcoyufiswa[   SecopoovTe§   d>s   &yvcooTov   ouvdpTnoiv   Tfiv      Ttpo-

avaapepsetoav   TtpChyuaTiltfiv   TTepiTTfiv   ouvdpTnoiv   u(I)  ,   ypdapouev

Tfiv   i6L6uopapov   6^ow^npoTiltfiv   €Etoooiv    (I)    bTt6   Tfiv   €Efis        d-

Tt^ouoT5pav   uopapfiv   ^QUBavou€vne   bTT'6ULv   ltat   Tfie   ox€oecoe(I.2):

cOcO

u(I)    I           I
m=-cx>    n=-co

(T-t) -8 dT-

_:}Lu(I)i        i       (I-t)-i
-1             m=-con=-co[(I_t)_B]2    dT=2

(3)

Mat   TtepaLT€po,   6e6ou€vou   6Ti   f\   ouvdpTnoie   u(I)    etvai   TtepLT-

Tfi,    cos   ltdTcosL:

CO00

u(I)    I           I
m=-co    n=-co

=2.

(-+ i-)dT -
I-t-i

[(I-t)-a)]2    '     I,I+t,+a,I

(4)
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AauBdvovTee   I)Tt.6ULv   Tf`v   5wappcoiv    (2)    Too   uLya6LwoO  d-

plsuoo  8  6uvduesa  vd  ypdu®uev  Tfiv   i6i6uopapov  6^ow^npaJTiwfiv
€Etocooiv    (3)    bn6   Tfiv   t4dTcoSL   uopapfiv:

I-t-mB1
==-_ ___                `
I-t-mBi-±nB2    (I-t-mBL-±n82)

T=| .  (5)

HapaTnpoouev   6Ti   fi   i6i6uopapo§   6^ow^Tipa]Tiwfi        €Etoa)owe

(5)    6id   BL+co   ouuntTtTeL   u€   Tfiv   t6i6uopq)ov   6^ow^npa)Tittfiv €E[-

oa]oiv        (2.2)    Tfiv  dapop@oav   ets  oeipdv  iTapa^^fi^a]v     Ttepio6i-
w@§   6iaTeTayu€va]v   p®yu@v,    eve  6id  82+co   ouuTttTtTeL   u€   Tfiv   i-

6L6uopapov   6^oM^npa]Tit4fiv   €Etoa>oLv    (I.3).Tfiv   dapopfroov           eta

oeipdv   ouyypauuLw@v  Ttepio6"@s  6iaTeTayu5va>v   pa>ytrfev,        €dv

BeBata]s  ^napsoov   tJTt.6Uiv   wat   oL   xpnoiuonoiobuevoi     ouuBo^i-
ouot   T@v  Ttepi66a)v   oL   €uapaiv6uevoi   els   Td  ExfiuaTa   I.I,      2.I
wac   I.

AauBdvovTee   tjn'6iuiv   lobe   Tbiiou§   (2.5)   wac    (2.6)   6uvd-

uesa  vd  dTt^oTtoifioquev   Tfiv   ypcxpfiv   Tfie   eEicfooea]e   (5)   a)e     t4d-
T®S 1 :

u(I)    I
1                m=-cO

•csch2

2coth
1T ( I-t-mB

n(I-t-mB1)

82

)dT

1)      Tt(I-t-mBi)-    -     _  -    -                 _        __ _

=82. (6)

Td>pa  n^€ov   €xouEv  dTt^fiv   oeipdv  d)e  Ttp6e  in  u6vov,   i     6€

t6i6uopapoe   6^olt^npa]TLwh   €Etocoi§    (6)    6uoLdEei   u€   Tfiv    (2.7),

ete   Tfiv   6Ttotav   6tros   6€v   €utpoivtEeTou   oeipd  a)e   np6s  in.`H €E-
tcool§     (6)    €uapavtEei   T6  np6B^nua  Too  ouoTfiuciTos  6t§  Ttepl-

o6iw@s   6LaTeTayuEv®v   p®yu@v,   uTiwous  2a,  ue   T[epi66ouS      (aBL)

Mat    (ia82)  t   chs   etc   T6   Exfiua   I,   ouvTi$6uevov   €tt  oeipas     Tie-

plo6iw@s   6iaTeTayu€va)v,   u5   Ttepto6ov    (aBL),  oTn^@v   dTtoTe^OU-

u€v®v   €w  6iaTdEe®s  napa^^fi^a)v  nepio6iw@e  6iaTeTayuevav   pa)-

::::flu:p:::::::V€|L::3) ;x:::::  ::I:X:?: :66:::::; V:wd:::
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pa)yufi   dvTLwqstoTaTai   bTt6   Tfie   6LaTdEea)s   pcoyu@v   Too     ExfiuaTo§
2.I.

-H6n   Sd   TpononoLfioa)uev   Tfiv  uopq>fiv   Tfis   t6iou6pq>ou        6^o-

w^Tipa]Tiwfis   €Eied>oecos    (6)  ,    tva  dap'ev6s   u€v   waTaoTfiocouev   Tab-

TTiv   Eoxpncnov   Old   Tfiv   dpLSunTLwfiv   €Ttt^uoLv,   dap'5T€pou           6€

BE:Bala)S@u€v   6Ld  Tfiv   obyw^lolv   T@v   oelp@v.   ObTa)     ^auBdvovT€s
bn.6Uiv  6Ti:

CX)                                                                                                                                                  00

I     Coth(x-my)-c6thx  =     I   {coth(x-my-)+coth(x+my)}  a
m=-cO                                                                         m=1

CX,

=Z

m=1

co

=2Z
m=1

cO

ife2   I
m=1

ex-my+e-X+my    .    ex+my+e-X-my

ex-my_e-X+my         ex+my_e-X-my

e2X_e-2x

(e2X+e-2X)_(e2my   +e-2Tny)

sinh2x
cosh2x-cosh2my

wac   d)oabTa)s   6TL:

csch2x  =

)
ex   _ax`2         e2x+e-2x
2'2

cosh2x-1    '

(7)

(8)

6uvdu€Sa  vd   ypdiuaJuev   Tfiv    t6L6uopapov   6^ow^noa>TLwfiv      €EtoaJOLv

(6)    bTt6   Tfiv   wdTco8L   uopapfiv:

CothTT(I-t)    +
82

Sinh2_Tt_(I-t)_
82

cosh2Tt(I-t)   _   cosh2EnEL
82B2

cO

-EL    I                I-t-mBi'   82    m=_co   cosh2n(TEE-mB1)    _    1 (9)

AL   naoouoLaE6u€vai   oeLpat   dr€tpa]v   6pcov   ouyw^[vouv     Ta-
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xbTaTa  6e6ou€vou   6Ti   ot   TtapovouaoTat   Tcov        ou.LLTtepiap€povTai
dTt6   Tivos  in  wac   Tt€pav   a)e   f\   ouvdpTnoic:

2"mB1
_+__                __  ____

cosh ff I  ±e   82  , (10)

fiTLe   TetveL   TaxbTaTa  np6e   T6  &neipov     abEavou€vou   Too        in,

TobTou   €EapTajuevou   B€Bataje   wac   €w   Tfie   TLufie   Tfie   napaoTdo€-

Oe   2T[BL/82.   I:nuelooTal   dJoabTos   6Ti   6w   Tfis   yeoueTptas        Too

ExfiuaTos   I   etvou   Ttpooav€s  6Tl   6  dplsu6c   8[   6   €uapavlE6uevos
€te   T6v  dpisunTfiv   Tfie  npoavaapepsetone  TtapChoTdoea]e   etvaL   6-
Ttcoo6fiTTOT€   ueya.^bTepoe   Too   2.    'Apt4et   ouveTt@e   6      bno^oyLc"6e

Td}v  oelp@v  u€   6^tyous  u6vov   6pous,    tva  €TtiTbx®uev   ^tav      i-
wavoTtoLnTLwfiv   dttptBeiav,   6   65   dpL3u6e   T@v  dncwTouu€v®v     6-

oa]v   ueioo€al   u€Td   TOO   ^6YOu   82/Bi.
AauBdvovT€e   bn'6iuLv   6TL   i   ouvdpTnoie  u(I)    €tvaL        ne-

piTTh   wac   6Ti   6Ld   ToOTo   TtoowbnTeL   f\    t6i6uopapoe   6^ow^npcoTL-

J4fi   €EtoaJOLs    (4)  ,   6uvduesa  vd  ypdua)uev   Tfiv   L6L6uopq)ov     6^o-

M^Tipa]Tiwfiv   €EtcooLv    (9)    d)e   eEfis:

1
u(I)  .

0

cothEJJ±l +  cothEJI±±l +
B2B2

sinh2EIEL
82

82

sinh2E±fl
82

cosh2EJfl - cosh2#
82-±mico[-ir+

82
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dT  =  ¥  . (11)

•H   dv®T€p®  dvTLu€TchnLoie   Too   npoB^fiuaTo§   Too   ouoTfiuaTo§

6te   TtE:pLo6Lw@e   6Lc"eTayu€vcov   pcoyu@v   e[vou   i   ouvfiscoe         €v6€-

6€Lyu€vn.    'Ev   TobTOLe,6od%Le   6   ^6yos   BL/82   MastoTaTou         uL-

Itp6Tepoe   Tfi§  uovd6os,   dvTis€Ta)e   np6e   6Ti   C}uuBatvei      ete     T6
I:xfiua   i,   €[val   npoTLu6Tepov   vd  SecDpfiou)u€v   T6   oboTnua          T@v

6te   neplo6iw@s   6iaTeTayu€va)v   p®yu@v   npowu~TtTov   obxt   €M        Too

Z}xfiuaTo§   I.I,   €vsa  dvTt   T@v  dn^@v   ouyypauuLIt@e   6iaT€Tayu€   -

va)v   pcoyudiv   SecopoovTaL   oTfi^cw   napa^^fi^®v   nepio6Lw@s   6LaT€Ta-

yu€vcov   pa)yu@v   d>e   eLe   T6   Z]xfiua   2.I,    d]e   €y5v€To   TtpoTiyouuEvcoe,

d^^'dvTLOTp6q)®s   TtpoMu~nTov   €w   Too   ExiuaToe   2.i,   €vsa  dvTt   d-
ii^@v   napa^^fi^cDv   TtepLo6Lw@e   6LaTeTayu€vcov   pa]yud5v     SecopoovTaL

oeLpat   ouyypauiw@v   TtepLo6Lw@e   6iaTeTayu€vcov   p®yud)v   ch§         els

T6   ExfiucL   i.1.   KaTd   Tfivsed>Pnolv  TabTnv   8d  Ttpowbun   uta      L6L6-

uopapos   6^ow^TipcoT"fi   €EtoaDoi§,   dvd^oyos   Tfie    (11)  ,   u€   6etwTTiv
cte   Tde   diTetpoue   oeLpde   T6   n  dvTt   Too  in.

ObTa]  waT'dpxfiv   ypdapou€v   Tfiv   t6i6uopapov        6^oM^npa]TLItfiv

eEtou]oLv    (3)    tjn6   Tfiv   uopq]fiv:

cO                                  CX,

u(I)   I          I
n=-co   m=-co

=1.

I                             inB2
I-t-in82-mBi   (I-t-in82-mBL) 2

(12)

AauB&VoVTes   blT'6uLv   T6v   TbTtov    (I.5)   Itat   T6v   6id     napa-

yaJytoecoe   TobTou  che  no6e    (I-t)    npowbTtTovTa:
CX)

I
n = - cO I(I-t,-n3]2

=   (E9)2csc2E9JE±l  ,                            (i3)

6uvduesa  vd  dn^oTtoLfioquev   Tfiv   ypapfiv   Tfi§   €ELo(boea>e    (12)      d]s

WdTof} L :
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CX)

u(I)    I
n = - CX)

CSC

n (I-t-in82 )

2T[(I-t-in82)

Tt82- inT.

dT   =   B1. (14)

"H6Ti   €xouev  n^€ov  dnlfiv  o€ip&v  dts  Ttp6e  n  u6vov.     AauB&-

vovTe§   65   bn'6dyLv   6TL:

cot (x-iy) ±2x+isinh2y
cosh2y-cos2x

Hat   entone  6ti:

csc2,x-iy,   =I-cos2 (x-

(15)

iy) _1 -cos in2xsinh2y

=  2±±ei;::;=:=;=::=::-:-:-i:z±E±±±2]£  ,                               ( I 6 )

6uvduesa  vd  ypdua)uev   Tfiv   t6i6uopapov  6^ok^npa)Tiwfiv     €Eto®olv

(14)    tjn6   Tfiv   wdTafoi   dn^ouoTEpav  wac   t4asap@s             npayuaTLwfiv

uopq,fiv :

•(1

cOcot# + 2 I
n=1

+2n=

sin2ELE±81

cosh2E¥ -

n82              Sinh2E#

Cos2Tt(I_t)
81

dT   =   BL.                 (17)

•H   t6i6uopapoe   6^ow^npa]Tiwfi   eEto®ois    (17)    d>§   wac   i   t6i6-

uopq>os   6^o"^npcoTLwfi   €Etoa]oLs    (9)    e[vaL   oboiaoTiw@e   6bo   uop-

qut   Tfie  abTfie   t6Lou6papou   6^ow^npa]Tiwfis   €Eiedtoc®§    (3)  .      Hpa-
MTik@s  ouvioTaTou   fi   xpfiois  Tfis   (17),6Tav  6  ^6Yos   82/8[     e[-
vaL   ueya^bTcpos   Tfi§  uovd6os,   Tfi§  6€    (9),Stow.  6   ^6Yoe     82/BL
€[val   uLwp6Tepos   Tfi§  uovd6os,   a)ate   h   obyw^Lols   T@v   Ctc     at}-
Tds  dnavTa)u€va)v  oelp@v  vd  etvai   Taxgta.
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Aid   Tfiv   dpLSunTLwfiv   €nt^uoiv   T@v   t6iou6pou>v     6^oM^npa>-

TLM@v   €Eiod>oecov    (9)    fi    (17)    ^6yap   T@v    t6iouopapidv   Tfie      ouvap-

Tfio€a)s   u(I)    ei§   Td  &wpa:   T=±l   Tfis  Sea>pouu€vns  d>e        3eu€^Ldi-

6oue  paJyufis   etodyeTai   dvT'abTiis  MaTd  Tfiv   crx€oiv   (I.8)fi   ouv-
dpTTiois  v(I)  ,   h  6€  n€paiT€pa)  ent^uoi§  Too  npoB^fiuaTos  ytve-
Tou   6id   Tfie   u€$66ou   LOBATTO-CHEBYSHEV,   chs   abTn           dvgTtTbxsn

ei§   T6   Tufiua  r9   wac   €apnou6oSTi   €ts   Tds   €(papuoyds   Al     wac   A2,

^quBovou€vou   bTt'6uiv   6Ti   fi   ouvdpTnoi§  v(I)  ,   d>s  wac   fi   u(I)    ,

gtvai   Tt€pLTTh   wac   d>oabTa>e   6TL   f`   ouvsfiwn    (I.10)    uovoonu&vTou

T@v   ueTaTontoecov   n^TipooTai   dap' 5auTfie.

KaTd     Tde  dpisuiiTLwd§  €q)apuoyds   ev6iapep6uesa  waTd  Bd-
oiv   6id   Tfiv   Tiufiv   Too   ouvTe^eoToO   €vTdoecos    T@v    Tdoea)V        kL

ets   Td  &wpa  T@v   p®yu@v   6L6ou€vou   BdoeL   Too   Tbnou    (I.13)  .Ti-

u&s   Too   ouvTe^eoToO   TobTou    €vTdoE:cos    T@v   Tdoea)v   eboouev   6Ld
6icxp6poue   nepLnTd)ogle   Ttepio6Lw@v   6LaTdEea]v   pcoyu@v     oTnpiE6-

u€voi   et§   Tfiv   L6L6uopapov   6^o%^npa]Tiwfiv   €Etoa)oLv    (9)    wac   ets
Tfiv  Ttpoovaapepsetoav  u€So6ov  dpisunTiwfie   €Tti^boed}§  Tnc   €tpap-

uoosetoow  u€   n=5   onu€[a.   AL   ettpes€toai   Tiuat   Too       ouvTe^e-
oToO    €vTdo€coe    T@v   Tdoea)v   kL   6t6ovTai   ei§   T6v   wdTa)Si   IItvaka

I,   ouuapaJvoOv   6€   u€   Td§   ebpcsetoac   Tiuds   TobTou  bn6  T@v     DE-
LAMETER,HERRMANN   and   BARNETT   {1975}   6id  Ttapouotas   6tc   nepl-

o6"d§   6iaTdEeie   pcoyu@v.   IIp€n€L   vd  crnucLcosfi  d>cabTa]s   6Ti   6Ld

Tiv   ebp€oLv   T@v   dnoTe^ecrudTa)v   Tfis   oTf`^ns   u€   BL=3   TOO     Htva-

Jtoe   I   €^fiapsnoav   bit.6iuiv   u6vov   oi   6poi   u€   |m|=2   ets  Tdc  oei-

pd§   Tfie   t6Lou6papou   6^ow^npcoTLwfis   €ELodtoea]s  (9),€v¢     6id     Tfiv
Ebpeoiv   T@v   dTtoTe^equdTaJv   T@v   oeip@v   u€   8[=4   wac   8[=6        Too

abToO  Htvawos   I   €^fiquFlnoav   bTt'6uiv   u6vov   ot   6poi   u€      |m|=1    ,

xcDpts   fi   napd^€iuLe   T@v   bTto^otTtcov   6pcDv   T@v   o€Lp@v   vd   €Ttnp€d-

En   alo8TiTd}s   .Td  dnoT€^eouaTa,    i6taJS   6Tav   82/BL<1.
ELs   T6  onuetov   ToOTo  np€neL   vd  napaTnpfioa]uev  6Ti        6id

Thv   €nt^uoiv   Too   ete   Thv   €apapuoyfiv   TabTnv   €EeTaosevTos  Troo-

B^fiuaToS   Tfis   6ts   Tteplo61%fic   6LaTdEe®s   et)Suypduua)v   p®yu@v   Sd
f|6uvduesa  vd  xpnoiuonoifiocDuev  Tf`v   cts   T6   Tufiua  85       dvanTu-

xsetoav   yevilthv  Seajptav  Tlept   ouoTnudTcov   6tc  Ttepio6ilt@s  6ia-
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rllNA=   I
•AvnYu€val   Tiuat   Too  ouvTe^eoToO       €vTdoeco§    Td}v

Tdoea]v  kL/(a/a)    ei§  6ts  nepio6Lwds       6iaTdEgLs

pa)yu@v .

8281
3 4 6

2,5 0,6263 0'6375 0,6407

3,0 0,6833 0,6942 0,7003

3'5 0'7320 0,7401 0,7490

4'0 0,7738 0,7772 0,7882

5,0 0,8327 0,8442

6,0 0,8730 0'8804

TeTayu€va)v   pa)yu@v   Mat   eL6iwchTepov   Tfiv   i6i6uopapov     6^ow^npa)-

Tlkhv   €Etoa)oiv   (85.38) ,   €ts   Tfiv   6notav   ecxouev   €wet   waTa^fi-

Eel.   A€v   €npdEquev   6uaJs   ToOTo,    tva  dap'€v6§  u€v   6d}oa3uev     et§
Tf|v   €q)apuoyfiv   TabTT|v  utov   €T5oav   wac   6na]o6finoT€   dn^ouoT€pov
ei§   Tfiv  waTav6noiv  dTtouiv   Too  npoB^fiuaTos   T@v  6ts     neplo6L-
w@s   6iaTeTayu€v®v   pcoyu@v,   dap'eT€pou   6E   dTtoapbya]uev   T6v     dpi-

SunTiw6v   i)no^oyiou6v   T@v   €^^€LnTiw@v   ouvChptTioecDv   E(z)         wac

p(z)    T@v   eutpowiEo~u€va]v   ele   Tfiv   t6L6uopapov   6^ow^npaDTiwfiv  eE-

tocooiv      (85.38).   IIp5nei   vd  Toviosfi   ev   TobToie  6Ti   at   €vTao-
Sa  6osctdou   t6L6uopq>oi   6^ow^npa]Tit4at   €Eiod>o€ie   c[vai   Loo6b-
vauoi   Tfi§   (85.38)  ,   €dv  abTn   €apapuoo8fi   6id  T6  oboTnua          6t§
nepLo6iw@v   pcoyu@v   Too   ExfiuaTo§   I,    eap'6oov   wac-u6vov   €q)'6oov

^T|apsfi   bn'6iLJLv   f`   ouvsfiwTi   uovooTiudvTou   T@v   ueTaTontoecov    (85.a
25)   fi    (I.10)  .    'Ent   Tfie   ouvsfmTie  uovoonudvTou   T@v   ueTaTont   -

oea]v  d>oabTa]§   waTd   BdoLv   oTTiptEeTai   Mat   6          xpnoiuonoLnsete

€ts   Tds   €apapuoyds   Al,   A2   wac   L6[a)§   et§   Tfiv  iiapoooav   €q)apuo-

yfiv   A3   Tbnoe,:
in„000

m!_coam   =   ::=co   m=!moam    '
(18)

T6v   6Ttotov   iipawTiM@e   €xpTioLuonoifioauev   6id   T6v      tjno^oyicmu6v
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T@v  napouoiaoseio@v   oeip@v  dn€tocDv   6pa]v,   xa)ptc   Te^iw@§     vd

t4aTa^fiYa)ugv   e £S   €Cxpa^u€Va  dnoT€^€cJuaTa.

EXETIKAI      EPI-AEIAI   -IIAPATHPHEEIZ}:   T6   €EeTaos€v   ete   Tfiv

napoooav   €tpapuoyfiv  np6B^nua  Tfis  6te  nepLo6lwfis          6LaTdEeaJs
€bSuypduucov   pa)yu@v  ue   oTasE;pdv   wdsgTov   q>6pTioLv   ^6yap   T@v   na-

pouoiaEou€vcov  waTd  Tfiv   €nt^uotv   Iou  6uoxepei@v  u6^ie  npooapd
Ta]§   €ue^eTfisn.   ObTa]§   ot   DATSYSHIN   and   SAVRUK   {1974}    €pyaE6-

u€voL   waT'dvd^oyov  To6nov   Too   €vTaosa  &wo^ou9ns€vToe          6id
Tfiv.ebpeoiv   Tfie   t6Lou6p®ou   6^ow^npa]TLwfie   €ELod)oecoe    (I)         €-

npoxd>pnoav   eLe   Tfiv   Tpononotriotv   TTis,   d>oTe   at)Tn   vd  ^dB"   uop-

apfiv  dvd^oyov   Tfis   (85.38)   ^a86vTee   bTt'6ULv   Tote  6piouobs   Tdv
€^^gllTTLW@v   ouvapTfioea)v   E(z)    wac   p(z)    Too   WEIERSTRASS         wac

XpnoluonolfioavTes  d>oabTa)s  utav   eio€Ti   el6iwfiv  u€u6o-6ts  ne-
pLo6iwfiv   ouvdpTTioiv,   fills   One:Lo€pxE;Tai   eLe   Tfiv   Te^iw@§   6ia-

uopapa]Setoav   bTt'abT@v   i6i6uopq)ov   6^ow^TipcoTiwfiv   €Etoa]oiv,   Tfiv
6notav   €v  TobToi§  6€v  npooendsnoav  vd  €Tti^boouv       dpi9unTL-
w@§.   HepaiT€pcD   6   FIL'SHTINSKII   {1974}   ue^eTfioas   d)oabTaJe      T6

np6B^nua  Tfis  6ts  TtepLo6iwfis  6iaTdEea)e   ebsuypduuaJv  paJyu@v  ue

Bdoiv   Tds  ouvapTfioeis  a(z)   wac   a(z),   T&§  6nota§        €xpnoLuo-
Ttotnoev   6   MUSKHELISHVILI    {1953,    §120}   6Ld   T6   np6B^Tiua         Tfis

dn^fis   eb9uypduuou  pcDyufi§,   wac   dwo^ousfioas  u€So6ov     dvd^oyov
Tfis   dvcmTuxsetoT|s   gt§   T6   Tufiua  85   Tt^fiv   ufi   y€viwE:uouEVT|v   61&

6ts  nepLo6lwfiv   6idTaEiv   ufi   ebsuypduucDv   paJyu@v   waT€^nEcv   €is

Tfiv   abTfiv   16i6uopapov   6^ow^npa>TLwfiv   €Etoa]oLv,   et§   Tfiv   6notav

waT€^nEav   wac   oL   DATSYSHIN   and   SAVRUK,    Tfiv   6iiotav   wac      €ii€-

^uo€     6l 'dvouTbEea)§   Tfis  dyvd)oTou  ouvapTfioea)s,        dvTLOTotxou

Tfis   u(I)  ,   ets   oelpdv  dnetpa)v   Spa)v   Tio^ua)vbua)v   CHEBYSHEV  npd>-

Tou   ec6ous  wac   npoo6iopiouoo  T6v  ouvTg^eoT@v   Tfis  o€lpds     &-

p lsunT l"@S .
T€^os   T6  np6B^nua  Tfis  6ts  nepLo6iwfi§  6iaTdEecos          ebsu-

yp&uucov   p®ytrfev   dvTeueTd>nLoav   ot   DELAMETER, HEBRMANN   and   BAR-

NETT   {1975}   Tfi   xpfioel   Tfis   ue966ou   T@v   uE:TaoTdoeav,    1oo6uvd-

uou  Tfis   €vTaoSa  dwo^ousnsetoTic,   wac   waT€^nEav   els   Tfiv   t6i6-
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uopq>ov   6^ow^npa]Tiwfiv   €Etocooiv    (6) ,   Tfiv   6Ttotov  wat   €n€^uoav
dpiSunT iw@€  6i.dvouTbEea]s  T@v  TtapouoiaEou€va)v     ouvapTfioca)v
ci§  ocipds  no^ua]vbua]v  CHEBYSHEV.   Td  dTtoTe^eotraTa,   etc        Td
6Ttota  ttaT€^nEow, ouu{pcovoov,   d>s   exei   fi6n  dvapepSfi, u€   Td     €v-
TaoSa  ebpe8€vTa.

T6  u6vov  n^eovewTnua,   T6  6Ttotov  TtapouoidEeL   fi     €vTaosa
dwo^ouSnSetou  ueso6o€  6id  Tfiv  €nt^uoiv  Too  npoB^fiuaTos  Tfic
6tc  Ttepio6i`wfis  6iaTdEea)s   ebsuypduTrov   pa]vtrfev   €vcrvTL   Tfis     d-
wo^ousnsetoTis   bT[6   T@v   DELAMETER, HERRMANN   a.nd   BARNETT  ue96-

6ou, 8ywcnaictsTfivxpnouuonotnoiv  elc  Tfiv  napoooov     €tpapuo-
yfiv   Tfic  ^tav  dwplBoOc  ue$66ou  LOBATTO-CHEBYSHEV  6id          T6v
npoo6ioplc"6v  Td}v  ouvTe^eoT@v    €vTdoecos    T@v   Tdo€a}v.   T6  ab-
T6   toxbei   ktlt   gvowTi   Tfic  dwo^ou9nSetonc  bn6  Too  FIL'SHTIN-
SKII  ue$66ou,   fills  ueiovewTet   wac   waTd  T6  6Ti   dTtaiTet  dpi-
SunTiwobe  npoo6iopiouobe  Td}v  ouvaoTfioe®v   E(z)   wac   p(z)   Too
WEIERSTRASS  ds  t4at   uidc   et6iwfis  Ueu6o-6ts  neplo6lwfie       Wac

otJ66^a)s  Tuvattonoinu€vns  ouvapTfioea]c  etoaxsctons  bTt'     abToO
TobTou   Too  FIL' SHTINSKII.

II€pov   TobTa]v  6€v  np€Ttei   vd  ^nquovfiTai   6TL     fi       6osecco
gts   T6   Tufiua  85   u€So6oe  &vTLueTa)nto€a)c  Too  npoB^fiuaToC   T@V
6ts  nepLo6iw@v  6iaTdEca)v  pa]yu@v   etvai   yevika]TdTn        drpop@co
nat   et§  ufi   ebsuvoduuouc  pa)ytrdc  d}c  wac.   et§     6Lou>6pous     apop-
Ttoei§   €nt   T@v  6bo  n^eup@v   €wdoTnc   TobTa]v.    'E6@     dvTeueT®-
ntosn   uta  dn^fi  6ts  nepLo6Lwh  6ldTaEic  pa]yu@v  bTt6  uooq)fiv  na-

pa6etyuaTos  €apapuoyfie  T6oov  Tfic  ycviwfis  Sga]ptas     dvTLucTa]-
ntoea]s  npoB^nudTa)v  pa)yu@v,   iiTic  dvenTbx8n   ets  Tfiv   €Oyaotav
TabTnv,   6oov   wac   Tfis  ue$66ou  LOBATTO-CHEBYSHEV  6i&  Tfiv     d-

pisunTLwfiv   €nt^uoiv   t6iou6ptpcov   ¢^ok^npd]Tiw@v   €Eiocho€a]v.
Auvduesa  T€^os  vd  dvcxpepajuev  6Ti   T6  ouyyev€c     Ttp6s     T6

€vTaoSa  €EeTaoS€v  np6B^nuoi  6bo  Ttapa^^fi^av  oTn^@v     llapa^^fi-
^a]v   nepio6iw@e  6iaTeTayueva>v   pa]yu@v   €ue^eTfiSn   ttn6   Too   SNED-

DON   {1973,     §6.3}   Tfi   xpfioei   Tfis   ug$66ou   T@v   u€Tao)cnuaTlou@v

FOURIER.    .H  ueso6oc   T@v  ueTaoxnuaTiou@v  FOURIER  napouoi&  -

Eel   T6  ueLov€wTnun  6Ti   6uc"6^a)s     6bvaTai   vd  €newTaSfi        els
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cJbvseTq  npoB}fiuaTa  paJyu@v   wac   t6ta)s   eLe   TtpoB^fiuaTa  wquTtb^cov

poy 11@V .
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A4.    E®APMorH   4Ti:    I:¥NTPExo¥z:AI   AKTINIKf2z   KAI   I:YM_ME-

TplKQE   AIATETArMENAI   pQrMAI

®€®poOucv   oboTTiua  dwTiviw@e

6iaT€Tayu€v®v   pcoyu@v   €wwi,vouo@v

€w   MOLvOo   Onu€tou   o   S€cDpOuu€vOu

MCLt   M€vTpou   ouoThuaTO§   OUVTE;Ta-

yu€V®V   u€   dEova  Ox     ouuTttTtTovTa

ueTd   Tfie   6Leusbvoccoe   Tfie   TtpdtTns
Mat   S€copouu€vr`e   Scuc^itb6ou§   pco-

Yufie   LL  =  L.At   paJyuat   €[vou   6^aL

uTIMoue   a/,    ouuueTPLM@s   6€   6LaTe-

Tayu€vai. `H   u€TaF,b   T@v        Pcoyu@v

ya)vta  etvou   2n/n,   8vsa  n  6  dpi-
9u6e   T@v   pcoytrfev.   At   ptoyuat   S€co- Exfiua  I
poOvTai   d]oabTcoe   (popTLE6uevaL   &-
llaoal   ttas€T®e   u€   (p6oTioLv    (-a)    €n'   dutpoT€ocov   T@v        n^eup@v

abT@v.   ®d   ebpcouev   Tfiv   ouvdpTnoLv   ueTaoTdoecov   J{aTd          ufiMoe

T@v   pcDyu@v   che   "cit   T6v   ouvT€^eoTfiv  €vTdoecoe     Tdiv     Tdo€cov   ete

Td  ufi   ]toivd  dltpa   T@v   pcDyu@v,   6E:6ou€vou   6Ti   ^6yap   Tfie   6uoLo-

uopaptae   Tfie   apopTtoecDs   €ap'    6^a)v   T@v   pa]vu@v   6€v   ttTtdpxeL   ouy-
w€vTpcDOLe   Tdoccov   Ttapd   T6   oTiu€tov   o.

`H   ouvdpTTioue   ueTaoTdoecov   g(x)    e[vou   ti   abTh   gap.6^®v   T@v

pcovu@v   Mat   ouuapdtvcDe   np6s   6oa  dvcap€psnoc>iv   ete   T6   Tufiuct        86
6bvaTai   vd   ettpesfi   6i.   €nL^boea)e   Tfi§   i6iou6pq)ou  6^oM^npcoTi-
Itfie   eEiodtoE:cos    (86.45),  tiTie   6id   Tds   ev   npoME:Lu€vap   S€copn9€[-

oae   ouvsfiMae   apopTtoecoe   T@v   pcoyu@v   dTt^onoietTou   d>e   MdTcosL :

i);g,x,ifexn-2+x:T2.nxn::=§:£:2.x2) dx  =  -a   (I)

Ac6ou5vou  6Ti   h   ouvdpTnois  g(x)    c[vaL   Ttpoq)av@s   t4asap@s

apavTaoTLMfi,   6bvaTai   vd  xpTioiuoTtoinsfi  dvTt   TabTTie   h     ouvdp-
TTioie   u(I)    6piEOu€vTi   MChTd   T6v   TbTtov    (1.2),    etoayoueva]v      €-

TttoTie   T@v   d6iaoTdT®v   u€TaB^TiT@v:
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a   '    t   =  2SO
T=2S

CL
(2)

"H6n   f`    t6L6uopapoe   6^oM^npa]TLwfi   €Eto®oie    (I)    ^auBdvei  Tfiv

uopq,fiv :

:jr:u(I,=(Tn-2  + tn-2  - nTn-2tn-2 (T2_t2)

2 (Tn-tn, )dT
=   I.        (3)

`H_CJuvdpTnoLe   u(I)  ,   fiTie   etvai   ltasap@e   npayuaTLwfi,Ttapou-

oLdEeL    L6Louop(ptav   napd   T6  d"pov   I =  I   Tfie   p®yufis  L   Tetvou-

oa   eie   T6  &Tteipov   6Ld   I+  I,   €v¢   €tvai   dvTLS€Ta>§   6ua^fi     Tta-

pd  `T6  dMpov   I = 0   Tfis   pcDyufis   L.   Aid   TaoTa  kaTd   Thv     Ttpooey-

yLOTLMfiv   6llt^uoLV   Tfis   dvcoT€Pco   t6Lou6P(Pou   6^oW^T|PcoTLwfis   €E-

Led>oecos   dvTLMastoTaTaL   t)Tt6   Tfis   ouvapThoea>e:

v(I)   =  ffiu(I),

6Te   f`    t6i6uopapo§   6^oM^TipcoTiwh   €Etocooie    (3)    ypd(pE:Tat:

lit_v(I)fr
offi

Tn-2  + tn-2  -

nTn-2tn-2  (T2.t2)
2 ( Tn-tn ) )

dT   =   I.

(4)

(5)

`H   ouvdpTTioi§   Bdpous   €[vaL f`  i//I=Ft6n6Tc   waTd^^Ti^oe Tp6-
_

Ttoe   TtpooeyyLOTLMOo   biio^OyLOuOo   TOo   6^OM^TipcbuaToe   Too      Ttpd]-\

Too   u€^oue   €tvaL   6i,d   Tfis   TponoTtoLnu6vTie   ue$66ou   GAUSS  TLE-

GENDRE   u€   Tfiv   npoavaq)eps€toav   ouvdpTT|oLv   Bdpous.

ETiucLot)u€v   d]oabTCDe   6Ti,    d]e   dvetp€p9Ti   wac    eLs   T6         T€^os

Too   TufiuaToe   86,   fi   ouvsiwn   uovoonudvTou   T@v   iueTaTOTtto€cov €-

Ttt   Tfis   ouvS€Tou   pcDyufis   n^T|poOTai   atJToudTco§.

KaTd   Tfiv   TpoT[oTtoLnu€vnv   u5So6ov   6^olt^npchoeoe   GAUSSpLE-

GENDRE   u€   ouvdpTTioiv   Bdpouc  Tfiv  I//I=F,T6     6LdoTTiua  6^ok^n-

pd>o€coe   €[vaL   T6   [0,1]   Mat   h   u€So6oe   6id   xpnoLuoiioiioecoe   no
onu€tcov   etvaL   dMPLBfie   6L.    6^ow^Tipouu€vnv   ouvdpTTiouv   no^uch-

vuuov   u€XpL    (2no  -1)    Basuoo.



298

•Edv  A.   €tvou   Td  Bdpn   Mat   I.   wac   tk  aL   TeTunu€vaL,      Tde
11

6Ttotas  TtpoB^€TteL   h   Ttpoavaapeosetoa  u€So6os   6^oM^npd>oecos,1Tc-

Tfie  6T[otas   €xouev  dvaap€pei   eLe   T6   Tufiua  r9,   fi        i6i6uopapoe
6^ow^npcoTiwfi   €Etocooie    (4)    dvdyeTou   eLe   T6   wdT®Si        oboTTiua

Ypauu"@v   €E lod>oecDv :

±|:A±vtT±,ife{T:-2+t£-2_1

n-2t:-2nT.
1

2 ,I:-t:,
"I.+    r-
n.

•H  TtpooeyyioT"fi   €Ttt}uoie   Tfie   t6iou6papou     6^oM^npcoTittfis

€Eiod>oecos    (4)    6i,.    €Tti^boecoe   Too   TtpooeyytEovToe   Ta6Tnv     ou-

oTfiuaTos   ypauui"@v   €Eiod)oecov   €y€veTo  u€   no = 5   6id     xpfioecoe
Too   OT[o^oyioToO..EEnTdosnoav   6idtpopoi   TtepiiTTdioeis     dltTivi-

It@e   6iaTeTayu€vcov   pa]yu@v   ,   fiToi   6idrpopoi   TiuaL   Too   n.
Td  xpnoiuoTtoins€vTa  Bdpn   A±,   onueta  T±   wac   tk  d>S        kat

al   Tiuat   Tfie  ouvapTfioecoe  v(I)    ete   Td  oTiueta  I.   6t6ovTou  ete1

T6v   wdTcosi   rltvcma   1.
•ETtt   T@v   dnoTE:^€oudTCDv   Too   HtvaMoe   1   Mat   6i'            8MaoTov

oxnuaTiou6v  dltTivilt@e  6iaTeTayu€vov  p®yu@v   €^aBev     d"o^otJ-
S®s  xdtpav  TtapeuBo^fi,   dtoTe   vd  6UvaTou   vd  etjptc"eTai   h     ouv-
dpTnoLe   v(I)    eLe   wd9€   onuetov   Mds€   pcoyufie.   rlp6e   ToOTo   €y€-

veTo  dvdnTUEie   Tfie   ouvapTfioe®e   v(I)    eL§   cleipdv   u€  no   = 5   6-

pous   Td  Ttp@Ta   TpoTtoTtoinu€va  Tto^ud>vuua  LEGENDRE,   dTiva     et-
vai   €v  Ttpotteiu€vap  Td  xpnoiuoTtoin,S€vTct  6psoyd]via     Tto^udtvuua
ouuapchvcoe   Ttp6§   Td  dvatpeps€vTCh   ete   Td  TufiuaTa   r8   Mat   r9.   Ob-

T®s   gxouev:

vm   =k|:ck;k_1(I)    i   no=5  i  o±T±li  Ekm   =  p2k(vff )  (7)

Aid  Tds   €EeTaosetoas  TtepiTtTd>oeie   Too  dpi3uoO  n   T@v     a-

MTivi"@s   6iaTeTayu€vcov   pa]yuG5v6uvduesa  vd  oxnuaTtcouev     T6V
"dTcosi   HtvaJta  2   T6v  6t6ovTa  Tds  dpisuTiTiltdc   Tiuds   T@v   ouv-
TE:'^eoT@V   Ck    (k=  I,2 ,... no,   no=  5)    Too   dva"TbvucLToe   Tfie   ouv-

apTfioeos   v(I)    els   oeipdv   TpoTTOTtoinu€vcDv   Tto^uovbucov     LEGEN-

DRE.   AL   Tiuat   a6Tai   T@v   ouvTe^eoT@v   ck   et)p€8noChv      ouutpd)vcoe
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HINAE   I

Tiuat   Tfie   ouvapTfioecDe   v(I)    €ts   Td  oTiu€ta   I.   d]s     Mat1
Tluat   T@V   OT|uetcov   tk   Mat   T@V   Bap@V   A±.

A.i 0,13334 0'29890 0'43818 0,53854 0'59104

tk 0'007226 0'13538 0,39009 0,68338 0'91332

I.i. 0,05150 0,25167 0'53840 0,81216 0'97784

n v (I . )i
2 0'04928 0,22463 0'43401 0'60328 0,69525

3 -0'02470 0,07862 0,32834 0'54079 0,65190

4 -0,00737 -0'01089 0'19486 0'45246 0'59313

5 -0,00067 -0,02301 0'09949 0,37461 0'54267

6 0,00021, -0'01518 0'04094 0,30931 0,50069

8 0'00004 -0'00315 -0,00642 0'20859 0,43549

10 0,00000 -0,00018 -0,01351 0,13759 0'38737

15 0,00000 0,00006 -0'00497 0'04294 0,30595

20 O'OOoOO 0'00000 -0'00095 0'00913 0,25113

30 0'00000 0'00000 0'00003 -0'00518 0 ' 17889

loo 0,00000 0'00000 0,00000 -0,00014 0'05213

Ttp6s   Td  dvaapeps€vTa   €t§   T6   Tufiua  r8   wac   Bdoei   T@v   6i6ou€vcDv

ete   T6v   Htvcma   I   TLu@v   Tfie   ouvapTfioecos   v(I)  .
uOoov  dtpop¢  TtepaLT€pco   et§   T6v   npoo6iopiou6v   Too     1.Llya6l-

woO   ouvTe^eoToO    €vTdo€coe    T@v   Tdo€ajv   eL£   Td  uh      ouuTttnTovTa

dwpa   T@v   w}d6®v   Tfi§   &oTepoei6o0e   pcoy'ufie,   napaTTipoou€v        6TL

oSTo§   etvaL   €v  npoweiu€vap  TtpayuaTiw6e  dpisu6e   fi  dM®e   Loxu-
eL:   k[  ±  0    ,    k2  = 0,   TtpokbTtTei   6€   6M   Tfie   Tiufic   Tfie   ouvapTfioe-

co§   V(I)    Old   I  =  i   BdoEI   Too   TbTtou:

kL(a)   =  offiv(I) (8)

^auBavouEva)V   bTt.   6lulv   T@v   dvcxp€pou€va)v   €tS   T6   Ttlfiua  89     r
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HINAE   2

EuVT€^€oTat   Ck   T@v   dvcmTuyudTcov   T@v   ouvapThoecov v(I)

e te   oe Lpds   Tpononoinu€va]v   Tto^uavbucov  LEGENDRE.

n C1 c2 C3 C4 c5

2 0,49985 0,22282 -0,01757 0'00223 -0'00029

3 0'42031 0'25516 -0'00117 -0,01340 0,00637

4 0,33769 0'25414 0,03956 -0,02462 0 , 00367

5 0,27955 0,23714 0,06805 -0,01661 -0,00756

6 0 `2.37 97 0,21728 0'08470 -0,00393 -0'01457

8 0,18299 0'18222 0'09652 0,01795 -0'01164

10 0'14853 0,15526 0,09595 0,03302 0,00000

15 0'10090 0,11232 0,08445 0,04952 0,02027

20 0'07646 0,08804 0,07249 0 , 0 4 9 9- 7 0'02501

30 0,05147 0,06092 0,05328 0,03974 0,02134

loo 0,01536 0'01795 0,01531 0,01110 0,00583

pt   ebp€occDe   T@v   ouvTe^eoT@v   €vTdoecoe    T@v    Tdoea>v   ltat   Too   6-

pLouoO    (4)    Tfi§   ouvapTfioecoe   v(I)  .
ObTcoe   ete   Tde  6bo  npd>Ta§  oTfi^ae   Too  Htvattoe   3     6t6ovTai

at   npot{buaoou   Bdoei   T@v   Tbncov    (7)    Mat    (8)    wac   T@v   6L6ou€vcov

ete  T6v  Htvawa   2   Tiu@v   Ta)v   ouvTe^€oT@v   ck   Tiuat   Too  dvnYu€-

vou  ouvTc^eoToO    €vTdoecos    T@v  Tdoe®v   kL/(a/Za)  Mat   kL/(a./a)
ete   Td  &wpa  T@v  tt^d6cov   Tfie  doT€poei6o0e   pa]yufie   6id        6Latp6-

pous   Tiude   Too  &pisuoo   n   T@v   M^d6cDv   TabTTis.   Ete   Tfiv     TptTnv
oTh^nv   Too  abToO  rltvawoe   6t6ovTai   al   dvTtoTOLxoL   SecDpnTLwat

Tluat   Ttp6§  obyMpioiv.
Al  'Sea]pnTiwat   aSTai   TLuat   Ttpo€wuiuGv   6id  n ilo   €w          Too

npooevy LOTittoo   TbTtou:

i=i
aftcJ.     fin

(9)

`H  SecopnTLwf|   Tiufi   6id   n=2   etvai   dwpiBfie,   6id  n=4      TtpoeMu-

Uev   €w   Tfis  npooevyioTiJtfi§   €ni^boe®e   Too  TtpoB^huaTo§   6bo      C-



sol

HINA=   3
'Avnyu€vai   TLuat   Too   ouvT€^eoToO   €vTdc7€to§    T@v      Td-

o€®v   ete   Td  &Itpa  dMTLVLIt@e   6iaTeTayu€va)v           paJyu@v

€tJp€S€tcraL   Tfi   xpfioei   Tfis   TpoTtoiioinu€vTie           ue$66ou

GAUSS-LEGENDRE    ( too6uvauoboTi§   u€   Ti€So6ov   GAUSS-LE-

GENDRE ecT€  u€   u€So6ov   RADAU-LEGENDRE)  .

M€So6oe ® € cOpTi I i Ma i M€So6oe
GAUSS-LEGENDRE I L ua t RADAU-LEGENDRE

n
kl- kl- 'kl- kl- kl

a/Za ofta. a/a ofta.
-orfea

2 0'70702 0,99988 i, 00000 0,99989 0'70703
3 0,66726 0'94365 0'942 0,94178 0,66594

4 0,61045 0,86330 0,8636 0,86366 0'61070

5 0,56057 0'79277 0,798 0'79733 0'56379

6 0'52145 0,73744 0'742 0,74286 0,52528

8 0'46806 0,66194 0 , 659 0,65889 0,46591

10 0'43277 0,61203 0,63246 0'59741 0,42243
15 0,36748 0'51970 0,51640 0 ' 4 9`9 0 6 0'35289
20 0'31200 0,44123 0,44721 0'43965 0,31088
30 0 , 2.2.67 7 0'32070 0,36515 0'36179 0'25582

loo . 0 ' 06557 0,09274 0,20000 0,13952 0,09866

cov   Mas€Tcoc   6ixoTououu€vcov   pcoyu@v   bTt6   Tot)   STALLYBRASS   {1969},

6Ld   6€   n=3,5,6   Mat   8   ebp€Sn   bTt6   Too  WILLIAMS   {1971}.Hapa-

Tnpoouev   oOTco   6TL   aL   €vTaosa  TtpoMbuJaoai   Tiuat   Too     dvT|yu€-

vou   ouvTe^coToO     €vTdoecDs     T@v  Tdo€cov   ouutp®voOv   waTd   BdoLV,

Tt^fiv   T@v   TtepiTtTd>oeov,   6Te   n 230,   u€   Tds   dvauevou€Va§   Tlude

TOV.

H^€ov  dMPLBete   Tiuat   Too  dvnyu€vou   ouvT€^€oToO   €vTcio€-

coe    T@v   TdoecDv,   Itat    t6tcoe   6id  ucyd^ae   Tiuds   Too   n,      6bvav-
TaL   vd   TtpoMbuouv,    €dv   h    t6i6uoptpoe   6^oM^TipcoTi]tfi         €Eto(I)ois

(5)    €iiL^usfi   6id   Tfis   Tpononoinu€vTis   u€$66ou   GAUSS  -LEGENDRE
Tfie   TtepL^auBavobone   ucTaEb   T@v   onuctcov   T±   Hat   T6        oTiuetov
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I.  = 1   wat   too6uvauobcms  obTa]  itaTd  Td  dvcxpEpS€vTa  t4at        ete
I:  Tufiua  r9   u€   u€So6ov  RADAU-LEGENDRE.   Ai'   €(papuoyfis        Tfie

ue$66ou  TabTns  h   Tiufi   v(I)   Tfis  dyvd>oTou  ouvapThoe®e       v(I)
6id  T=l   Ttpoo6ioptEeTai   dTt.   ettsetae   €tt   Tfi§   €Tti^toecoe        Tot}

ouoTfiuaTos  T@v   ypauu"@v   €Eiod>oecov   (6) ,   ete  T6  6Ttotov  dvd-

veTai   h   t6i6uopapos   6}oM}npa)Tittfi   €Etocooie    (5)  ,   xcoote  vd     d-
naiTfiTaL   nap€uBo^fi   eLodyouou  np6oseTa  onunvTLwd  cxpd^uaTa.AL
ot}Ta>  itpoltbTtTouoou   Bdoei   kat   Too   TbTtou   (8)    Tiuat   Too        dvn-

yu€vou  ouvTe^eoToO   €vTdo€a>e    T@v   Tdoea]v  6id  6ia(p6poue     Ti-
ude   Too   n  6t6ovTaL   eLe   Tfiv   TeTdpTnv   wac   Tt€uTtTTiv   oTfi^nv   Too
HtvaMoe   3,   TtapaTnpoouev  6€   Tto^6  Ita^fiv   ouuq>avtav  atJT@V        u€

Tde  SecopnT"dc  Tiud§  Tfis  TptTns  oTfi^ns  Too  attToO     Iltvakoe.
AiosnTfi   dTt6It^iois  TiapouoidEeTai   u6vov  6id  n = loo,   Ttp€Ttei  6€
vd  onuei®8fi   6Ti   aL   Tiuat   Tfie  TptTns  oTfi^ns  6id  n210   etvou

ueya^bTepai   T@v  d^Tis@v,   6L6Ti   6   TtpooevyioTiM6§   TbTtoe         (9)
1oxbeL   6id  n+co,   6t6ei   6€   dTtoTe^€oTjqTa  dpweTd        ueva^bTepa
T@v  d^ns@v  6id  oxeT"@c  u"pde  Tiuds  Too  n,   ds     TtapaTnpot}-
uev   kat   eLe   T6   oxeTik6v   dpspov   Too  WEST.VANN   {1964,Fig.3}.

EXETIKAI   EprAZ:IAI   -HAPATHPHEEIE:   T6   €EeTaos€v   ete   Tfiv

Ttapoooav   €qupuovfiv  Ttp6B^nua  T@v   ouvTpexouo@v  dltTivilt@c  "at

ouuu€Tp"Qe  6iaTeTayu€vav  pa>yu@v   gx€L   fi6n   6iepeuvnsfi       6id
6icxp6pa]v   ue$66ov.   00Ta]e   6  T`TESTmNN   {1964}    €Tt€}uoe   T6     dvcD-

T€pco   Ttp6B^nua   Sis   Tfiv   TteptTTTcooiv   oTasepds   Tti€oecDe   ltaTd  ufi-

kos   T@v   lt^d6ov   Tfie   poyufie,   ol   6€   SRIVASTAV   and  NARAIN{1965}

6id  Tuxoooav  ltaTavouhv   Tfic  Tti€oecoe  ltaTd  ufittos   T@v        "^d6®v
Tfie   p®yufie. `O  WESTMANN   €xpnoiuoTtotnoe   Thv   T€xviltfiv  WIENER-

HOPF   Ttp6e   iipoo6iopiqu6v   Too  ouvTe^eoToO    €vTdoe®e    T@v     Td-

:::;A:±A:`:n:dN:ni::V:::¥:;:: ::P:A::V"::::::: ::: Thv   :i
Ttt^uoiv   uia's   16iou6ptpou   6^oM^npoTwtfic   €Eiod>oecoe        FREDHOLM

6€tJT€pou   ec6oue.   Tdc   6osetoas   ltaTd  Tat}Ta  ^boeLs   Tot}        Ttpo-

B^fiuaToe   T@v   ouvTpexouo@v   dttTiviM@e   Mat   ouuueTpi.It@e   Slate-
Tayu€v®v   pcoyu@v   tJTt6   T@v   WESTIIANN   "at   SRIVASTAV   and     NARAIN
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ebotc"ouev   wac   €te   T6   BiB^tov   T@v   SNEDDON   and              LOWENGRUB

{1969}   d>§   Mat   ete   oxeTiw6v   &pSpov   Too   SNEDDON   {1973}.         Ete

Tfiv  neptTtTa]oiv   oTasepds  (popTto€a]e  MaTd  ufiwoe   T@v   ouvTpexou-

o@v   pcoyudiv,   6   ouvTe^eoTfis    €vTdoecoe    T@v   Tdoea]v   6t6gTai     wac

eis   T6   €yxeipt6iov   T@v   TADA,   PARIS   and   IRWIN   {1973}.
`H  iT€ptTtTa]oLs   Tuxobone   ttaTavoufie   Tfis  apopTtoea]s   ttaTd     ufi-

MOs   ewdoTTie   T@v   OuvTpexouo@v   pcDy+rfev   &vTeueTCDTttosn   Mat         bTt6

Too   WILLIAMS    {1971 }    Tfi   xpfioeL   Tfie   Texviwfis   T^7IENER-HOPE.`Qo-

abTa]e   6   KUTTER   {1970}    €EeTdEcov   T6   Ttp6B^nua  dttTLviw@e      €wwi-

vouo@v   €M   kuM^ikfie   6iTfie   pa>yu@v   wac   xpnoLuoTtoL@v   Tfiv   u€So6ov

T@v   uiya6iM@v   6uvauiw@v   Too  MUSKHELISHVILI   {1953A}   €v     ouv-

6uaouS  u€   obuuop(pov  dTteiw6vioiv   Too  6^ou  c"fiuaToe   €Ttt        Too

uova6iatou  Mbtt^ou   €ilioT|uatvei   Tfiv  6uvaT6TT|Ta  €TtL^boe®s     Too
€vTaosa   €EeTaos€vToe  TtpoB^huaTos   T@v  ouvTpexouo@v  dkTivi.w@e
wac   ouuueTpilt@§   6LaT€Tayu€va>v  pcoyu@v   6i.   dvaycovfis   Iou  waT6-

ni,v   Tpi@v   6La6oxLM@v   ouuu6ptpa]J   dTteiwovtoe®v   eis   T6   Ttp6B^n+ra

Too  uova6Latou  MbM^ou   €vT6e  dTtetpou  u€oou  wac     npoo€yyioTi-

Mfiv   €Ttt^uoLv   Too   Te^€uTatou.

AbvaTaL   vd   oT|ue ia]Sfi   d]oabTCDe

6Ti   T6   Ttp6B^nuci   Tfie   ouuueTpiwfie

dkTiviwfie   6iaTdE€coe   pcovu@v,      d>e

eta   T6   Exfiua   2,   ufi   ouvTpexouo@v
€v   TobToie,   d]e   €te   T6   Exfiua     I,
€ue^cTfisn   bTt6   T@v   TWEED              and

ROOKE    {1974}    Tfi   xpfioel    Tfi§      u€-

$66ou   Too  u€TaoxT|uaTlouoo     MEL-
LIN  "at  tjTt6  Too BUECKNER  {1973}  Tii

xpfioei   Tfie  npoavaapeps€tone     ue-
966ou   T@v   uiya6LM@v   6uvauLw@v.

Exfiua   2

IIapaTTipetTai   €TttoTie   6TL    i6iaiT€pa   8utpaoLe   €Xel   60Sfi   et§

T6   np6B^nua   T@v   ttas€Ta]e   6LxoTououu€vcov   pa>yu@v,    T6   6Ttc)tov  d~-.

noT€^et   €i6iwhv  neptTtTcooiv   Too   €vTaosa   €EeTaos€vToe  npoB^T+

uaToe   T@v   OuvTpexouo@v   dttTivi]t@e   t4at   OuuuE:Toiw@e        6i,aT€Ta-

yu€vcov   pcovu@v    (n =  4)  .   T6   np6B.^Tiua   ToOTo   €ne^bsn   t)Tt6              Too
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•STALLYBRASS    {1969}    Mat    bTt6   TCTov   ROOKE   and   SNEDDON          {1969}.

Hept   Tot}  TtpoB^fiuaTos   TobTou  Sd  dvatp€pouev  Ttepioo6Tepa     Sis
Thv   eTtou€vnv   €tpapuovfiv   A5.

•EVTaosa  6uvduesa  vd  iTapaTTipfiocouev 6Tl  h Xpnolu.oTtoln secoa

ete   Thv   €tpapuoyhv   TQbTiiv   u€So6oe   €Tu^bc7e®e   Too  TtpoB^huaTo§

T@v   ouvTpexouo@v  dwTivik@§   wac   ouuueTpiw@e        6io.TeTayu5v®v

pcovu@v  Tt^€oveMTet   6^®v   T@v   npoava(p€p9eio@v   ue966®v  dvTiue-
TcoTtto€co§   Too  abToO   TtpoB^huaToe,   Ma9.   6oov  d(p'    €v6s   u€v   6€v

dT[aLT€t   Tfiv   xpfioiv   T@v   oxeTiM@e   Tto^uTt^6ttcov   ua9nuaTiw@v   €w-

appdoecov   T@v   6^ott^npcoTitt@v   ucTaoxnuaTiqu@v   Mat   T@v     ouuu6p-

apov  dTteiltovtoeov,   dtp.    eT€pou   66   6t6ei   t`os   ^tioLv   Tfis     Ttpoltu-
nTobone   t6Lou6papou  6^ow^npcoTiwfie   €Eiod>oecos   ouvdpTnoiv  dvd-

^oyov   Tfie   ouvapThoe®s   ueTaoTdoecDv,   fiTOL   8xouoav   oaapfi   tpuoL-

Mhv   onuaotav.   IT€pav   TobTcov   h   €vTqoSa  xpnoiuoiTOLouu€vT|     u€-
9o6o§  dvay®yfi§   Too  TtpoB^fiuaToe   T@v   ouvTpexouo@v     dtt,TiviMG;s

wac   ouuTJE:Tpiw@e  6iaTeTayu€va]v   pa]yut;v   elf,  utav         t6i6uopapov

6^ok^T`p®Tiwfiv   €Etou)oiv  6bvaTou   et)xep@e   vd   €n€t4Tasfi   ttat   eta
Tfiv   TteptTtTcooiv   ufi   ettsuypdutrov   pcoyu@v,   Ttpayua   T6   6Ttotov   65v

6bvaTou   vd  €TuTeuxsfi,   €dv  xpnoiuonoin9o0v  Qt   d^^ai   u€So6oL
dvTiueTCDntoecoe   Too   npoB^huaToe   TobTou.
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A5.    E®APMorH   5Ti:    A¥o   KA®ETQE   AlxoTOMo¥MENAI   pQr`MAI

©ea]poouev  6bo   et)Suypduuous  MaS€-
T®s  6ixoTououu6vChs  pa)yude   €vT6s       d-
Ttetpou   tooTp6nou  u€oou,   chs   ets   T6  Ttch

pan^ebpa)s  Exfiua  I,   u€   robs         &Eova§
Too  ouoTfiuaToS  ouVTeTayu€va]V     OuuTtt-
nTovTa§  u€   Td§   6LeusbvoeLs   T@v        pa)-

Vu@v   wac   Tfiv   dpxfiv   T@v   ouvTeTayu€VaJv                        Exfiua   I
ouuntnTouoav  u€  T6  onugcov  6ixoTouT+
oecos   T@v   pa>y+rfev.    -EOTa]oav   2a   wac   28   Td   ufiwn   T@v   €Ttt   T@v      &-

E6va)v   Ox   wac   Oy  &vTloTotxa]§   pa)yu@v.   At   pcoyuat           SecopoovTGl

apopTLE6uevaL   duq>6TepaL   6uoiou6p(pa]e   u€   oTaseodv             ap6pTLoiv

(-a)   waT'duapoT€pas  Tds  n^eupd§  atJT@v.
T6  np6B^T|ua  ToOTo  e[val   nao6uolov   Too  €E€TaoS€vTo§     ets

Tfiv  noonyouu€vnv   €apapuoyfiv  A4,   6Tc   ecxouev  oboTnua  n       ouv-
Tpexouo@v   ouuueTplw@S   wac   dwTLviM@e   6iaTeTayu€va]V        PaJYu@V,

wac   &noTe^et   dq]'ev6s   u€v   et6L7tfiv   T[ep[TtTcooiv   €we[vou,   6i6Ti

€vTaosa  etvai   n=4,   dap'eT€pou  6€   yevtt{euoLv   ewetvou,6L6Ti   at
oOTa]s   etnetv  &wTCves€tvou at u€v 6bo uhttoue a,at   6.8TepaL   6bo

ufiwous   8,   wac  6xl   6^aL   Too  atJToO  ufit4ous  a,   d§   et§   Tfiv  Ttpon-
youu5vnv   €tpapuoyfiv   etxe   Sea>pT|Sfi.

KatToi   €vTaosa  at   6bo  pa]yuat   6ixoTouoOvTal,   ob6e[s    ne-
plopLc"6s   bq)toTaTal   Old  Tfiv   €(papuoyfiv   Too  ouoTfiuaToS   T@V   t-
6iou6p(pa)v   6^ow^T|pa)Tiw@v   €ELod)oea]v    (81.3)  ,   atTlves        ud^LOTa

dn^onoLoOvTai   onuovTik@s   ev   T[poweLu€vap6e6ou€vou   6Ti ,         ^6yap
Tfis  ouuueTpta§   Too  TtpoB^fiuaTos  wac   Tfi§  apopTtoea)s,   aL   ouvap-
Tfioel§   a(Xk)    (k=1,2)   Too   TbTtou(Bl.4)    ouuntTtTouoaL   €v        npo-

wgLu€vap  ueTd   T@v   ouvapTtioecov   ueTaoTdoea]V   9k(Xk)  ,   8Vsa       u€
k=16n^o0TaL  fi   pa]yufi   waTd  ufiwo§   Too  dEovos  Ox  wac   u€   k=2     f|

Pa]Vufi   WaTd  ufiwoe   Too  &Eovos  Oy,   e[vai   wasao@s  npayuaTlwat    .
`noabT®e  dap'eauTfis  n^npooTaL   fi   ouvsfiwn  uovoonudvTou  T@v  ue-

TaTOTttoea)v   6Ld  Thv  napoooav   6idTaElv   pa)yu@V.    -'ETl   ncpalT€Oa)

dn^onoietTai   T6  oboTnua  Td}v   t6iou6ptpcov   6^ow^npa)Tiw@v   6ELod>-
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oecov    (Bl.3),6e6ou€vou   6TL:

dL   =  d2   =   °J      $|   =   °'   $2   =  Z   . (i)

KaT6Ttiv   6^cov   Tdiv   npoovaap€pseLo@v   diT^oTtoifiogcDv   wQt   d]oab-

Ta)s   ToC}  yeyov6Toe   6Ti   at   pcoyuat   ervai   ebSbypquuoL   wac           at

OuvchpTfioeLe   9k(Xk)     (k=1,2)   nepLTTat   TtpoMbTtTei   T6   wdTof}i   ob-

oTiiua   t6Lou6pap®v   6^ow^Tipa)TLwd)v   €Eiod>oeov:

ci_     ,       .          xl

22
0                  xl-Xol

dxi +:92(X2)#dxL=-¥,      (2a)

Ch                  `XL(X:-X:2)

oJ1 ``-1'  (x:+x:2)  2
Xi+I:92(X2)iz+X2  =-Zg  .

x2-Xo2

EtodyovT€e   Tde  d6iaoTdToue  ueTaB^nTde:

Ti=:+  '   ti==:i  J   T2=;i  '   t2=¥J    (Xi=X'   X2=y)

(28)

(3)

wac   Tde   ouvapTfioeis:

Vi(Ti)=-/]===:!±j==±  J  V2(T2)=-/I==;¥  ,            (4)

tva  dnoapbycouev   Tde   t6Louopaptae   T@v   ouvapTfioE;®V   gL(XL)         Wat

92(X2)    €te   Tde   S€O€le   a  Mat   a   dvTLOTotxcos,   6e6ou€vou     ua^L-
oTa  6TL   iiapd  T6  onuctov   0  ai   dva]T€pcD  ouvapTfioeLe   ^6W        Tfi§
6uoLou6papou   apopTtoecoe   65v   napouoidEouv   t6Louopaptae   ouutp{bvcoe

wac   iip6e   Td  dvaapep$5vTa  €te   T6  Tufiua  87,   MaTa^fiyouev          ete
Tfiv   MdTcosi   uopapfiv   Too   ouoTfiuaToe   T@v   t6iou6pq>a>v   6^ow^Tipa>TL-

M@v    €ELod>oecov     (2)  :

r¥.=# dTL+ ri#.#T2=¥, t5a,(I:+(gtl,2,)2
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ELT1|Vi(Ti)   T|{

o/I o   /I-T2

•#T2=!.    (5„

`H  ouvdpTTioue  Bdpoue  e[vai   i   i//I=F  ,   6n6Te  waTdMn^o§

Tp6noe   npooeyy LOTiMoO   bTto^oyLouoO   T@v   6^ow^npa]udT®v              T@v

npd>TaDv   ue^@v   T@v   dvaDT5pco   t6Lou6pq>a]v   6^ow^npa]TiM@v      €Eio(boe-

a]v   eEvai,   che   wac   ete   Tfiv   Ttponyouu€vnv   €apapuoyfiv,   fi        TpoTto-

Ttoinu€vn   u€So6os   GAUSS-LEGENDRE   u€   Ttiv   iTpoavaapepsetoav   ouv-

dpTnoiv   Bdpous.   Xdpiv  dTt^6TTiTos  6uvduesa  vd  ypdiuaJuev   T6  ot-
oTTiua   T@v    t6Lou6papcov   6^oM^Tipa]Tilt@v   €Eiodioecov    (5)    napa^ctTtov-

Tee      lobe   6€tMTae   Tdiv   ueTChB^TiT@v   I   wac   t   d]s   MdTtA>Su

VL(I)#+V2(I)Ij:::i#;}2

I(T2-(8t,2)

(T2+ ,gt, 2  )2

I+ v2 `T'fr

dT=:'        (6a,

dT=:.            (68,

Auvducsa  €ntone  vd  €toaydycouev  dvTt          T@v     ouvapTfioc®v
v[(I)    Mat   v2(I)    MaTd   Tots   Tbnoue    (4)    Tde   ouvapTfioele     EL(I)

Mat   E2(I)      tie   ouvdpTnoLv   Bdpoue   Thv   1//I==Tr  d]e  wdTt,£u

Ei(Ti)   =  -/I==T  !±{==±'     E2(T2)   =  -/I==?  £2{f=ZL  ,    (7)

TobTou  6vi;os   &^^a]e   T€   dTto^bTcoc   6"cwo^oynu5vou,   ttas'        6oov
at   OuvapTfiocLe   9[(all)       Itat   92(BT2)     €nt   T@V   6bo   Pa)Yu@V      Tta-

pouoidEouv   t6Louopaptas   €te   duap6Tepa   Td  &Wpa   TL,2=±l   T@V   Pa]-

yu@v   o6oai   TatJToxp6vcoe   TtepiTTat   €Ttt   T@v   pa]yu@v   Ttpayua,T6   6-
nocov   €TuTp€Tt€L     T6v   ncpLopiou6v   Too   6LaoThuaToe     6^oW^npd>-

o€a)e   ete   T6   fiuiou   ufiwoe   p®yufie   fiTOL   ete   T6   6LdoTnua      [0,1]

T6   oboTnua   T@v   16iou6pq)a]v   6^o"^npcoTiw@v   €Eiocboea]v   T6     dvTt-

oToixov   Too    (6)    u5   dyvchoTouc   ouvapTfioeie   Tds   E[(I)    Mat   E2(I)

6dv   ^Tiapsfi   bTt.6iuLv   wac   T6   TtepiTT6v   T@v   ouvapTfioeov   TobTovt  et-
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vai   T6   eEfis:

1
I

____

/riff
0

1

I
_    ____L=   ___      _

o/T=

E[tT,#+E2tT,I::::i::;2,ihaT=¥,

I (T2-(8t, 2)

(T2.+(!t,2,2

•E2(I,=iT-:

(8a)

(88)

EnueiooTaL   6Ti   T6   6idoTnua  6^ow^npd>oeaDe   etc   T6     oboTnua

(6)    €tvou   T6   [0,1]    ,   €vS   eie   T6   oboTnua   (8)    T6   I-I,1],   wat-
Toi   ^6yap   Too   TtcpLTToO   T@v   dyvd>oTcov   ouvap.Tfioea]v      €uapovtEeTai

a)e   6idoTnua   6^ow^npd>oeajc   T6   [0,1] .   Aid  Tfiv   €Ttt^uoiv   ouveTt@s

Too   ouoTfiuaToe   T@v    16Lou6papcDv   6^ow^np®Tiw@v   eEied>oe®v          (8)

66vaTaL   vd  xpnoiuoTtoinsfi   f\   u€So6oc   Tfie  TtpooeyyioTiwfis     6^o-
w^npd>oE;cos   GAUSS-CHEBYSHEV   fi   wat   i   u€9o6os   iipooeyyLOTiwfie   6-

^ow^npd>oea]s   LOBATTO-CHEBYSHEV,    tva  dTtoapeuxsfi         fi      TtapeuBo^h

6id   Tfiv   ebp€oiv   T@v   TLu@v   T@v   dyvchoTCDv   ouvapThoecov   efe         T6

oT`uetov   T=l   waf   €W   TobTa]v   T@v   ouvTe^eoT@v    €vTdoecos    T@V   Td-

oe®v   €ie   Td  &wpa   T@v   p®yu@v.

IIpoapav@e        oi   uiya6iwot   ouvTe^coTat    €vTdo€cos    T@v   Tdoc-

a)v   ele   Td  &wpCh   TG)v   pa]yu@v   e[vou   dpLSuot   wasap@e   npayuaTIWot

fi   &^^a)S   IOxbeL    kL±Ot    k2=0,    o6Toi   6€   TtpowbTtTouv   6w   T@v      Ti-

u@V   T@V   OuvapTfioea)V   V[,2(I)    fi   EL,2(I)    6ld   T=l    Bdoel   T@V   Tb-

ncov :

kL(a)    =   a/zavL(I)7   kL(a)    =   a/zgiv2(I),                                       (9a)

k[(a)    =   a/aEL(1),   kL(B)    =   a/FE2(I),                                         (98)

^auBcrvou€vaJv   bll'6Uiv   T@v   dvaap€pou€vcov   cia   T6   Tufiua  89     ncot

€tip€oecoe.  T@v   ouvTe^eoT@v    evTdoeoc    T@v   Tdoeov   Wac   T@v      ^6yap

T@v   crx€oecov    (4)    Itat     (7)     Loxuouo@v   ox€cJ€cDv:

E`L(i)     =    /ZTVL(1),        E2(i)     =    /Z   V2(I). (10)
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'Edv   A±   etvai   Td   BdpT|   Mat   T±  Mat   tk  al   TeTUTlu€Val           Tfie

TpononoiTiu€vns   ue$66ou   GAUSS-LEGENDRE 6Ld Tfiv   npoo€yy LOTLMfiv

€nt^uoLv    t6iou6ptp®v   6^ow^npcoTLw@v   €Eiod>oea]v,   Ttept   Tfie   6Ttot-

as   8xouev  dvaapepeL   ete   T6   Tufiua  I-9   ,   T6  oboTnua  T@v        t6i,o-

u6pq>cDv   6^oM^TipcoTiM@v   €ELod>oea]v    (6)    dvdyeTai    el§   T6         MdTcosi

oboTnua   ypauuLM@v   €ELocho€cov :

( I |a)

(Ilo)

8vsa  n  6  dpisu6e   T@v   xpTioiuoTtoLouu€vcov   oTiuetcov   MaTd             Tds

npooeyyLOTLMde   b^o"^npchoeie.   ETiueLcoT€ov   €ntone   6Ti   ^6yap   Too

TtepiTToO   T@v   ouvapThoecov   gL(our)    Wac   92(BT2)    fi   T@V   Vi,2(I)       fi

T@V   E],2(I)    h   ouvsfiMn   uovoonudvTou   T@v   ueTaTontoecov    (Al.29)

Tt^TipooTai   d¢p.    eauTfie.
'Ava^6Vcoe,   €dv   I.   Mat   tk   etvaL   al   TCTunu€vai   kaTd        Thv

i
u€9o6ov   €iti^boea]e   t6iou6papcov   6^oM^npcoTLM@v   €Eiocho€cov   GAUSS-
CHEBYSHEV,   Ttept   Tfie dlto:tqus €xouev   dvaap€p€i   €ntoTie -ete              T6

Tufiua   r9,    T6   oboTnua   T@v    t6Lou6ptpa]v   6^oM^npcDTLw@v   €EiochoE:cov

(8)   dvdyeTcw   ete   T6   MdTcosi   oboTTiua  vpauuiwdtv   €ELocho€ov:

±±L{ELtT±,ri+E2it

(
2
1

2
i

+(3t

( 1 2 ch )

(12B)

8vsa  Tt^€ov  n   e[vai   6  &pisu6§   T@v   xpTioiuonoLouu€vcov     cmuetcov
waTd  Tds   TTpooeyyioTiwde   6^ow^npd>oeL§   eLe   T6   6idoTnua   [0,1] ,

^auB&veTcw   6€   bn.   6uJiv   6TL   6^a   T&   BdpTi   €tvai    Coo  ueTaEb   Tcov

wac   6t6ovTai   bn6   Too   Tbnou:

Ai  =  #  ,   i-1,2,..'n   , (13)
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gvsa  €T€Sn   2n  ete  T6v  T[apovouaoTfiv,   6i6Ti   T6  dpxilt6v     6i,d-
oTnua  6^ott^npd>oe®c  fiTo  T6   [-I,1]   u€   2n  onueta  I.      eopiok6-1

ueva  €vT6s  a6ToO,   ttatToi   dlto^ot)8coe,   ^6yap  Too  6Ti   aL   ouvap-

:i::;:p::;::I:6e::::]"::L=T::to:a::::::E::::e::uev:Ld:::::
a6ToO .

•Edv   T€^oe   xpnoiuonoLTisfi   6id  Tfiv   €nt^uoLv   Too     ouoTTiua-

Toe   T@v   t6Lou6pq]a]v   6^oM^npcoTiw@v   €Eied>oeaDv    (8)    h        u€So6oe

€Tti^boecoe    L6Lou6papcov   6^ow^npcDTiw@v   €Eiocho€cov   LOBATTO-CHEB-

YSHEV,   nept   Tfie6nota§8xouev   €iTfone  dvaap€pci   €te   T6     Tufiua
I.9,   Sd  Ttpottbum   Ttd}iv   €v  o6oTnua  ypauuilt@v   €Eiochoecov  dvd^o-

vov   Too    (12)    u€   6ia(p6poue   BeBatcoe   Tiude   T@v   TeTunu€vcov      T±
74at  :¥§"::v6::=£:  ::::w:a:  ::6::=::)::."poMb"TOucol        €"

Tfie   €Tti^boea)e   Too   ouoTfiuaToe   ypauuiM@v   €Eiod>o€cov    (6)    Tiuat

T@v  ouvapTfioecov  v[(I)   Itat   v2(I)    e[s   Td  onueta  T=T±    (i=  1,
2 ,..., n)   u€   n= 5   6id  xphoecoe   Tfie   TponoTtoinu€vne  ue$66ou   €-

Tti^boe®s   t6iou6pq>®v   6^ow^np®T"Giv   €Eiod>oecov   GAUSS-LEGENDRE.
'Exouv  Se®pnsfi   t.ooabTCDe   6id¢popoi   ^6yoi   unMd5v   T@v   pa]viJfov  a/a.

Etst6vHtvaMa  2   6t6ovTou   ot   ouvTg}€oTat   Ck   (k   =   1,2,..
. ,n)  ,   n= 5,   T@v  dvonTuyudTav    (4.7)    T@v   ouvapTfioea)V  V[,2 (I)

ete   oeipd€   TpoTtoiioinu5vcDv  no^ucovbucov   LEGENDRE        ettpes€vTee

ouuapd>v®§  iTp6s  Td  dvouTuxS€vTa  ete  T6   Tufiua  r8   ttat          Bdoei
T@v   Tiu@v   TOo   IItvaMoe   1.

Ete   T6v  Htvawa  3   €v  ouvexetq  6t6ovTai   at     "powbTtTouoou
€w   Tfie   €Tti^boecDe   Too   ouoTfiuaToe   vpauuiltd}v   €Eiodtoea>v    (8)  Ti-

Hat   T@v   ouvapTfioecov   E[(I)   "at   E2(I)    et§   Td  onueta  T=T.  (i=1

=1,2 ,..., n)   u€   n= 5   6id  xofioecoe   Tfi§  ue$66ou   €Tu^boea)s   t6l-

ou6pqrov   6^o"^npaDT "@v   €E iod>oe®v   GAUSS-CHEBYSHEV. ' EsecopfiSn-

oav  6to   Tiuat   Tot}  }6vou  a/a   T@v  untt@v  T@v  pcovtrfev:        a/B=  1
Itat   4.

Aid  Thv   ebpeoiv   TG)v   ouvTe^eoT@v     €vTdoecoe    T@v       Tdoecov

Bdoei   T@v   TbTta]v   (9)   Ttp€Ttei   vd   etvai   v.v®oTat   at   Titmt        T@v
ouvapTfioeav  v[,2(I)   Itat   E[,2(I)   6id  T=l.   Hp6s  ToOTo       6id
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IIINA=   i

TLuat   T@v   ouvapTfioecov   v],2(I)    et§   Td  oT|ueta   T±   etJ-

p€S€toai   Tfi   xpfioeL   Tfie   TpononoiTiu€vTie                ue$66ou
GAUS S -LEGENDRE .

a/B 1 4 8 16

I.i vl (I)

0,05150 -0,0074 -0,0114 -0'0109 -0'0089

0'25167 -0,0109 0,0573 0,1150 0'1686

0,53840 0,1949 0,3530 0,4008 0,4234

0'81216 0,4525 0 , 5 7 3.'5 0'5934 0,6007

0'97784 0,5931 0,6798 0'6905 0,6942

I.1 v2 (I)

0'05150 -0,0074 -0,0016 -0,0006 -0,0003

0,25167 -0,0109 -0'0235 -0,0213 -0,0131

0,53840 0,1949 0'0814 0'0502 o'o3o2

0'81216 0,4525 0,2686 o,1947 0'1363

0'97784 0,5931 0'3999 0,3015 0,2190

Tfiv   TpoTtoTtoiTiu€vnv   u€So6ov   GAUSS-LEGENDRE,   d]s   wac   6id     Tfiv

u€So6ov   GAUSS-CHEBYSHEV,   dTtaLTetTai   TtapeuBo^fi   Bdoei           T@v
€MTes€vTcov   et§   T6   Tufiua  r8.   ObTco  6id  Thv   TponoTtoinu€vnv u€-

So6ov   GAUSS-LEGENDRE   gxouev   Bdoei   Too   TbTtou    (4.7)  :
n

V(I)    =kELckp2k-2(0)'

6e6ou€vou  6Ti   toxb€i   h  ox€oie:

rJL

Pn(I)    =   P2n(0)'

(14)

(15)

Td5v  ouvTe^eoTG}v   Ck   6L6ou€v®v   ttn¢   Too  Htvcmos   2   Old  Tds  Se-

copnsetoas  nepLnTd>oeie  Mas€Ta]e  6ixoTououu€va]v  pa]yu@v.      KaT.
at)T6v  T6v  Tp6nov  6uvduesa  vd  oxnuaTtoquev  T6v  Htvowa  4  Tta-
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IIINA=   2

Z}uvT€^€oTat   Ck   T@v   dvaTtTuyudTCDv   T@v           ouvapTfioecDv

VL,2(I)    €te   O€lpde   TPonoTtoinu5vcDv   Tto^uavbua]v        LE-

GENDRE .

cl / P) I 4 8 16

Ck vl (I)

C1 0,33769 0'44049 0,46814 0'48430

C2 0'25414 0,26992 0,25800 0,24518

C3 0,03956 -0,00387 -0'01824 -0,02457

CH -0'02462 -0,02444 -0,01358 -0,00223

C5 0,00367 0,01424 0,01193 0,00527

Ck v2  (I)

C1 0,33769 0'20454 0,14931 0,10609

C2 0'25414 0,17428 0,13235 0,09548

C3 0'03956 0,04833 0,04137 0'03290

C+ -0'02462 -0'01069 -0,00670 -0'00284

C5 0,00367 0,00053 -0 , 00006 -0,00117

HINAE    3

Tluat   T@v   ouvapTfioecov   EL,2(I)    eis   Td  oTlueta  T±   eb-
-pE:9etoai   Tfi   xpfioci   Tfie   u€$66ou   GAUSS-CHEBYSHEV.

a/a 1 4

T.1 E1  (I) E2  (I) E1 (I) E2  (I)

0 ' 1564 -0'0219 Lo,o219 -0,0533 0'0269

0'4540 0'1440 0,1440 0'3117 0,0744

0,7071 0'4653 0 ' 46 5 3 0,6420 0'2614

0'8910 0'7180 o,718o 0'8556 0,4615

0'9877 0'8481 0,8481 0,9622 0,5803
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p€xovTa   Tots   ouvTe^€oTd§   €vTdoecos    T¢Tjv    Tdo€cA)V   kL (a)               Mat
kL(B)    ete   Td  dJtpa   T@v   paJyuG)v   uT"G5v   2a   wac   28   dvTLOTotxa]e   b-

Tt6  dvnyu€vnv   uopaphv:

HINAE    4
•Avnyu€vai   TLuat   T@v   ouvTe^€oT@v    €vTdo€tije    T@v      Td-

oecov   cle   Td  dwpa  MChs€Tcoe   6ixoTououueva]v   pa]yu@v   eb-

pe8etoai   Tfi   xpfioeL   Tfie   TpoT[onoLTiu€vne                u€$66ou
GAUSS-LEGENDRE .

a./ P) i 4 8 16

-a,6 0,86330 0,98479 0'99880 1'00120

-ovi5 0'86330 0,58974 0,44728 0,32592

HapaTTipoou€v   €w   Too  IItvakoe   4   6Ti   abEQvouEvou   Too   ^6you

a/a  T6  u€yesoe  k[(a)/(a/a)   atJEdv€Tai,   watToi   h   Tiuh   lou  6id
a/a  = 16   6bvaTai   vd  SecDPT|Sfi   bnepBo^LMh   d>s   tJTtepBatvouoa        Tfiv

uovd6a,   €v¢  T6  uEy€Soe   kL(a)/(a/i)   ueiooTaL,   d)§  TTpdyucm   d-
v6u€veTO.

Ete   T6v  Htvawa   5   6t6ovTai   al   TLuat   Too   ouvTe^€oToO        €v-

+do€coe   T@v   Tdoecov   kL   6Ld   6bo   Mas€Tcoe   6LxoTououu€va§            Coae

pciJyuds,   fiTOL   6Ld   TiuTiv   Too   ^6you   a/B =  i,    cbp€SE:tool   6Ld   Tfie
€ni^boeco§   Too   ouoThuaToe   TG)v    16Lou6papcov   6^olt^TipcDTiM@v      €Ei-

od>oecov    (8)    dq)'    €v6s   u€v   6Ld   Tfie   u€$66ou   GAUSS-CHEBYSHEV   Mat

€v  ouv€xetq  Ttap€uBo^fis   waTd   Td  dvcxpeps€iJTa   eis   T6   Tufiua  r8,
day.    €T€pou   6€   6Ld   Tfie   u€$66ou   LOBATTO-CHEB¥SHEv,,   6Tt6Te      6€v

dnaiTetTai   €v   ouv€x€tq  nap€uBo^fi   6id   Thv   BdoE:i   T@v           TbTtcov

(98)    €bpeoiv   Too   ouvTe^coToO   6vTdoecD§     T@v    Tdoccov   k]    (6vToe

6Ld   Tfiv   €ECTaEou€vnv   Tt€ptTtTcooLv   Too   abToO   t4at   6Ld   Tde         6bo

pcDyrids)  ,   Mas     6oov   ebptc"eTai   dn'   €bsctae   €w   Tfie     €Tu^boecoe
Tfie   waTd   Td   npoavatpeps€vTa   TpoTtoTtoLTiu€vTie   uopapfi§   Too   ouoTfi-

uaTo§   ypauuLwdiv   €ELocboecov    (12)    fi   TLufi   Tfis   ouvapTho€coe      E(I)

6i,d   I  =  i. 'E9ecophsTioav   aL   Tiuat   Too   dpLSuoO   T@v   ^auBavouEvcDV
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oTiuetcov   n  dTt6   2   u€xpl   lta[

11   Mat   6id   Tde   6bo   xpTioi-

uonoLns€ toae  u€$66oue,na-
paTTipetTou   6€   6Tl   fi   u€So-
6oe   LOBATTO-CHEBYSHEV, rat-

TOL   ItaTd   Tfiv   TtpooeyyioTi`

Mfiv   6^oJt^fipcooiv      6^iychTe-

pov   dltpLBfie   Tfis           GAUSS-
cHEB¥sHEv,   €v   TotiToie,Ouu-

apchvcoe   Ttp6e   Td  dTtoT€^€oua-

Ta  Too  Htvaltoc   5,   €utDavt-

EeTal   dltpLBeoT€pa,   TobTou
6apeL^ou€vou   cts   Thv        €^-

^e LILILv   cxpa^udTcov   €It         TTa-

P€uBo^fic,   Td  6Ttota     ttndp-
xouv  dvayltatcos   eLe   Tfiv u5-
So6ov   GAusS-CHEB¥SHEV     de

ltat   Sis   Tfiv     Ttponyouu€vcos

SE:copnsetoav     TpononoiTiu€-

HINAE    5
•AvnyuEvaL   TLuat   ToC}         ouvT€^€-

oToO   €vTdoe®e     T@v    TdoecDv         €te

Td  dMpa  Ma9€Tcoe   6ixoTououu€vcov

Ccov   pcovu@v.

M€So6oe GAUSS- LOBATTOT
-CHEBYSHEV -CHEBYSHEV

n •k1/(oy6)

2 0,94445 0'83658

3 0,83635 0'85970

4 0,83882 0,86387

5 0,86289 0'86449

6 0,86381 0'86441

7 0'86528 0'86424

8 0,86282 0,86408

9 0,86503 0,86396

10 0'86283
`   0,86387

11 0'86464 0'86380

VT|V   u€So6ov  GAUSS-LEGENDRE

ET|uelot}uev   €E   &^^ou   6Ti   6id  n=  5   Itat   a/a =  I   €It   Tot)     Tltvawos
4   TtpowbTtTei:kL/(a/a)   =o,8633o   6id   Tfiv   dvnyu€vTiv   Tiufiv         Too

ouvTe^eoToO   €vTdoecos    T@v    Tdoeov   kL   ete   Td  &Itpa  6bo   ttas€Tcos

6LxoTououu€vcDv  Cocov pcoyu@v,    €v¢   t\   waTd   Ttpoc7€vyioiv   6p`9fi   Tluh

TobTou   etvai:k./(oid)  =0,8636,   d>s   eop6Sn   tjiT6   T@v   RO0KE      and

SNEDDON    {1969}.

At)vaTai   vd  TtapaTripnsfi   T€^os   6Ti   eLe   T6   €vTat}Sa     eEeTac6-

u€vov   np6B^nua   t`   TpononoLTiu€vTi   u€9o6oe   GAUSS-LEGENDRE,   fiTie
Seop€t   d>§   6idoTT|ua   6^ott^T|pcboecDc   T6   [0,1]    €u(po,vtEeTal      Tt^€ov

dltplBhs,   6Ld   T6v  atJT6v  dpisu6v   onuetcDv   n,Tfic   ue$66ou   LOBAT-
TO-CHEBYSHEV,   f|Tis   SecDpet   BaoLM@s   d>c   6LdoTnua   6^ott^Tlpd>oecos

T6   [-I,1] ,   nap.   6^ov  6Ti   h   T€^euTaLa  6€v  dnalT€t   napeuBo^fiv,
d>s   Ttpoaveap€psn,6id   Tfiv   eopeoLv   Tfi§   dvnyu€vTis   TLufie   Tot}   ouv-

Te^eoTot}    €vTdoeco§     T@v   Tdo€cov,    T6v   6Ttotov   ttat   xpnoiuoTtoiot}-
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uev   d>e   Bdoiv   ouyMptoE:cos   T@v   ues66cov   TobTcov.   T6   ycyov6e   ToO-
To   6bvcLTal   vd   €ET|yT|Sfi   ^auBavou€vou   tJn.   6uiv   6Ti   f`      ouvapTT|-

oLe   u€TaoTdoecov   gap.    eMdoTne   pcDyufie   TtapouoLdEei        douvex€tae

ete   Tde   Ttapaychyoue   TTis   ele   T6   oTiu€tov   I  = 0,   fiToi   T6   oTiuetov

6ixoToufioecos   T@v   po)yu@v   MaTd   Td  dvaapcp8€vTa MCLt  cts   T6   Tufiua

Flo.

I:XETIKAI   EprAZ:IAI   -IIAPATHPHZ]EIZ::    T6   €EeTaos€v   €ie      Tfiv

iiapoooav   €apapuoyhv   np6B^Tiua   TG)v   6bo   J4as€Tcoe   6LxoTououu€vcov

poyu@v   €u€^eTfisn   bTT6   Tot}   STALLYBRASS    {1969}    6Ld   Tfiv   ei6iMfiv

TteptTT.Tojoiv      Ccov   pcDyu@v   6i,.   dvaya]yfie   Too   ete   utav   6^o"}np®-

TiMfiv   €Etcooiv   FREDHOLM  6€uTEpou   cC6oue   u€   iicpaiT€pco     ueTa-

oXTluaTiou6v   TatJTns   ets   6^olt^TipcDTitthv   €Etcooiv     WIENER-HOPF.

M€   Tfiv      cibTfiv      Tt€pLnTCDoiv   itch95Tcoe   6LxoTououu5v®v   p®yud)v      fi-

oxo^fisTiouv   Mat   ol   ROOKE   and   SNEDDON   {1969},    €nL^boavT€e      T6

oxeTilt6v   Ttp6B^T|ua   Tii   xpfioei   Too  ueTaoxnuaTiouoo  FOURIER.    .H
6osetoa   ^boLe   tiTt6   T@v   ROOKE   and   SNEDDON   Ttepiypdtp.eton           ltat

tin6   Too   SNEDDON   {1973}.    Aboiv   Too   y€vLMoO   npoB^fiuaToe         TG5v

6bo   Mas€Tcoe   6ixoTououu5vcDv   pcoyu@v   €6cooav   ol   SNEDDON   and   DAS

{1971 }   €tpapu6oavTec   €TttoT|c   Thv   uESo6ov   TG}v   ueTaoxnuaTlou@V

FOURIER  Mat   dvayay6vTee   T6  6^ov  np6B^Tiua  €te   €v   oboTnua  6bo
€Eiochoe®v   FREDHOLM  6euT5pou   E:C6ou§,   T6   6notov   ttat      €n€^uoctv

dpLSuTiTiw@e.   Td  dnoTe^€oua"   T@v   SNEDDON   and   DAS   6Ld           Tde

Tiuds   T@v   dvnyu€v®v   ouvTe^eoT@v    €vTdo€o]c    Tdiv   Tdoecov   ouuapco-

voOv  u€   Td  ebpes€vTa  6id  Tfis   €q>apuoo9€tone   ete   T6             Tufiua
Tot}To   ue$66ou.

•H   xpTioiuoTtoiT|Setoa   €vTaosa  u€So6oe€TTi^boe®s   Too   V€VLMO0

npoB^fiuaToe   T@v   t{as€Tcoe   6ixoTououu€vcov   pcoyu@v           Tt^€ov€JtTet

Tfie   €qupuoosetone   tJn6   Tdiv   SNEDDON   and  DAS   ue$66ou,   Mas.6oov

dq>'    €v6e   u€v   65v   dTtaiTE:I   Tfiv   xpfioLv   T@v   oxeTiM@e   no^un^6Mcov

€M(ppdoecov   T@v   ueTaoxTiuaTiou@v   FOURIER,   dtp.    eT€pou   6€      6t6€i

d]§   ^boi,v   Too   TtpoltbnTovTos   ouoTfiuaToe   t6Lou6pq>cDv   6^olt^npa)Ti-

M@v   €Eiod)oe®v   ouvapTho€Le  dva^6youe   T@v   ouvapTho€®v        ueTa-

oTdoeov,   fiTol.   €xoboas  oatpfi   apuo"fiv  or\uaotav,   dvTis€Tcos  Ttp6§
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6,TL   ouuBatveL,   €dv   xpnoiuoTtoiTiSfi   h   u€So6oe   T@v     uETaoxTitjq-
Tiqu@v   FoURIER   .   rl€pav   TobTCDv  t`   €vTaosa  xpnoiu`oTtoLouu€vnu€-

So6oe  dvavcovfis   Too  iipoB^fiuaToe   T@v   was€TCDs  6LxoTououu€v®v

pcDyu@v   e te   €v   oboTnua   t6iou6papa>v   6^oM^npaDTitt@v           €Eied>oea]v
6tJvaTaL   ebxcp@s  vd  €newTasfi   Hat   €te   Tfiv  neptnTa)olv  ufi   et)Su-

ypduucov   poyu@v,   Ttpdvun  T6   6Ttocov  6€v  6t)vaTai   vd  ytv",        €dv
xpnoLuoTtoin9fi   de  u€So6os   €ni^boe®e   Too  Ttap6vToe  TtpoB^fiuerToe
t`   u€So6os   T@v  ueTaoxnuaTiou@v   FOURIER.


