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r5.    E®APMorH   MIAz:    rENIKHz]   ME®oAo¥   Apl®MHTIKHE      OAOKAH-

PQZ]EQZ:   EIZ:    TON   YHOAOI.IEMON    IAIOMOP®QN       OAOKAHPQIIA-

TQN

Aid   T6v   iTpooeyyioTi"6v   bTto^oyiou6v   16iou6ptpa]v     6^ow^T|-

pcoudTcov,   Tt€pav   Tfi§   dvaiiTux9€toTie   E:1e   T6   Ttponyobuevov      Tufi-

ua   r4   u€$66ou   GAUSS,   6uvdueSoi  vd  xpTioiuoTtoihocouev  wac     d^-
^ae   ues66ou§   dva^6ycoe   Tfie   napouoiaEou€vTie   nepLTtTtbo€a]e.    -AS
Secopfiocouev   yevLM@e   6TL   €xou€v   Ttp6e   tjTto^oyiou6v   T6      6^ow^h-

pcoua   I   Tfie   uopapfis    (4.2)    Mat   6TL   €Ttisuuoou€v   vd  npoo€yyto®-

uev   ToOTo   6i'€Mappdo€cos   Tfie   uop¢Dfie    (4.5)  ,    €v9a   tk    (k    =    1,2,

..., n)    Ita9copLou€va   oT|u€ta.    'EpyaE6ucvoL   d]e   ttat   ct§   T6   T|J.fi-

ua   r4   I)Ttos€Tou€v   Thv  ouvdpTTioiv   f (z)    €xouoav  in  dn^o0e     Tt6-
^Oue   €te   Td   Onu€ta   zm   €vT6e   Tfis   MauTtt)^Tis   C   Too           ExtiuaToS

4.1         Tfie   n€pLBa^^oboTie   T6   6LdoTnua   6^oM^Tipd>oE:cos   L,    6piE6-

u€vov   dDe    :   a±x±B,y   =   0.
®ecopoouev   fi6T|   T6   6^ot{^fipcoua   :

Io -=)cT-T'                              (i,
€v9a   €T€Sn    :

n
qi(Z)    =   kk¥i(Z-tk) (2)

u€   Thv  oTasepdv  k  at)SatpeTov.    'Etpapu6EovTee  6id  T6  6^oM^h-
Pa]ua   Io   Tfie   €Itappdoe®§    (I)    T6   Sed>pnua   T@v   6^ok^npcoTLk@v     b-
Tto^otTta]v   Too  CAUCHY   ^auBdvovTee   bn'6iLiiv   Tote  dTt^o0s  n6^oue

Tfie   ouvapTfioccos   f (z)    wac   Tds   ptEas   Tfie   ouvapThoeaJ§   q](z)wac
8ea]poOvTee   6Tl   6€v   bTtdpxei   Mauuta  obuTtT®ols   T@v   u€v        ueTd

T@v   65,   ouvdyouev   6Ti:
n                f  (tl_)                    in

f  (z)    ,     iJ               L`LkIo -H+k!1
n (Z)  ' k=1  (tk-Z) Oi (tk)

Pk
1  (Zk-Z) On  (Zk ) '(3)

€vsa  pk   Td   6^oM^npcoTiMd   I)n6^oiTta   Tfie   ouvapThoe®s   f (z)       €Le

Tots   Tt6^ouS   abTfis   Zk    (k    =    1,2 ,..., in)  .    `0   TbTtos   o6ToS   €[VaL

dvTtoTOLxo§   Too    (4.7)    u€   Thv   6iaapopdv   6TL   Td        OTllJ,eta        tk
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(k   =   1,2 ,..., n)   SecopoovTai   €vTaosa  at}Salp€Ta)a   Mas®PIOu€Va
€vT6e   Too   6LaoThuaToe   6^oM^npchoecoe      [a,B]    .

Aid   ouyMptoeaD§   T@v   €MappdoecDv    (1)    t{at     (3)    Too   6^oM^npd>-

uaToS   Io   ouvd¥ouev   T6v  ltdTosi   TbTtov,   dvd^oyov   Tot)   (4.8),T6v
6t6ovTa  Tf`v   Ttp6s   6^oM^fip®oLv   ouvdpTTioiv   f (z)    €nt   Too     6La-

oTfiuaToS   6^oM^T|pd>oecDs   L    :

n               f (tl_)                    in Pk
f (t)   -On(t)

•±)
(t-tk ) OL (tk )

f (I) dT

c `T-t) On (I)

1 (t-Zk) On (Zk)

(4)

•Edv  €Sctouev   z   dvTt t  eic   T6v   TUTtov   Tot}Tov,   Sd   ecxouev     ye-

viMhv   5wappaoiv   Tfie   ouvapThoeoe   f (z)    €vT6s   Tfi§     ItauTtu^Tis   C,

fiTLe   6ucoe   6€v   u&e   €v6Laq>€peL    6v   npoMeLu€vq].
Thv   €Jtappaoiv    (4)    Tfie   ouvapThoc®e   f (t)    etodyovTe§   €vT6e

Too   6^oM^Tipd>ucLToe    (4.2)    ^auBdvouev    :

I  =   j:W(t)f(t)dt  =  k;iAkf(tk)-2k;i#+EnJ         (5)

5vsa   €T€9Tioav   :

qn(z,   --!,I
a w(t) On (t)

t-z dt,
Bw(t)on(t)                    qn(tk)

dt  =  -2a,n ( tk )  ,

(I)

id f(I ) dT .

(6)

(7)

(8)

Z]Tiu€icoT€ov   6TL   6   TbTtoe    (6)     toxb€L   dv€EapThTcoe   Too      €dv

T6   oT|u€tov   z   wetTou   €Ttt   fi   €]{T6s   Too   6iaoThuaTo§     6^oM^npd>-

oecoe   L  Maid  Td  dvatpeps€vTa   €te   T6   Tufiua   IT4.
T6   u€yesos   En   6166uevov   tJTt6   Too   TtJTtou    (8)    etvai              T6   .

oapd^ua   Tfie   dpL9uTiTiwfie   6^oM^r`pd>oE:os,    Tfie   6Ttotae   T6      iipG)Tov
•&SPo.loua  rTot}   6eElo0   u€^oUS   Tot)   TbTToU    (5)    dTtoTe^et   T6V      Itb-

piov  6pov,   T6   6€   6ebTepov  &SpoLoua  T6v  6apei^6uevov  €te Tote
dTt^o0s  Tt6^oue   Tfis  ouvapThoeos   f (z)   6pov.   T6  oq)d^ua  En     6€v
€EapTdTaL   u6vov   €w   Too  dpisuoo   n   T@v   xpnoLuoiToiouu€vcDv   oT|-
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uetov,   d^^.€Ttton§   €It   Tfie   €k^oyfi§   ToUTov   ltaL   dioat)Toe   €M   Tfis
ouuiTepltpopds   Tfis  ouvapTtioeoe   f (z)    €Ttt   Mat   €vT6s   Tfis  wauTto-
^ne  C.

Thv  Mquiib^T`v  C   6uvdue3a  vd  6iauopapd>o®uev  Mat   u€TaMivfr
oouev  ltaTa^^fi^o§,   dioTe  dtp.€v6s  u€v  vd  ouuTtepi^tiapsot}v     6oov
T6  6uvaT6v  Ttepioo6Tepoi   dTt^ot   Tt6^oi   Tfie  ouvapTfioeos        f (z)
€vT6e  abTfie,   dap'€T€pou   6€   6   bTto^oyiou6e   Tot}        €nLwaunu^tou
6^ott^npd>uaTo§    (8)   vd   etvai   a)ceTiltG}e  dTt^o0s.   Aid  vd   eopcDuev

6id  Ttotav  waTnyoptav  ouvapTtioecDv   f (z)   T6  otpd^ua  En        etval

un6eviw6v,   €uapavtEouev   Tfiv   ouvdpTnoiv   f (z)    tJTt6   Thv     uopaphv
(4.19)   Itat   dTtoua%pbvouev   Thv   ltquTtti^nv   C  dTt6   Too     6iaoTf|ua-
To§   6^oM^npd>oe®s   L   u€xpL   ouuTtTd>oecb§   TTie   ueTd   Too        dTtetpou

itbk^ou   ^quBdvovTes   t)Tt.6Uiv   eL§   Thv   g"appaoiv    (19)   6^oueTchs
diT^o0§  Tt6^ou§   Tfie   ouvapTho€coe   f (z)  ,   Tote   6Ttotoue  8ccopoOu€v
TteTt€paou€vous  T6v  dpisu6v   Mat   ei§  TteTtepaou€vae  dTt6   Tot}6ia-
oThuaToc   6^ow^Tipd]oecoc   L  dTtooTdoeie.

'Edv   fi6n   et§   Thv   Ttepioxhv   Too  dTtetpou  Sea]pfioouev          Thv

ouuTtepiapopdv    :

qn `z)
On ( z )

=  o(z-P)  . (9)

Tfis   ouvapThoeaJe  qn(z)/on(z)  ,   €vsa   p   SeTlw6e  dplsu6S  u€   ue-

ytoTnv   Tiuhv    (2n+1)  ,   Thv   6Ttotav   ^auBdvcL   6id   Thv   Tt€ptTtT®   -
oiv   dpLSunTiMfis   6^olt^npd]oeos   ltaTd   GAUSS    (6Te   f\  5Mappaoic   (9)

ouuTttTtTel   ueTd   Tfis    (4.20))  ,   T6Te   TtapaTTipoouev   6Ti   T6   oapd^-

ua  En   etval   un6ev"6v,   €(p.6oov   fi   ouvdpTTiois  g(z)   Too  TbTtou
(4.19)    €tval   TtQ^ud>vuuov   u€xpi    (p+in-2)    Bastloo.

•Edv   Td  oT"eta   tk    (k   =    1,2 ,..., n)    €M^eyoov   a)S  ai      PtEal

Too   Tto^uovbuou   pn(z)    Tfis   dMo^oustas   TC5v   6psoycovtov     TTo^Ua)-

vbucDv   et§   T6   6idoTTiua  6^ott^npd>oeos      [a,B]      Itat   u€   ouvdpTTl-

olv   Bdpous  w(t)  ,   T6Te   f\   dvoT€po  €MTesecoa  u€So6oe     Ttpooey-

yioTiMfis   6^oM^npd>oeos   ouuTttTTTei   u€   Thv   u€So6ov GAUSS  Thv  €tt-
T€8etoav   €te   T6   Tufiua  I.4.

'Edv   dvTls€ToC   Td  oT|ueta  tk    (k   =   1,2 ,..., n)  €It^eyoova6-

Soup-€Tos   €vT6e   Too  6iaoThuaToe  6^olt^npd>oeos  L,   T6Te   ^auBa-
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vou€vou   t)iT.6ULv   wac   Tot)   TbTtou    (6)    6   SeTilt6s   dlt€paioe     dpL-

Su6e   p   Sd   €x"   €v   y€vcL   Tfiv   TLuhv    (n+i)  ,   flTie   etvou   fi      €^a-

xtoTT|   6uvaTh   TLuh   abToO.

I:XETIKAI   EPITAZ:IAI   -HAPATHPHEEIZ}:`H   €E€Taosctoa   et§   T6

Tufiua   To0To   yevlMfi   u€9o6os   dpiouT|TiMoO   bTto^oyLouoO         t6io-

u6ptpa]v   6^ow^npcoudTcov   dTtoTe^€t   €Tt€MTaoiv   Tfie   €te   T6        TtpoTi-

yobu€vov   Tufiua   I-4   ue^€TnsetoTie   ue$66ou  GAUSS   6id   T6v     tjTto-
^OY Lqu6V   TOIobTCDV   6^oM^T|PCDudTcoV.

`0   €apapuoos€t§   €i§   T6   Tufiua  ToOTo   Tp6no§   €pyaotae     dTto-

Te^et   €Tttone   MaTd   BdoLv   yevtweuoiv   T@v   €MTLseu€v®v   u€$66cov

€te   Td   &pspa   T@v  -TAKAHASI   and   MORI    {1970,1971}   wac  T@v   DON-

ALDSON   and   ELLIOTT   {1972},   otTives   Sea)pot)v   T6   yevilt6v   Ttp6-

B^Tlua   Tfie   dpisuTiTLItfie   6^oM^npchoecD§   6ex6u€voL   ud^ioTa     Ttp6e
®

6^ow^fipa]oLv  ouvapTfioeLe  napouoLaEoboa§  dn^o0e  n6^oue,   6ucDe
eMT6§   Too   6LaoTfiuaTos   6^oM^Tipd>o€co§,   MatToi,   d>e   €xei   fi6Ti   d-

vapepsfi   ete   T6  npor`yobuevov   Tufiua  r4,   6   Tp6Ttoe  dvTiu€Tcont-
oea]§  dTt^div   n6^cov   Tfis   Ttp6e   6^olt^fipcooiv   ouvapTho€cDe     ob66^cDs

6Lap€peL   ecT€   obTOL   €tjptoMovTai   €]tT6e   ecTe   €vT6e   Too     6La-

oTfiuaTos   6^olt^npcboecos,   u€   ouv€nciav   vd  MastoTaTai   6uvcLTh   h
€n€MTaoLe   T@v   6Laap6pcDv   Ttepiypaq>ou€vcov   ete   Td   Ttpoavaapep8€vm

&pspa  ue$66cov   dpLSuTiTLMfis   6^ow^npchoe®§   Mat   ele   Tfiv        nept-

TtTcooLv    t6 Lou6papa]v   6^olt^Tip®udT®v.
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r6.    E®APMorH   TQN   ME®oAQN   oAOKAHPQz:EQz:       RADAu         KAI

LOBATTo   Elz:   TON   ¥rloAorlEMON   IAloMop®QN   OAOKAH-

PQRATQN

ALd   T6v   dpisunTilt6v   ttTto^oy Lou6v   6^oM^TipcoudTcov     ouvfiscDe

xpT|oluoiioiobu€vaL   u€So6oi   etvaL   Tt€pav   Tfie   uE:$66ou           GAUSS
Mat   ai   u€So6oi   RADAU   Itat   LOBATTO.    .E]t   TobTov   Tfiv        u€So6ov

GAUSS   €n€E€T€tvChuev,   d>oT€   vd   6bvaTou   vd   €¢papuoosfi   wac      61,'

i6L6uopapa  6^oM^npd>uaTa,   ete  T6   Tufiua  r4.    'EVTaosa  Sd     iipd-

Ecou€v   T6   abT6   Mat   6Ld   Tde   ue$66oue   RADAU   Mat   LOBATTO      oTn-

pLE6uevoi   et§   Td   €MT€S€vTa   €te   T6   nponyobuevov   Ttj,fiua          r5
6id   Tde   dpisuTiTiwd§   6^oM^npcboeie   els   t6L6uopapa  6^ow^npd>uCh-

Ta.
`H  u€So6oe   RADAU,   dMPLBhe   6i'6^ow^Tipouu€vae   ouvapThoeie

no^ud>vuua  u€xpl    (2n-2)   Basuoo,   5vsa  n  6  dplsu6§   Td)v  xpT|oL-

uoTtoLouu€vcov   oT|u€tcov,  xapawTT|ptE€TaL   €It   Too   6TL   ueTaEb      T@V
onu€tcov   tk   Too   Tbllou    (5.2)    Ttepi^auBdv€Tou   wac   T6   8v   €w   Tdiv

6bo  &Mpcov   a  wac   8   Too   6iaoThuaTos   6^oM^npd)o€co§      [a,B]    ,   6-

ii6T€   T6   iio^ud>vuuov   on(z)    Sd   e[vaL   Tfi§   uopapfie         {   BOUZITAT,

1952,     §   3.i    )     :

On(Z)    =   k  {   Pn(Z)+Cpn-1(Z)  }    t (1)

8Vsa  Pn(Z)    Wat   Pn_1(Z)    Td   Tto^Ud)vuua   Basu@v   n   Mat    (n-1)    dv-

TIOTotxos   Too   oUoTfiuaTos   T@v   6psoya)vtcov   Tto^ucDvt)uov  Old     T6

6idoTnua  6^oM^npchoecoe     [a,B]     wac   6id   Thv   bapioTau€vnv   ouv-
dpTnoLv   Bdpous,   k  ChbsatpeToe  oTas€pd  wac   c   oTa9epd     Toiab-
TTi,   d>oTe   T6   no^udtvuuov   on(z)    vd  TtE:pl^auBdvn   u€TaEtJ   T@V   Pl-

E@v   Iou   Mall     T6   &Mpov   Too   6iaoThuaToe   6^oM^Tipd>o€coe   a   fi      a,
6Tt6T€   TtpoMbnT€L   dvTioTotxa)e    :

pn `a)

pn-1 `a)  ,
CB--

pn (a)

pn-1 (8) (2)

"H6n   ^auBavouEvcov   bTt'6ULv   TG5v   ox5oecDv    (i)    Itat    (2)   6tw-

Tai   vd  €tpapuoosoov  n^hpcoe   Td  dvatpep6u€va  cte  T6  Tufiua       r5
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/

€Tt€MT€ivou€vne   ot)TCD   Tfie   ue$66ou  dpisunT"fi§        6^oM^npdtoecoe

RADAU  Mat   6id  T6v   dpisuriTiw6v   t)Tto^oyiou6v   t6iou6papcov     6^o-

It^TIP®udT®V .

ALd  vd   €MTLuhocou€v   T€^oe   Tfiv   dMptBeiav   Tfie   ue$66ou     6-

^ow^Tipd>oeoe   RADAU,    ^auBdvouev   OTt.6Uiv   Tfiv   TauT6TnTa     { CODY,

pAc|=K=a:d{ ::::::kR+Jii¥°} },  :                                     ( 3 )

6iaiTioTot}vTes   6Ti   ^6yap   Mat   Tfie   €wtppdoecoc    (I)    Too     Tto^uavtJ-

uoU   on(Z)    Mat   T@v   ox€oeov   6psoyovi6TnTos    (4.3)    Too     ouoTfi-¢

uaToe   T@v   lTo^ucovbucov   pn(z),   fi   ouvdpTTioie   qn(z)    Too        TbTtou

(5.6)    Ttapouoidcei   6id   z   +   co.    ouuTt€pi(popdv   Tfis   uopapfic    :

qn(z,    =   0,z-n,. (4)

"H6Ti   TtapaTTipoouev   Bdoei   Too   TbTtou    (5.8)    6TI   T6   0apd^uaEn

Tfi§  ues66ou   RADAU  Mat}toTaTou   un6ev"6v  6id  ouvapTfioels f(z)
Tfi§   uoptpfie    (4.19)    TOLabTa§,   d>oT€   h   ouvdpTTioLe   g(z)    vd      et-

vai   Tto^uchvuuov   T6   Tto^b    (2n+in-2)    Basij.ot),   Tfie   oTa8epdc   P   TOO

TbTtou    (5.9)    €xotJonc   Tfiv   Tiufiv   2n   6i,d   Tfiv   €EeTaEou€vTIV      u€-

So6ov   dpisuTiTikfie   6^oit^Tipchoeos   RADAU.   Aid  in  =   0,   fiToi      6id
'

Itoivd  6^olt^npchuaTa,   iTpoMbTtTei   TtepaiT€po  6Ti   fi   u€So6os   at}Tn

etvai   dMpiBfic  6i.6^oM^npouu€vae   ouvapTfioeis  Tto^ud)vuua     u€-

xpl   ltat    (2n-2)   Basuoo,   d>c   etval   BeBatos   yvooT6v.
®d   €EeTdoouev   fi6n   ltat   Tfiv   u€So6ov   LOBATTO.   At}Tn      etvai

dltpiBhs,   eLe   Thv   iteptTtTooLv   ltoiv@v   6^ok^npa>udTcov,   6i      6^o-
w^npouu€vas  ouvapTfioeie  Tto^ud>vuiLa  u€xpi    (2n-3)    Basuoo,   5v-
Sa  n  6  dpisu6s   T@v   xpnoiuoTtoiouu€vov  onuetcDv,   xapaltTnptEe-
Tou   6€   €ItToO   6Ti   ueTaEb   TG}v   onuetcDv   tk   Too   TbTtou    (5.2)    Tte-

pi^auBdvovTou   durD6Tepa   Td  &MpCh  a   T4at   a   Too   6icLOTfiuaToe     6-
^ow^npd>oeo§      [a,B]   ',   6Tt6Te   T6   Tto^udivuuov   on(z)    Sd   e[valTfic

uoptpfie      {BOUZITAT,    ig52,     §   3.i}       :

On(Z)    =   k  {  Pn(Z)+Cpn_1(Z)+dpn_2(Z)}     J (5)
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€Vsa  Pn(Z)  t   Pn_`i(Z)    Mat   Pn_2(Z)    Td  "o^ud)Vuua   Basu@v  n,  (n-1)

wac    (n-2)    Too  Ttpoorvaapcps€vTos   ouoTfiuaToe  6psoycovta]v   Tto^uco-

vbua)v,   k  absatpeToe  oTasepd  Mat   c   Mcht   d  oTasepat     TOLaoTaL,
dtoTe   T6   Tto^ud>vuuov   on(z)    vd  Ttepi^auBdvn   ueTaEb   T@v        PLE@v

Iou  Hat   Td  &wpa  Too  6LaoThuaToe  6^oM^npd>oecos  a  wac   8,   6Tt6-
Te   Ttp€Ttei   vd  Tt^TipoovTai   at   ouvsfittai    :

Pn(a)+Cpn-1(a)+dpn_2(a)    =   Ot

Pn(B)+Cpn-1(B)+dpn-2(B)    =   °J

(6a)

(6B)

€w   T@v   6not®v   npowbTtTouv   aL   MdTcosi   Tiuat   T@v   oTa9ep@v           c

ltat   d   :

Pn (a) Pn-2 (8) -Pn (8) Pn-2 (a)

d=+

Pn-i (a) Pn-2 (8) -Pn-1 (a) Pn-2 (a)  '

Pn (a) Pn-i (8) -Pn (8) Pn-1 (a)

Pn-1 (a) Pn-2 (8) -Pn-1 (8) Pn-2 (a)

(7a)

(78)

"H6n   ^auBavou€vcov   bTt'6Uiv   T@v   ox€oecov    (5)    Itat    (7)         6b-

vcLVTal   vd   €tpoipuoosot}v  Tt^hp®s   Td  dvatp€p6u€va   €L§   T6        Tufiua

r5   €iTewT€Lvou€vTi§   ot}Ta]   Tfie   ue$6'6ou   dpisuTiTiMfi§   6^oM^npchoe-

a]e   LOBATTO  Mat   6id   T6v  dpisuTiTiw6v   bTto^oyLou6v      t6iou6papcov

6^ow^npcoudTcov .

Ai,d  vd   €MTiuhocoucv   T€^oe   Thv   dttptB€Lav   Tfie   uE:966ou     6-

^olt^npd>oecos   LOBATTO,   ^auBdvouev   OTt.6Uiv   Tfiv   TauT6TnTa      (3),

d>S   Mat   6Ld   Tfiv   u€So6ov   RADAU   €npdEa.uev,   d^^'dtpoo  dvTLMaTa-

oTho®uev   T6v  dM€paiov  dpisu6v   n  6Ld  Too    (n-i)  .   ALanLOToO   -

u€v   TtepaLT€pco   6TL,    ^6yap   Mat   Tfie   €w¢ppdoecoe    (5)    Too   no^ucDvtJ-

uoU   on(Z)    Mat   Td)v   ox€o€cDv   6psoya]vL6TTiToe    (4.3)    Too      ouoTh-

uaToe   T@v   Tto^ucovttucDv   pn(z)  ,   f`   ouvdpTnoie   qn(z)    Too         TbTtou

(5.6)    TtapouoLdEei   6Ld   z   +   co      ouuTt€pLapopdv   Tfie   Hop(pfie    :

qn(z)    =   O(z-n+1).                                                                                                             (8)

"H6Ti   TtapaTnpoou€v   Bdoei   Too   Tbiiou    (5.8)    6TL   T6        otpd^ua

En   Tfie   u€$66ou   LOBATTO   MastoTaTou   un6evLw6v   6Ld   ouvapThoELe

r

/\
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f (z)    Tfi§   uopapfie    (4.19)    ToiabTas,   d>oTe   f`   ouvdpTnoi§   g(z)   vd

€tvai   Tto^uchvuuov  T6  Tto^b   (2n+in-3)   Basuoo,   Tfis  oTas€Pde       P
Too   TbTtou    (5.9)    €xoboT|s   Thv   Tluhv    (2n-I)    6Ld   Thv   €ECTaEo   -

u€viiv   u€So6ov   dpL9unTLMfie   6^ow^npd>oecos   LOBATTO.    Aid  in  =   0,

fiTol   6Ld  woivd  6^ow^npd>uaTa,   TtpottbnTeL   TtepaiT€pa]  6Tl   f`   u€-
So6o§  at}Tn   E:tvai   dMpiBfi§   6L'6^oM^npouu€vae  ouvapThoeie  Tto-
^ud>vuua  uExpL   t4at    (2n-3)    Basuoo,   d>e   etvai   B€Bata)e   yv®oT6v.

EXETIKAI   EPI.AZ}IAI   -rlAPATHPHEEIE:   At  `€E€Taosetoai      ete

T6   Tufiua   ToOTo   uESo6oL   dpisunTutfis   6^oM^T`pd>oea]s   RADAU     wac

LOBATTO   6ld  Tux6v   6LdoTnua  6^ow^npd>oeco§   [a,B]   Itat   a)e   €apap-

uoyat Tfie  dvcmTuxS€tcms   ei§   T6  npoTiyobuevov  Tufiua  I-5     ycvL-
wfie     u€$66ou  dpisunTLItoo   bTto^oyicmuoo   t6iou6papcov     6^ow^npa>-

udTov   8xouv  Tt^fipa)a  ue^eTn9fi   6id  Tfiv   TteptnT®oiv  woi,v@v   6^o-
w^npcoudTcov.   MeTaEb   T@v   a)(eTLw@v   €pvaoL6v   6uvduesa  vd     dva-

q]€pa]u€v   T6   dpspov   Too   KAMBO   {1971},   6oTLe  &vanTbooei        Tds

ue$66oue   dpi9uTiTiMfi§   6^ok^npdtoeaDs   RADAU   Mat   LOBATTO           Hat
Ttpoo6iop[Eei   Td   oapd^uaTa   TobTCDv   u€   6LdoTTiua   6^oM^Tip{boeco§T6

[-i,1]   wac   ttaTd   Tp6Ttov   €vT€^@e  dvd^oyov   Tfie   €wTe\Setcm§   ets
T6   Tufiua   r5   yevLttcoT€pae   u€$66ou  dpLSuTiTiwfie     6^ow,\Tipd>oea)e.
'Ev   TobTOLs   6   KAMBO   65v   €EeTdEei   Tfiv   neptnTcooiv,   6Ttou           t`

iip6e   6^ott^hpa]oiv  ouvdpTTioie   5xeL   dTt^o0s  Tt6^oue   ecTe     €vT6s
ecTc   €ItT6e   Too  6iaoTfiuaTo§   6^ow^npd)oe®s    [-I,1]  .

Auvduesa  T€^oe  vd  napaTnpfiocoucv  6Ti   aL   u€So6oL        RADAU
wac   LOBATTO   dTtoTe^o0v   et6i]{de   TtepLTtTd>oeLe   Too      TtpoB^fiuaToe

dvaTtTbEecoe  u€$66a]v  doi8unTittfie   6^oM^Tipd>oecoe   u€     npottas®pi-
ouEvae   utav   fi   6bo   T@v   xpTioLuonoiouu€vcDv   T€Tunu€vcDv.   T6  ve-

vLwchTepov   ToOTo   np6B^nua   u€^eTdTaL   tjn6   Too   BOUZITAT   {1952,

§3},T6v   Tp6nov   €pyaotae   Too  6notou   €apTipu6oauev  kaTd Tfivye-
vou€vTiv   €ie   T6   Tufiua  ToOTo  Mat   dapop@oav   ete   Tde        ue966ou§
RADAU   wac   LOBATTO   dvdTtTUEiv.
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r7.    IIpoz]EI-I-IETIKH   ME®oAOE   EHIAyEEQz:    IAloMop®QN      o-

AOKAHPQTIKQN   EEIZ}QZ:EQN

®€cophocouev   np6e   €Ttt^uoiv   T6   oboTnua   Td)v   t6iou6papcov     6-
^ott^TipcDTLIt@v   €ELochoecov    :

i;1  j:iwi(t)Kik(ttx)¢Pi(t)dt   =   fk(X)t      ak<   X<   Bkt
i

k    =    1'2'  ..., m' (1)

u€   6e6ouEvae   Tds  ouvapTfioE:is   fk(x)   Mat   dyvchoToue   Tde     ouv-
apTfioei§   ap±(t)     (k,i    =    1,2 ,..., in),    €vsa   oi   lTupfivec    K±k(t,X)

S€copoovTaL   uh   napouoidEovTee   t6Louopaptae   Tt)nou CAUCHY  €vT¢e

T@v   6iaoTnudTcov   6^oM^npd>oecoe.   At   &yvcooToi   ouvapThoeie ap±(t)

6uvaT6v   vd  6t.oet^ouv   vd  Tt^npoov  d>oabTcoe   ouvshttae   Tfie   uooapiie:

iB[CiL}::W±(t)apt(t)dt=Ci,      l=1,2 ,..., o       0Sosm,     (2)
i

5Vsa   C±L   Mat   CL   OTasepat.

Hp6§   TtpooeyyLOTiMhv   €Ttt^uoLv   Too   ouoTfiuaToe   T@v      t6io-

u6pq]cov   6^oM^npcoTLw@v   €Eiod>oecov    (I)    tjTt6   Tde   ouvsfiMas             (2)

dvTIMasloT@u€v   Td  napouoLaE6ueva  6^ow^T|pd>uaTa  6l 'dspoLoud-
Tcov   MaTd   Thv   u€So6ov   6^ott^npchoecoe   GAUSS   fi   RADAU   fi      LOBATTO

fi   waT'd^^nv   u€So6ov   6^oM^npd>o€co§.    'Edv   Aj±   €tvou   Td        Bdpn
Mat   tj±   aL   TeTunu€vou   MaTd  Ttiv   €t,oapuoEou€vnv   u€9o6ov          u€
i    =    1,2 ,..., in   ltat    i    =    l,2 ,..., n,       €EapTd>ueval    BeBatcDS         €It

Too  6laoTfiuaTos   6^olt^npd>oecos     [a±,B±]    ,   T6Te   6uvdue8a       vd
dvTiltaTaoTfiocDucv   T6   oboTnua   T@v   16iou6ptpcov        6^oM^npcoTiM@v

€Eiod>oecov    (I)    Mat   Tde   ouvshMae    (2)    d]e   ltdTcoSL    :

mni

i¥L   j¥LAjiKik(tjirx)api(tji)    I   fk(X)f         ak<   X<   Bki

k     =     1,2  ,.,., in,

mri

i¥i   ciLjg]Ajiap±(tj±)    =   cL,       i   =    1,2,..„0.

(3)

(4)

rlpoMbTtTei   oOTcoe   €v   oboTnua  d^y€BpiM@v   €EiocboE:®v,    T6   6-
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in

notov   5xei   ±E[n±dyvd>oToue,   T&s   Tiude   T@v   ouvapThoecov  ap±(tj±)

u€   i   =    1,2 ,..., in   ltat    j    =    1,2 ,..., ni,    Tfi§   Tl|J,fie   Too   ni      6u-
vau€vne  vd  ueTaBd^^eTaL   ueTd  Too  6iaoTfiuaTo§  6^ott^npd>oea]e

[a±,B±]    .   Hp6e   €Eaotpd^ioiv   €nChpMooe   dpisuoo   ypauuiMd5v   €E-
Locho€cov   6L.cbpeoiv   T@v   dvcoT€pco   Tiu@v   T@v   dyvchoTCDv   ouvapTh-

oea]v  6uvduesa  vd  €apapu6cou€v  Tde   €Eied>o€ie   (3) ,      toxuoboa§
6Ttcoo6tiT[oTe   6id  Ttdociv   Tiufiv   Tfis   ueTaB^T`Tfie  x   €vT6e   T@v   6ia-

oTnudTov     [ak,Bk]   ,   6id  ouyMewpiu€voue  dpisuobe  hk   Tfic  ue-
TaB^TITfi§    Xi   Xkh    (h   =    1,2 ,..., hk)  ,   €EapTcou€voue   €w   T@v   6ia-

oTnudTCDv   6^olt^npd)oeaJs      [ak,Bk]    ,   6Tt6Te   T6   0UOTnua   T@v   €El-

od)oea)v    (3)    wac    (4)   dvTiMastoTaTou   bTt6   Too  MdTa>SI      ouoThua-

Toe   ypauuLt4@v   €ELed>oeav:

inn.

i¥L   j¥LLAjiKik(tjiixkh)api(tji)    =   fk(xkh)  '  h  =   192 ..... hki

k    =    1'2'  ..., in,

in

i!1Cil [Ajiap±(tj±)    =   c],       i   =    1,2 ,..., O.

(5a)

(58)

in

IIpoMbTtTel   ot}T®S   €v   oUoTnua    (kE]hk+o)    ypauullt@V         €EIod>OeaJV
in

u€   ±¥Ln±   dyvdeTou§.    'Edv  ot}Tco  6€v   ttTtdpxouv   T[p6s  Tt^fipa]oivai
o   ouvsfi"al    (58)    €It^€yovTes    :   hk   =   nk    (k   =   1,2 ,..., in)       5XO-

uev  T6v  abT6v  dplsu6v   €ELod>oe®v  Mat   dyvdtoTcov  Mat     6uvduesa
€v   y€vei   vd   €Tti^boa]uev   T6   oboTnua  T@v   ypauuiM@v     €ELod>oe®v

(5a).    .Edv   I)aptoTavTaL   Ttp6e   Tt^fipa]oLv   Mat   aL   ouvsfiwai          (5B)i
6bvavTai   Tt.x.   vd  ^napsot}v    :   hk=   (nk-1)     (k   =    1,2 ,..., o)      kat

::L=u::::L:ch:::t.°t:i.;;i:)L'e:::p::n:::::::a"::L:i:a::::
oa>uev   T6v  dnaiToUuevov  dpisu6v   ypauuilt@v   €Eied>oecov,        d>oTe
vd  Ttpoo6ioptocouev   Td§   Tiude   T@v  dyvd>oTcov   ouvapTfioecov        ets
Td  ouywewpiu€va  oTiuE:ta  Too  dvTioToixoovToe   ete             €"doTTiv
TobT®v   6LaoThuaToe   6^oM^npd>o€coe.

•Edv   fi6n   oL   Ttupfivee   K±k (t,x)   SecooTisoov   iTapouoidEovTce  t-

6iouopaptas   TbTtou   CAUCHY   Tfis   uopapfis    (2.2)    €vT6e   T@v   6iaoTTi-

udTcov   6^ow^T|od>oeco§,   T6T€   waTd   Thv   npoo€yyioTit{tiv   €Mq)paoLv
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T@v   6^oM^npcoudTcov   iip€TTei   n^fiv   T@v   Tes€vTcov   ei§   Tde      €ELoch-

o€i§    (3)   Mat    (4)   6pcov  vd   etoaxsoov   Mat   Ttp6oSeTol   6pol        6-
tpE:i^6uevoi   €ie   Tds   L6iouoptptae   Tdiv   Ttupfiva]v   K±k(t,x)    6Ldt =
=  x,   otTLVE:e   MaTd  Td  dvatpeps€vTa   €te   T6   Tufiua  r5   Sd     etvai

Tfie   uopapfie    :

2KL±k  (x,x) ap±  (x) q±  (x)

a i ( x - t _. _. )
(6)

j-=-1``-.ji/
^auBavou€vTi§   bTt'6ULv   Tiis   SecopTisetone   ouunE:piapopde    (2.2)  TdilV

nuphvcov   K±k(t,x).    `H   €MtppaoL§    (6)    Ttpoi)Ttos€Tei   €nton§         6Ti

i   ueTaB}nTh   x   6€v   ouuntTtT€L   u€   Tiva   T@v   TE:Tunu€vcov   tj±    (j  =
=    1,2 ,..., n±)    ete   T6   6idoTnua   6^oM^npd>oecoe      [a±,B±]           (i   =

=    1,2 ,..., in),   6ii6Te   fi   €Mtppaoie    (6)    wastoTaTcw   €Ti   no^uTt^o-

MCA)T€pa.    KaTd   TaoTa   6€v   €niTp€1l€Tcw   vd   €M^€Ecou€v   Td      OT|uE:ta

Xkh   ets   T6   0boTTlua   TG)V   ypauulw@v   €=locho€cov    (5)    Td  abTd     u€

Td  oTiueta   tj±.    'Eapapu6EovTee   6uco§   Td§   €ELocboei§   TabTa§   61'

&^^a§   TLude   Tfie   ueTaB^TiTfie   x   ot)6€v   €TtiTuyxdvou€v,           6i6Ti

€todyou€v   Tt€pav   T@v   dyvd)oTcov   (p±(tj±)     (i    =    1,2 ,..., in       ,     j   =

=    1,2 ,..., n±)    d>e   v€ous   dyvd>oToue   Tde   Tiude   tp±(x)    T@v      ouv-

apTfio€cov   tp±(t)    €t§   Td   €M^cy6ueva  oTiueta  x   €vT6e   T@v        61,a-

oTnudTCDv      [a±,B±]       eltdoTTiv   t;Dopdv,    6T€   €tpapu6Eou€v   Tiva   T@v

i.M   T@v    t6Lou6ptpcov   6^oM^npcoTLtt@v   €ELod>oecov    (I)          npowuiLJaodtv

6ld   T@v   u€$66®v   Tfis   TtpooeyyLOTlwfis   6^oM^T|pd>oe®s      ypauulM@V

€ELod>oea]v    (5a)  .   M6vn   ^boLe   Sd   fiTo   vd   €wtppdocDuev   6id  `hapeu-

Bo^fis   Tde   ouvapTfi®eie   tp±(t)    Mas'6^ov   T6   ufiMoe   T@v      6LaoTTi-

udTcov      [a±,B±]       ouvapThoei   T@v   bTt6   Ttpoo6iooLou6v   Ti6udiv   TCDv
ct§   Td  oT|u€ta   tj±,   6n6Te   aL   Tiucht   Tcov   tp±(x)   Sd  f`6bvavTo   vd

€Mappaosoov   ouvChpTfioei   T@v   Tiu@v   Tcov   tp± (tj±)  ,   xcopt§   vd   eto-

dy€Tai   v€ov   &yvcooTov   u€ye8o§   uE:9' €MdoTTiv   €tpapuoyfiv           ulde

T@v   ypauultt@v   €Elochoecov   6id  ouyw€MPLu€vov   oTiu€tov   x.

Ttiv   dvcoTEpa]   u€So6ov   €iTLSuuoouev   vd  dTtoapbycouev   d)e   E:iod-

youochv   6id   Tfie   TtapeuBo^fie   ot.od^uaTa  dvcoT€pae   TdEecDe   T@v     6-
tp€L^ou5vcov   cte   Tde   npooeyyioTiMds   6^ow^Tipcho€Ls   MaTd           Tds

uE:$66oue   GAUSS,   RADAU   fi   LOBATTO,   atTives   etvcw   dMpiBete  6Ld
Tto^uchvuua    (2q-l)  ,    (2q-2)    wac    (2i-3)    Basu@v   dvTLCJTotxa]e, Tfis
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iiapeuBo^fie   obone  dMoiBoO§   6id  Tto^ucbvuua  u€xpL    (n±-I)         Ba-
SuoO  u6vov.    'Atp-'€T€pou  f`   u€So6oe   Tfie  TtapeuBo^fis  dTta,i,let  iro-
^uTt^6"ous   bTto^oyiouobs   ltaTd  Tfiv   €apapuoytiv   Tns,   €TttoTie   6€   fi

€t)peoLe   T@v   Tiu@v   T@v   ouvapThoecDv   6euT€pou   ec6ou§           q± (x)

eta   Tde   S€oeie   x   iTp6§   €ioaycoyfiv   TCDv   eLe   Tde   €Mappdo€ie       (6)

6€v  etvai   "o^^dMie  T6oov  dn^fi.
KaTd  TaoTa  dTtou€veL   d>e  u6vn   6uvaTh   ]{at   €bxephe     ^bole

vd   €Ecxpavtocouev   Tote   6pou§   Tfie   uoptpfie    (6)   npotta^o`OvTee   uTi-

6evLou6v   T@v   ouvapTfio€cDv   q±(x)    u€   Tfiv   €M^oyfiv   d>e        onuetcov

X±h   €t§   Td   6laoThuaTa   6^oM^npcho€coe      [a±,B±]       T@v   pLE@v   T@v

ouvapTfioecov   q±(x)    €vT6s   T@v   6LaoTnudT®v   TobTcov,   atTLvee   €v

y€vel   e[val   €Ttapkoos  dplsuot},   fiToi    (n±-I)    fi   n±,   d>oTe           vd
uds   6d>oouv   T6v  dpisu6v   T@v   ypauuilt@v   €Eiod>oeov   Tfis     uopapfis
(5a) ,   T6v  6Ttotov  xp€LaE6uesa,   t'va  iTpoo6iopto®uev  Tde        Err
Touu€vae   Tiude   ap±(tj±)    T@v  dyvchoTcov   ouvapTho€cov.   KaT.      ab-

T6v   T6v   Tp6Ttov   aL    t6Louopaptou   T@v   Ttupfivcov   T@v    t6iou6pq>cov6-

^olt^npcoTilt@v   €Eiod>oea]v    (1)    o666^oe   €vox^ot}v,   Too  Ttpooeyyt-

EovToe   Tde   €ELod>oeis   TabTae   ouoThuaToe   ypauuiM@v   €ELod>oecDv

(5a)    ufi   €TtnpeaEou€vou   et   uti   ttaTd   Tfiv   €It^Oyfiv   T@V   Tlu@V   Xkh

d,e:

qk`xkh,    =   0.                                                                                                                      (7)

Aid  Tfie   ue$66ou   TatiTns   fi   €Ttt^uoi§   Too   ouoTfiuaToe        T@v

t6lou6ptpcDv   6^ow^TipcoTiMG)v   €Eiochoecov    (i)    ytv€TaL,   d>§   €dv   a6-

Tou   fioav   €Eiochoeie   dveu   t6iouoptpiG}v   TbTtou   CAUCHY"   Tfiv     u€-

So6ov   TabTTiv   Sd   €tpoLpu6ocDuev   et§   6^ae   Td§   6i6ou€vae   cte     T6
K€apd^aiov   A      €tpapuoyde   €Ttt   TTpoB^nudTcov   pcDyu@v,   dEtEei         6€

vd  onuE:icosfi   6TL   abTTi,   Mas'6oov   yvcoptEouev,   6€v   5xei   €apap   -

uoosfi   u€xpl   ofiuepov,   eL   uh   6ld  Thv   €nt^uoLv   t6Lou6p(pa]v     6-
^oM^TipcoTilt@v   6Eiod>oecov   u€   u€8o6ov   6^oM^Tipchoeoe   GAUSS  -CHE-

B¥SHEV,   xopte   €v   TottToie   fi   dTT66eiEis   T@v   xpnoiuoTtoiouu€vov

TtJTtov,€dTco   ltat   6ld   Tfiv   eL6iMfiv   TabTT|v   TteptTtTcooLv,       otTlves

Tbnoi   €tvai    too6bvauoi   TG)v   €vTaosa  6L6ou€vcov,-vd   8xn     oTTl-

oLxS.fi  €t§   Tfiv   u€So6ov   dpisunTiMfie   6^oM^iipcho€coe   Too   GAUSS.
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EXETIKAI   EPI.AZ}IAI   -HAPATHPHZEIE: .H   dvanTuxsetoa   eLe  T6

Tufiua   ToOTo   u5So6o§   €nL^bo€®§   i6Lou6p¢pcov   6^ott^npcoTLItdsv    eE-

Lod>oecDv   6L.    dvaycoyfie   Tcov   MaT6Tuv   npoo€yyLOTiMfie        €Mq>pdo€coe

Tdiv   6^olt^npcDudTcov   ete   oboTnua   ypauuiMdiv   €EiocboE:cov    TtapouoL-

dEei   €vavTi   Tdiv  dvapep9eLodiv   ets   T6   Tufiua  r2   uc$66cov   Td    €-

Efie   n^€ov€MTfiuaTa:
HpdiTov   u€v   etvaL   yeviwcoTdTou  xapawTfipos  6uvau€vT|   vd    €-

apapuoosfi   6L '   oLao6fiTtoTe   ouvapTfioeL§   Bdpou§   Mat    xpTioiuoTtoL-
o0oa  Td  oTiu€ta  Mat   Td  BdpTi   Td  iipoo6iopLoS€vTa  6id  TfivdvTt-
OTOLxOv   u€S06Ov   dpisuTiTiwfie   6^OM^Tipd>O€cD.§   6Ld   MOLvd    6^Ot{^n-

pd>uaTa  Mat   6id  Tfiv  abTfiv   ouvdpTnoLv   Bdpous.   A€v    dTtai,TetTaL
obTCDe   ei6ittfi   dvTLu€Td>iiLOLe   €ttdoTTie   "apouoLaEou€vTie TtepLnTch-

Oecos .

AE:bT€pov   6€   €Ivou   ^tav  dltpLBhe,   wa9'   6oov   6   dpisuTiTiM6e

tjTto^oyiou6e   Tdiv   6^o]t^TipcoudTcov  6bvaTaL   vd  ytvn   6id  Tdiv   ue86-

6cDv   dpLSunTLMfie   6^oM^npcbo€coe   GAUSS,    RADAU   fi   LOBATTO,       xapa-

ttTnpioTLM6v   T@v   6TtotcDv   €tvaL   f`   ^[av   biun^fi   dMptBeLd   Tcov.

TptTov   T€^oe   6€v   dTtaLT€t   Tfiv   xpfioLv   Tfie  ue966ou   Tfie   na-

peuBo^fis   6Ld   T6v   Ttpoo6LopLou6v   Tdiv   dyvd>oTcov   ouvapTfioe®v   ete
ouyw€MPLu5va   oTiu€ta,   d>e   Tt.x.    €Le   Td  dMpa   Too   6LaoTfiuaTo§   6-

^oJ4^Tipd>o€®e.    Hp€TteL   BeBatcDe   vd  xpnoLuonoLot)vtol   Ttp6s      ToOTo

aL   ttaTdMTi^oL   u€So6oL   dpLSuTiTLMfi§   6^oM^Tipd)oecoe   al      nepi^au-

BdvouoaL   uE:TaEb   T@v   oTiuetcDv   Tcov   Mat   Td   oriueta,    cie   Td  6Ttota
ctvai   €nLSuuTiTfi   f`   €bpeoLe   Td5v   dvvdtoTCDv   ouvapTfio€cov.      TobTou

xpfioLs   ytv€Tai   ete   Tde   €ts   T6   KE:(pd^aiov   A   6L6ou€va§   €apapuo-

yd§,   6nou   ETiToOvTaL   ot   ouvTe^eoTat   €vTdoc®s   T@v   Tdoecov   napd
Td   &Mpa   T@v   pcoyTrfev,   dvd^Oyoi   T@v   TLu@v   T@v   dyvdtoTcov      Ouvap-

Tfio€cov   €te   Td  dMpa   TaoTa.   Ete   Tfiv   iTeptTtTcooiv   abTfiv   xpTioLuo-
Ch

not,o0vTaL   ]tuptcos   aL   u€So6oL   dpLSuTiTLMfis   6^olt^Tipdo€coe      RADAU

wac   LOBATTO,   atTiv€e   Tt€pi^auBdvouv   ueTaEb   T@v   oT|uetcov         TCDv

T6   €v   fi   duap6T€pa   Td   &Mpa   Tfie   pcovufie   dvTLOTotxcoe   u€   dTtoT€^e-

oua  vd  ufi   dncwTfiTai   MaTd  Td  Ttpoavaap€pS€vTa  llap€uBo^fi,fi   ud^-
^ov   Ttpo€wBo^fi,   np6e   Ttpoo6Lopiou6v   Tdiv   ouvTe^eoT@v      €vTdo€coe

TG5v   Tdoecov.   M6vov   ets   Tde   nepLTTTcboeLs,€1e   Tde   6iiotas      etvaL
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€TuSuuTiTfi   f`   €Ttt6eLEis   Tfie   ue$66ou   Tfis   TtapeuBo^fis,   xpT|oiuo-

noLetTou   f`   u€So6os   dpLSuTiT"fie   6^oM^Tipcbo€coe   GAUSS.

BeBatcoe   np5Ttei   vd  onueL®9fi   6TL,    €dv   €tvai   €TtisuunT6e   6

Ttpoo6iopiou6s   T@v   dyvd>oTcov   ouvapTfioecov   T@v   t6iou6papcDv   6^o-

M^npcoTiM@v   €ELochoecov   ttas'   6^ov   T6   ufiMoe   Too   6LaoTfiuaToe   6-

^oM^npd>oecos,    T6Te   fi   xpfiois   Tfis   ue$66ou   Tfis   TtapeuBo^fie,flTLe

Mat   dvaTtTbooeTaL   ei§   T6   eTT6uevov   Tufiua  r8,   ItastoTaTai   dva-
Tt6apeultTo§.   T6  attT6   €Tttone   toxbei   itat   6id   Thv   TTeptTtTooiv,6-

Ttou     aL   dyvcooToi   ouvapTfio€Le   €v6e   ouoTfiuaToe   t6iou6papcDv   6-

^olt^npoTiM@v   €Eiocboecov   €uapavtEovTai   6xL   u6vov   €vT6e        6^o-

M^npoudTov,   d]e   €SecopfisTi   ltaTd   Tfiv   dvdTtTUEiv   Too           Ttap6vTos

TufiuaTos,   d^^d   ttat   €ItT6s   TobTov.   Ei§   Tfiv  TteptTtTooiv   TabTnv,

title  6€v   etvai   ouvfisTis   ltaTd  Tfiv  dvTiueTcbTtioiv     TtpoB^nudTov
pcoyuG5v,   TtapouoiaEou€vTi   u6vov   eL§   TtpoB^hTJaTa  ouvS€Tov   u€cov

®

fi   eie   uLWTd  9€uC^Ld)6T|   npoB^fiuaTa,   dnaLTetTai   6     Ttpoo6iopi-
ou6s   T@v   TLu@v   T@v  -dyvd>oTcov   ouvapTfioecDv   eLe   Td   onueta        €-

apapuoyfie   xkh   T@v    L6iou6papcov   6^oM^npcoTLM@v   €Eiod>o€cov      Bdo€i

T@v   Tiu@v   TOv   eis   Td  Onueta  t..   Tfie  xpnoiuoTtoiouu€vne     ue-
$66ou  dpLSunT"fis  6^oM^npdoeco:I   AL   Te^euTatai   asTai     TLuat
Sd   etvai   al   Te^i"@s   TTpoltbTtTouoou   6w   Tfic   €Tti^boecoe   Too     ou-

oTfiuaTos   ypauuiMG5v   €ELochoecDv   Too   TtpoocyytEovToe   T6      oboTn-

ua   T@v    L6iou6papcDv   6^oM^npcoTilt@v   €Eied>oeov.

A6vaTou   T€^osvdoTiueicosfi   6Ti,  ^6yap   Tot}   TbTtou    (5.7)  ,     al

ouvapTfioeie   qn(z)   6€v   6bvavTal   vd  €xouv  ttoLvfiv   PtEav   tk   u€
Tde   dvTioTotxoue   TCDv   ouvapTtioeie   on(z)  ,Tt^fiv   €dv   T6       Bdpos

AkT6   dvTioToixot}v   Gce   T6   oTiuEtov   tk   etvai   un6€v.   ToOTo    6-

ucoe   6€v   ouuBat\iei,  d]c   6bvaTai   vd   6iaTTioTcosfi   €M   T@v 6i66vTCDv
Td   Bdpri   TtJTtcov,  6i.  6^as   Tds   Secopouu€Vas   eis   T6   TufiTia   r9    tie-

$66oue   dpisuTiTLMfie   6^o7t^npd>o€coe,  ete   Tde   6Ttofa§   6^a   Td Bdpn

Ak etvaJ   9eTLMo[   dpLSuo.I.   F€paiT€p®  6€,€dv   h   ouvdpTnois  Bd-

poue  w(t)  6€v   ^auBdvn'.   dpvTiTiMde   Tiuds   €vT6e   Too    6iaoTfiuqu
Toe   6^oM^Tipcboecoe,  Td  npoltbTtTovTa  MaTd   Tfiv   u€So6ov dpL9uT|Ti-

/

kfie   6^oM^npd>occoe   GAUSS   Bdpn  .Ak  ctvaL   bTt®o6fiTtoTe   SeTiMot     d-

pisuot   Mat   otxt   un6€v,  d]e   6ieTtioTdtsn  ttTt6'To`~j HILDEBREND  {1956}.
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r8.    IIpoz:AloplEMOE   EyNAPTHZEQz   Elz:   TI   AIAz:THI..IA         EK

TQN   TIMQN   THE   EIE   I:¥rKEKplMENA   I:HMEIA   AIA      IIA-

PEl.'1BOAHE

Aid   Tfie   waTd   Td  dvcoT€pco   €MTcsetone   TtpooeyyioTiwfi§   €Tti-

^bo€co§   ui&s   t6iou6ptpou   6^oM^npcoTiMfie   €ELochoea]e    (fi   ev6§   ou-

oTfiuaToe   t6iou6papcov   6^oM^TipcoTi"G)v   €ELCJd>oeav)    6i'      dvaycoyfie

ets   5v  ypauu"6v  oboTT|ua  €=lod)oecov  iTpoo6ioptEouev  Thv       d-

yv®oTov   ouvdpTnoiv   Tfie   t6iou6papou   6^oM^TipcDTiMfie      €Eiod>o€coe
ete   8v   y€vLM@§   MaScopLou€vov   obvo^ov   onuetcov   €vT6e   Too   6ia-

oThuaToe   6^ow^npd}oecos     [a,B]   .   Td  oT|ueta   TaoTa   tk      (k   =   1,

2 ,..., n)    ouuTttnTouv   MaTd   Td  Ttpochvaapeps€vTa  6Ld   Thv   uE9o6ov

iipoo€vvioTiMoO   bno^oyiouoo   T@v   6^oM^npa]udTa]v   GAUSS   u€      Tde

ptEa§   Too  Tto^ucDvbuou  pn(z)  ,   6n^a6h   Too   n-oToO   Basuoo  Tto^U-
ovbuou   Too   ouoTfiuaTo§   T@v   6psoycDvtcov   Tto^ucDvbucov   d>e           Ttp6s

Tfiv  ttTtdpxouoav  ouvdpTnoiv   Bdpoue  w(t)   Itat   T6  6idoTnua  6^o-
M^Tipd>oecoe      [a,B]    .    Ete   TTeptTtTcooiv   xpnoiuoTtoifioecDs   Tfis      ue-

$66oU   Ttpoo€yy LOTIMo0   I)Tto^oy LouoO   T@V   6^ott^T|PCDudTCDV   RADAU   fi

LOBATTO   €nlTuyxdvouev   T6   €v   €M   T@v   6bo   &wpcov    (a   Mat   8)    Too

6laoTfiuaTos  6^ow^npd)oecos  fi  du(p6Tepa  Td  dMpa  TaoTa          dvTl-
oTotxcoe   vd  n€pL^auBdvcovTaL   ueTaEb   Tdiv   onu€ta]v   tk,   €ap'   600V

€v6iatpep6uesa  6id  Tfiv  dueoov   et}peoiv  Tfis  dyvchoTou  ouvapTfr
oe®s   ete   T6   €v  dttpov  fi  duap6Tepa  Td  dMpa  Too  6LaoTfiuaToe   6-
^oM^Tipd>o€coe.    'Ev   ndon   TtepLnTd>oei   vcvLM@§   dvTiu€TCDiitEeTai  T6

np6B^Tiua   Too   Ttpoo6iopLouoO   Tfie  dyvchoTou   ouvapTfioecDe        f (t),

Tfiv  6Ttotav  SE:copoouev  bno^oylo9etoav   ete  Td  oTlu€ta  tk,   "as'
6^ov   T6   ufi%o§   Too   6LaoThuaToe   6^oM^npcboecoe,    tva   5xcouE:v   Thv

6uvaT6TnTa  bT[o^oyiouoo   TabTne   ete   olov6fiTtoTe   oTiuetov        Too

6iaoTfiuaToe  6^o"^Tipchoeoe  fiuets   €TtLSuuoouev.   Tat)Ta     €TtiTuy-

xdvovTou   6Ld  xpnoLuoTtoifio€coe   Tfi§   ue$66ou   Tfie  Ttap€uBo^fie,d-
TtoTe^oC)v   6€   T6   Te^euTatov   oTd6iov   Tfis   Ttpoo€yyioTi"fi§      €TtL-

^bo€coe   Tfi§    t6Lou6papou   6^oM^npa]TLMfi§   €EiocboecDe.

KaTd  Td  dvcoT€po   €Ttisuuot}uev   Ttpoo€yyioiv   Tfie        dyvd)oTou

ouvapTfioeos   f (t) ,   Tfis  6Ttota§   yvcoptEouev  Tds  Tluds   f(tk)  ets
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Td   OTlueta   tk    (k   =    i,2 ,..., n)    Bdo€l   Too   TbTtou

n-1
f(t)    =   kEockpk(t)' (1)

€Vsa   Ck    (k   =    0,i  ,..., n-i)    TTP006lopIOT€ol   ouvTe^eoTat         wac

pk(t)    Td  6psoycbvla  iio^ucbvuua  che  iTp6e   T6  S€copobuevov        6id-
oTTiua  6^oJt^npd)oecDs     [a,B]      Itat   Tfiv   ouvdpTnoiv   Bdpous     w(t)

tjiic"obovTa   ele   Tde   ox€o€Le    (4.3)    Mat    (4.4).   Ot   ouvT€^€oTat

ck   6ld   Tfiv   u€8o6ov   6^olt^npd>o€coe   GAUSS   iTpoo6LoptEovTai         €M

TC)V   ox€oecov    :

Ck   =  ±i;iAipk(ti)f (ti) 7 k    =    0,1'  ..., n-1. (2)

AL   oxEoels   a6Tou   6t6ovTai   tii6   T@v   PAGET   and   ELLIOTT  {  1972,

§  3   Mat    4}    .    'AvcoT€pco   i   TtapeuBo^fi   ytv€TaL   u5   BdoLv   T6    C6l-

ov   ot>oTTiua  6psoycovtov   Tto^ucovttuov,   T6   6TLotov   €xpTioiuoTtoifi8n

ltat   6ld   Tfiv   TtpooeyyloTlwfiv   6^oM^fipooiv.   AauBdvovTes   tTt.   6-

iLiiv   6TL   €v   no^uchvuuov   pk(t)    6bvaTou   vd   T€Sfi   bn6   Tfiv   uopaphv:

k.

pk(t,   -i!oak]tJ,                                                                                        (3)

€v9a  akj   yvcooTat   oTasepat,   ncxpaTTipoouev   6Ti   fi   €Mappaole    (i)
^6yap   Tfie    (3)    6bva,Ton   vd   ypa¢pfi   ch§   ]4dT®SL    :

f (t,   -:;:  (
n-i
k!jckaki )

tJ' (4)

6n^a6h   f`   ouvdpTTioie   f (t)    €MappdEeTaL   oacD€oTepov \d>e   Tto^ucbvu-

uov   Basuoo    (n-i)  ,    €ap'6oov   f`   TtpooeyyloTLMh  b^oM^fipcA]oie GAUSS

€^aBe   xd>pav   uE   n  oT|ueta.
'ApisuTiTLMde   €tpapuoyde   T@v   dvcoT€pco   TbTTCDv   Sd   ouvChvTfiocD   -

ucv   waTd   T6v   tJTTo^oyiou6v   T@v   ouvTe^€oT@v   ouy]4evTpchoecDe   Td-
o€ojv   €te   Td  &Mpa  pcoyu@v,   6odMie   6   Ttpoo6iopLou6e   Tfis        ouv-

apTho€coe   u€TaoTdo€cDv   ytv€TaL   6id   Tfi§   uE:$66ou   GAUSS,   6T€  6€v

€xou€v   &ua   Tfi   €nL^boeL   Too   ouoTfiuaToe   ypauuLM@v      €ELod>o€aJv

Tde   Tiude   TTi§   E:1e   Td   &Mpa   Tfie   pcoyufie.

ELe   TteptTtTooiv   xpTioiuoTtoifioeoc   Tfie   u.es66ou  dpLSunT"fie

6^olt^npcboeos   RADAU,    6Tt6Te   €v   T@v   onuetcov   tk    (k  =   1,2 ,..., n)
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ouuTttnT€L   u€   8v`  T@v   &Mpcov   a   fi   a   TOT3   6LchoTfiuaToe      6^o]4^Tipd>-

o€coe,   6€x6uevoL   Tt-d^i,v   Tfiv   €MappaoLv    (I)    fi   Thv            too6bvauov

TabTns    (4)   6id   Thv   ouvdpTTioiv   f (t)  ,   TtapaTTipoouev   6Ti   6   Tb-
Ttoe    (4.3)    6i'dvTLMaTaoTdo€cA]e   Too   6^oM^Tipd>uaTos   bii6     dspot-

ouaToe   waTd   Thv   u€So6ov   6^ot{^Tipchoecoe   RADAu   6t6€L    :

0'       6Ld   j7m

h.,    6Ld   j=m

n

k¥|Akpj  (tk)Pin(tk)    = (5)

I
aL   6€   EMappdo€Le       (5)    €tvaL   dltpLB€te,    €tp'6oov   i+m=2n-2,   wCh$

6oov   f`   u€8o6oe   dpisuiiTiMfie   6^oM^Tipcho€co§   RADAu   €tvai      dMPL-

Bhe   6i,d  Tto^ud>vuua  u€xpL   Basuoo    (2n-2).    ®€TovTee     dMo^obsco§
ete   Thv   €Jt(ppaoiv    (1)   t   =   t±,   iio^^aTt^aoidEovTcs   Mat   Td     6bo

uE^n   TTie   €iit   A±pk(t±)    Mat   dtto^obscoe   dspotEovT€e   MaTd     u€^n
dTt6   i   =   1   €coe   i   =   n,   ^auBdvovT€§,TabToxp6vcDe   bTt'6Uiv        Tds

ox€o€Le    (5),    MaTa^fiyouE:v   Ttd^i,v   E:te   Tote   TbTtoue    (2)    d>e      wac

€Le   Thv   uE9o6ov   TtpoocyyioTiMfie   6^o74^Tipd>oecoe   GAuSS.

T5^oe   gis   TteptTtTCDoiv   xpTioLuoTtoLho€co§   Tfi§   u€S66ou      dpi-

Sij,nTiMfie   6^olt^npd>oeoe   LOBATTO,    6Tt6Te   6tio   T@v   oTiuetcov           tk

(k    =    1,2 ,..., n)    ouuTTtnTouv   u€   Td   &Mpa   a   Mat   a   Tot)      6LaoTfi-

uaTos   6^oM^Tipd>oE:cD§,    6Ex6uesa   T[d^Lv   Tfiv   €wappChoiv    (i)    fi      Tfiv

too6bvauov   Tat)Tne    (4)    6Ld   Tfiv   ouvdpTTioLv   f (t)  .    AE:6ou€vou6-

ucoe   6Ti   fi   u€So6os   dpLSuTiTiwfie   6^oM^Tipd>oecA]e   LOBATTO         etvaL

dltplBfis   6l.6^olt^T|pouu€va§   ouvapTfio€Ls   Tto^ud>vuua  u€xpl      Ba-

SuoO    (2n-3),    €TtE:TaL   6TL   aL   ox€o€ie    (5)     £oxbouv,    €ap'       6oov

j+m=2n-3.    'EpyaE6uevoL   lie:paLT€pco   d>e   wac    €ie   Tfiv   Ttponyou   -

u€voC   €EeTaosE:toav   TtE:ptlTTooLv   Tfi§   u€t}66ou   dplsuT|TLItfis   6^o-
M^npcboecA]e   RADAU,    ItGTa^fiyouE:v   wCht    cLe   Tfiv   TtE:ptTtTcooLv             Tfie

uet}66ou   dpLSunTiwfis   6^olt^Tipd>oecDS LOBATTO `ete   T6v   Tt>Ttov       (2)

6id   T6v   Ttpoo6iopiou6v   T@v    (n-I)    iipd>Tov   ouvTe^eoTG;V   ck    (k   =
=    0.,1 ,..., n-2),    6oTis   6uos   6€v    LoxtJeL   6i,d   k    =    n-1,             ^6yap

Tot)   6Tl   fi   uESo6os   LOBATTO   6€v   etvai   dltplBfis   6l.6^olt^r|pou   -

u€vae   ouvapTfioeie  Tto^uchvuua   2 (n-i)    Basuot).
Thv   6uox€peLav   Tcht)TT|v   6uvduesa   vd   tJTt€pvLwhocouev   €oya-

E6uevoL   d]e   EEfi§    :    rpdtpou€v   Tfiv   €IttppaoLv    (i)    bii6   TTlv   uopapfiv:
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n-1
f(t)-Cipi(t)    =   k¥ockpk(t)t       i    =    0O19...On-1. (6)

k±|
IIo^^aTt^aoLdEouev  T[epaiT€pcD  duap6Tepa  Td  u€^n   Tfie   ox€oe-

cos    (6)    €Ttt   w(t)pL(t),    €vsa  w(t)    fi   ouvdpTTioLe   Bdpous,         Ita[

6^oM^Tipot}uev   evT6§   Too   6iaoTfiuaToe     [a,B]      ItaTd   Thv   u€So   -

6ov   LOBATTO   ^auBdvovTe§   bn.6Uiv   6TL   T6   ot)oTT"a   T@v     no^ucD-

vbucov   pi(t)    e[vou   T6   oboTnua   T@v   6psoycDvtav   Tto^ucDvtJucov     u€

6idoTTiua  6^olt^npd>oecDe   T6.  [  a,B  ]     Itat   ouvdpTnoiv   Bdpoue   Ttiv

w(t)  .    Ac6ou€vou   6€   6Ti   h   u€So6o§   6^oM^npdtoe®e   LOBATTO     ct-

val   dltplBfis   6l '6^oM^T|pouu€va§   ouvapTfioels  Tto^udJvuua     u€xPI
Mat    (2n-3)    Basuot},   eTteTai   6Ti   at   iTpoavaapepsetoaL   dpisuTiTl-

Mat   6^olt^Tipd>oeLe   JtaTd   Tfiv   u€So6ov   LOBATTO   Sd   etvaL        dltpi-

Bets   6L.6^ac   Tde   Tiuds   Too   i   dTL6   0   €cDs   itat    (n-1),            6Tt6Te
TtpoMbTtTOuv   6id   Totte   OuvTe^€OTde   cL      Ot   Tbiioi    :

CL        i¥LAipL(ti)f(ti)    /   i¥iAipi`(ti),

1    =    1,2'  ..., n-1,

2

(7)

otTivee   ^6yap   Mat   TG)v   ox€oeov    (5)    ouuittTtTouv   ueTd   T@v          (2)

6l,d   i    =    0,1 ,..., n-2.    Ald   i   =   n-1   Ttp€TteL   TtdvToC   vd   xPT|Ol,tlo-

TtoiTi8fi   6   TbTtos    (7)    Ttp6S   Ttpoo6lopIOu6v   TOO   0uVTe^eoTO0   Cn_Lt

Tot)   TtiTtou    (2)    uti    toxttovToe   6id   TT|v   Tiutiv   TabTnv   Too   i.

EXETIKAI   Epr`AZ:IAI   -IIAPATHPHEEIE:   T6   €EeTaos€v   ei§      T6

Tufiua  To0To   ltp6B^T|ua  Too   npoo6iopiquoo  ouvapTfio€co§   €Cs     TL

6idoTTiua   €tt   T@v   Tiu@v   TTie   eie   ouylteltpLu€va  onueta  Too  6icr

oTfiuaTos  6id  napeuBo^fie   e[vaL   Ttp6B^nua  uc^eTn95v  wac     €nL-
^uS€v  dn6  no^^@v   €T@v.`Hu€te   €vTaosa  €6d>oauev   Tote     oxeTi-
Mobe   TbTtoue   €v   ouv6uaouS  ud^ioTa  u5   Tde  ltuptcDe   xpTioi,uoiioi-
ouu€vae   ue$66oue   dpLSunTiMfis   6^olt^npdto€cD§.

MeTaEb   T@v   doxo^Tis€vTcov   u€   T6   Ttp6B^nua `ToOTo     6uvdu€9a

vd  dvap€pcDuev   Tote   FOX   and  PARKER   {1968},   otTives      €Sed>pn-

oav  u6vov   Tfiv  TteptnTcooiv,   tta8.   fiv   fi   EnTouu€vn        ouvdpTnois
EMq>pdE€Tai   ouvapThoei   T@v   Tiu@v   TTie   €te   ouyttettpiu€va        oTi.-
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uei=a   Tfi   Xpfioel   Tto^u®vb+mv   CHEBYSHEV,    Tob§   PAGET   and     ELLI-

OTT    {1972},    otTiv€e,    dt§   dveap€pSTi   fi6Ti,    €SechpTioav      dvdTr,TUELv

Tfie  dyvdioTou   ouvapTfio€coe   ete   Tux6v   oboTTiua   6psoycDvtcov     no-

^ucovbunv,    Tote   DMOWSKA   and   KOSTROV   {1973},    otTLv€e      €nL^b-

oavTce   utav    16L6uopq]ov   6^oM^TipcoTLMfiv   €Etocooiv   6Ld   Tfie      u€-

$66ou   GAUSS-CHEBYSHEV,   Ttpoo6ichpioav   dlto^obscos   Tfiv   &yv®oTov

ouvdpTTioLv   Ttas'   6^ov   T6   ufit4oe   Too   6LaoTfiuaTo§   6^oM^Tipcho€®e

Mat   €i6LwchTepov   eie   Td  dMpa   TobTou   6Ld   Ttap€uBo^fie,   J4a[   T€-

^.os   T6v   KRENK   {19758},   6oTi§   €Sed>pTio€   Tde   n€pinTchoELe   dva-

nTbEecoe   Tfie   dyvcboTou   ouvapTT|oecA]e   T6oov   €te   oE:ipdv   TTo^ucovb-

Tjcov   CHEBYSHEV   6oov   Mat   €te   ocipdv   iio^ucovbucDv   JACOBI      yevL-

ttd>Tepov,    ete   6€   Thv   iicptnTCDOLv   Tfis   xpfioccos   T6v      no^ucovbua]v

CHEBYSHEV   npoo6ichpLo€v   €i6iwd>Tepov   Tds   TLuds   Tii§      dyvd)oTou

ouvapTfioecA]§   €t§   Td  &Mpa   Too   6iaoThuaToe   6^oM^npcho€coe.    A€ov

vd  napaTTipTisfi   T€^oe   6Ti   6Ld   T6v   Ttpoo6iopLou6v   Tfie   dyvchoTou

ouvapTfio€coe   cLe   Td  dMpa   Too   6LaoTfiuaTos   6^oM^Tipcboecoe   [-i,1]

€w   Tdiv   TLUG5v   TTie   €Le   Tds   TeTUTiu€vae   Tfis   u€866ou      dpL9unTi-

Itfie   6^oM^Tipd>o€cA]e   GAUSS-CHEBYSHEV,    ol   6i66uE:VOL    bn6                TG)v

DMOWSKA   and   KOSTROV   {1973}    TbnoL   Tt€pi€xouv   otpd^ua,6p9ot   6€

€[vai   ol   6L66u€voL   ttTt6   Too   KRENK   {19758},   nap.   6^ov6TL  et-

vai   SMITE:appaou€voL   bii6   ud^^ov   6boxpTioTov   uopaphv.
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rg.    EyNH®Elz:   HEplHTQz:EIE    IAIOMOp®QN         OAOKAHPQTIKQN

EEIEQZ:EON   KAI   ME®OAOI    EHIAYZ]EQZ}    AYTQN

Aid   Thv   €T[t^uoLv   uide    t6Lou6ptpou   6^oM^TipcA]TL]4fie   €ELod>oe-

co§   fi   €v6§   ouoThuaTo§    t6iou6ptpcov   6^oM^TipcDTilt@v   €ELocho€cov   Tile

uoptpfi§    (7.I)    dTtcwT€tTcw   6iicoe   yvcoptEa]u€v   6L'€MaoTov   6LdoTnua

6^oM^npchoecoe    (a±,B±)    Tt€pav   Tfie   ouvapTho€oje   Bdpou§   w±(t)       Td

oTlu€ta   t..   Itat   Td   Bdpn   AjiTfis   ue$66ou   iTpoo€yyLOTiwfi§        6^o-
JI

M^Tipcbo€cDe,    Tfiv   6Ttotav   wptvouev   6pS6v   vd   xpTioLuoTtoLhocouev    (iL

x.   GAUSS,   RADAU   f|   LOBATTO)    6id   T6   Secopobu€vov   6idoTnua  6^o-
M^Tipcho€cDe   Mat   ouvdpTnoiv   Bdpoue,   d(p'€T€pou   6€   Td   OTlueta   Xkh

€wdoTou   6LaoThuaToe   6^oM^Tipd>o€coe,    ete   Td   6Ttota   TtpETLeL   vd   €-

tpoLpu6ocDuev   €MdoTTiv    t6i6uoptpov   6^ow^npcoTLwhv   €EtocooLv            Too

OuOThuaToe    (7.i)  ,    tva   xpTioLuOTtoLOovTce   Tote   TbTtoue     Ttpoo€y-

yioTL]tfie   6^ow^Tipcho€coe   Tob§   toxbovTae   6Ld  ouvfisn   6^oM^npd>ua-
Ta  6ld   Td   L616uop(pa   6^oM^T|pchuciTa   ufi   etoaydycDucv   oLov6fiTtoTe

np6o9eTov  oapd^ua.   Kai   6oov  dtpop¢  u€v   ete   Td  oTiueta  t. .      Mat
JI

Td   Bdpn   Aji    TaoTa   uh   €iiTipeaE6ueva   €M   T@v   t6LouoptpL@v           T@v

Ttp6§   6^ow^hpcooiv   ouvapTho€cov   etvcw   Td   ioxbovTa  6id       ouvisn
6^oM^Tipd>uaTa  Mat   6bvavTcw   €bM6^®e   vd   €bpesoov,   Tt.x.    ete   Tde

TtapaTtouTtde   Tde   6oS€toa§   €te   T6   Tufiua  I-i.    .EVTaosa  Sd  u&e  d-
Ttaoxo^fio"   T6   S€ua   Tfie   ebp€o€cD§   T@v   onuetcov   xkh,    €te   Td        6-

iiota   Sd   €apapu6ocou€v   Tde    t6iou6papoue   6^oM^TipcoTLMde   €ELochoeLe

Too   ouoThuaToe    (7.i)    Mat   Td   6Ttota  iipoMbTtTouv   d>e   ptEc"         T@v

ouvapTho€cov    (5.6)    €EapTCDu€vcov   €M   Too   6LaoTfiuaToe   6^oM^npcb   -

oecoe    (a±,B±)  ,    Tfie   ouvapTtioecoe   Bdpou§   w±(t)    wac   TG)v      onuctcDv

t.  .    T@V   XPT|OLuollolouu€vcov   6Ld   Tfiv   waTd   Ttpoo€yyLOLv      dvTLMa-
JI

TdoTaoLv   Too   6^oM^npchuaToe   tjTt6  dspotouaToe   €EapTcou€vcov     n€-

pav   Too   6iaoThuaToe   6^oM^npchoecDs   Mod  Tfis   ouvapTfioccoe     Bdpous
Mat    €M   Tfis   xpTioiuoTToiouu€vTie   u€$66Ou   TtpooeyyioTLMiie   6^OM^Ti-

pd>oecoe .

KaTCDT€pco   Sch    €EeTdocou€v   Tde   ouvTis€oT€pa§   TtE:piiiTchoeLe       t-

6Lou6ptpcDv     6^olt^npcoudTcov   iiapouoLaEou€vcov   ete   iip6e      €Ttt^uoLv

t6Lou6papoue   6^oM^TipcoTiMde   €Eiod>oeLe.   TaoTa     xapaMTnptEovTou
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bTt6   Too   6LaoThuChToe   6^ow^Tipchoccoe    (a,B),   Tfie   ouvChpTfio€®§   Bd-

poue   w(t)  ,    Too   dpLSuoO   TG)v   oTiuetcov   n   6Ld   Thv      TtpooeyyioTL-
]tfiv   dvTLwaTdoTaoLv   Too   6^oM^Tipd>uaToe   tjii6   d9poLouaToe,   6   6-

iiotoc   ouvfisoe   ^auBdveTai   tooe  u€   5   fl   10,   T@v   onuetcovt.  Itati
TC)v   Bapc3v   A±    (i    =    1,2 ,..., n),   &Tiva   6t)vavTou   vd         etJpesoov

€It   TtLvdltov   T@v   6oS€i,oC3v   ets   T6   Tij,fiua   rl   TtapaTtouTt@v   wac   T@v

onuetcov   xk,   &TLva  Sd  Ttpoo6iopLocouev   d>e   ptEa§   Too      t6Lou6p-

apou   6^ow^npd)uaTos   qn(z)    Too   Tbiiou    (5.6)  .
`EwdoTTi      TteptTtTCDoie   xapaltTTiptEeTai    biT.6   Tot}   6v6uaToS,    T6

6Ttotov   q>€peL   fi   xprioLuoTtoLouu€vn   u€So6oe   6^olt^npd>oeos    (TT.x.

GAUSS,    RADAU   fi   LOBATTO)    Mat    €w   Too   6v6uaTos,    T6   6iiotov   ap€-

pouv   Td   xpT|oluoTtolobucva   6psoycbvLa   Tto^uchvuua    (Tt.x.      LEGEN-
DRE,    JACOBI,    CHEBYSHEV,    LAGUERRE   fi   HERMITE)    Gis   T6   SeopotJ-

uevov   6LdoTTiua   6^oJt^npd>o€cos   ltat   u€   Tfiv   t)Ttdpxouoav   ouvdpTn-
oLv   Bdpoue.    I:Tiueiot)Tat   6TL   Td§   ue866ous   dpisuTiTL"fic        6^o-

M^Tipd>oecoe   GAUSS,    RADAU   itat   LOBATTO   dveTtTt)Eauev   eLs   Td   Tufi-

uaTa   r4,    r5   Itat   IT6.    'EVTat)Sa  Scl  dvaEr\Tfioouev   MaTd        Mt)pLov
^6yov   Td  oT|u€ta  xk   pleas   T@v   ouvapTfioecov   qn(z)  ,   eis   Td     6-
Ttota  Ttp€Ttei   vd   €tpapu6Eouev   Td§   eltdoTOTe   TtapouoiaEou€va§   1-

6iou6papoue   6^olt^T`poTLMds   €Eiocboei§   fi   ouoTfiuaTa           Toiot)Tcov

€ELocho€cDv   waTd   Td  dvaap€p6ueva   eLe   T6   Tufiij,a   r7.

A€ov   vd   oTiueLcosfi   6TL   ol   MaTcoT€p®   6L66uevoi   Tttvc"€§   orr

uetov   Xk,    PLE@V   T@V   OuvapTtioecov   qn(Z)  ,   watTol   ^tav   6^^lTtecs
Mat   uLwpde   dMPLBctae,    €v   TobTOLe   dTtoT€^o0v   Thv   BdoLv,       €nt

Tfis   6Ttotas   Sd  oTnpixsot)v   6Ttcoo6hTtoTe   ete   T6  &ueoov        u€^^ov

n^iip€oTaTOL   ]tat   u€yd^rie   dwpLBctae   ntvaMe§   TG)v   onuetcov   Tob-

Tcov   dnoTe^o0vT€e   dvaTt6oTtaoTov   Tufiij.a   Mdsc   o€Lpde   iiLvdwcov   d-

vaapE:pou€v®v   €te   dpisuTiT Lwd§   6^oM^TipdtoeLe.

A.       M€So6oe   GAUSS   -LEGENDRE    :    `H   u€So6os   Cut)TTi   6bvaTaL      vd

€apapuoosfi   6L ' i6L6uopapa   6^ow^Tipd>uaTa  u€   6idoTTiua   6^oM^npch   -

oecDe      [-i,1]      Mat   ouvdpTnoLv   Bdpou§    :

w(t)    =   1. (i)
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Td  xpnoluoTtolobu€va  6psoyd>via  Tto^udtvuua  pn(z)   Td       dva-

apep9€vTa   ete   T6  -Tufiua   r4   Mat   ouuiTtnTovTa  u€   Td          Tto^uchvuua
on(z)   Td  dvaap€pS€vTa   €ts   T6  Tufiua  r5   €tvou   Td  no^ud>vuua  LE-
GENDRE  Pn(Z)    fiTol    :

On(Z)    =   Pn(Z)    =   Pn(Z)i (2)

aL   6€   ouvapThoeL§   qn(z)    6166uevai   BdoeL   Too   TbTtou    (4.13)      fi

Too   Tbnou    (5.6)    €tvai   al   ouvapThocie   LEGENDRE   6euT€pou     ec-
6oue   Qn(z)        {HUNTER,1972}       fiTOL     :

qn(z)    =   Qn(z). (3)

At   ouvapThocie  a6Tou   €xouv   €vT6e  Too  6iaoThuaToe       6^o-
M^npcho€co§      [-I,1]       (n+i)    ptEae   Xk,   atTiv€§   MetvTou   dvd     uta

€vT6e   €wdoTou   TG5v    (n+i)    6LaoTnudTcov,    eLe   Td   6Ttota   xcDp[Eouv

T6   6idoTnua  6^ow^npcboecoe      [-1,1]      at   n   ptEaL   t±   T@v        dvTi-

oTotxcov   Tto^ua>vbuaDv   LEGENDRE   Pn (z)    ouutpd)vos   iTp6§   €v      Sed>Pnua

6L66ucvov   ttTt6   Too   SZEG6      {1959,    §    6.9}    .       'Ioxbei   6n^a6fi    :

-L<Xi<ti<X2<t2<...<tn_i<Xn<tn<Xn+i<   i.                 (4)

•ETtei6fi   €Tttone  al   ouvapThoels   Qn(z)    etvai   fi   &pTlal   fi   TtepIT-

Tat,    €neTou   6Tl   at   ptEal   TobTcov   xk   Sd   €uapavtEcovTaL  MaTd  Eett-

yn   dvTLS€Tcov   piE@v   Tt^tiv   Tfie   ptEne    :   xk   =   o,    gap.6oov   T6      oTi-

u;tov   0   dnoTe^et   ptEav   Tfie  ouvapTho€cos  Qn(z)  .
IIept   T@v   ouvapTfio€cov   LEGENDRE   6euT€pou   ec6oue   Qn(z)    6b-

vaTat   Tie  vd  dvcbpn   n^Tiootpoptae  wac   ntvaMae   et§  T6       dpspov
Tfis   STEGUN     {  1965}    .    OL   6L66uevoi   TttvaM€e   dcoopoov   eie         Tde

Tluds   :   n   =   0,1,2,3,9   Mat   10   wac   ets   T6   6idoTnua     6^olt^npcb-

oeos      [-i,1]      u€    :    z   =   x   =   0(0,01)1,   6t6ouv   6€   TLuds           T@v

ouvapThoE:cov   Qn(z)    u€   6wTd>   6€Ma6iwd   Uiiapta.    ETnpiE6uevol      ei§

Tote  dva6pouiMobe   Tbnous  6id  Tde   ouvapTfio€ie   LEGENDRE     6eu-
T€pou   €€6oue       {STEGUN,    ig65}      :

nQn(Z)    =    (2n-i)ZQn_1(Z)-(n-I)Qn_2(Z)J (5)
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LoxbovTas   wac   6Ld  Td  llo^ud)vuua  LEGENDRE  Pn(z)  ,   wac      ^auBd-

vovTe§   Tt€paLT€pcD   bn'6Uiv   6TL    :

Qo(Z)   =  ilnz±+J        Qi(Z)   =ZLnz::-I
Itat   €ntoT|s   6Tl    :

Qn(X)    =±[Qn+(X)+Qn-(X)]    t             -l<X<1,

(6)

(7)

€OxT|uaTtoqu8v  n^npeoT€pous  ntvaMae   Tiu@v   T@v        ouvapThoea)v
LEGENDRE   6euT€pou   ec6ou§   Qn(z)    6Ld   n   =    0(1)23   Mat       Z   =   X   =

0 (0,01)i   €xovTae   dwptBeiav   €E   Unaptcov    (^6yap        Ttepia]piou€vcDv

6uvaTOThTa]v   Too   f`^€wTpoviwoo   bTto^oyioToO.).   Tobe           ntvawae

Tot)Toue   66v  Sea]poouev  c"6TtLuov   vd  6d>oa]uev   €vTaosa,   €xpT|ol-

uonoifioauev   6ua)e   Bon9TiTiwd}e   6id   Thv   ebpeoLv   T@v   plEd)v        xk
T@v   ouvapTho€cov   Qn(z)    €vT6e   Too   6iaoThuaTos     [-i,I  ]   .      Tds

uh   dpvnTikde   €w   T@v   pLE@v   TobTcov   xk      6t6ouev   ets   Thv     Ttpd)-
TT|v   oTh^nv   Too  Htvawos   16id  n   =   0(1)21   ^auBdvovTes   bn'   6-
iLiLv   6Ti   ai   S€TLwat   Hat   dpvnTiwat   ptEal   xk   €uapavtEoVTal,   d>S

iipoavE:q]€psn,   waTd   Eebyn   dvTi8€T®v   pLE@v.   At   ptEal   a6TaL   Xk

6t6ovTaL   u€   dMptBeiav   8E   6ewa6i,w@v   iLjnaptcov,    €napwfi   6id     Tde

6apapuoyde   Tot}   eTtou€vou   Keapa^atou   A,   d^^'€vTe^@s        dvenapwfi

€v   ouyltptoeL   u€   Thv  dMptBeLav,   u€   Thv   6Ttotav   6t6ovTaL   ouv-

h9®§     Td   oTlueta   t±      Mat   Td   Bdpn   A±   Td  xpnoLuoTtoLobueva   ete
Thv   u€So6ov   dpisuTiTLMfie   6^oM^Tipd>oe®s   GAUSS   -LEGENDRE.

8.      TpononoLnu€vTi   u€So6oe   GAUSS   -LEGENDRE    :       `'H        u€So6oe

abTTi   6bvaTai   vd  etpapuoo9fi   6i ' t6i6uopapa  6^ow^Tipd>uaTau€  61,d-
oTriua   6^oM^Tipd>oecos       [0,1]       Mat   ouvdpTnoiv   Bdpoue    :

w(t)    = 1ffi (8)

Td  xpnoLuoTtoiobu€va  6psoychvia  Tto^ud>vuua  pn (z)    Td     dva-

apE:pS€vTa   E:te   T6   Tufiua   r4   Mat   ouuTttTtTovTa  u€   Td        Tto^ud>vuua
on(Z)    Td  dvaap€p$5vTa   ets   T6   Tufiua   r5   6t6ovTai   BdoeL  T@v no-

^u®Vbucov   LEGENDRE   Pn(Z)     waTd   T6v   TbTtov            {BOUZITAT,1952,

!4.31   )      :
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HINAE   i

ETlueta   ±Xk   6L'€coapuoyhv   Tfie   ues66ou   GAUSS-LEGENDRE      fi      T@v

TponoTto inu€vcov   ue$66cov   GAUSS-LEGENDRE.

n=0

0'000000

n-i
0,833557

n-2
0,000000

0'937612

n=3

0,429707

0,967802

n-4
0'000000

0,639003

0,980429

n=5
0,280595

0,752756

0,986867

n=6

0'000000

0,463374

0,820643

0,990584

n--7
0'207455

0'586501

0'864172

0,992921

n'=0

0'000000

n"-i
0'694817

n'-i
0'000000

0,879117

n''-   2
0,184649

0,936641

n'=2

0,000000

0,408325

0'961241

n''-   3
0,0787335

0,566641

0'973906

n'=3

0,000000

0,214716

0,673455

0,981257

n''=   4

0'0430377

0,343983

0,746793

0,985893

n'=0

I,000000

n„-1
0,305183

n'-i
1,000000

0 ,120883

n„=2

0,815351

0,0633589

n'=2

1'000000

0,591675

0,0387589

n„=3

0'921267

0,433359

0'0260937

n'-3
I ' 000000

0,785284

0,326545

0'0187434

n"-4
0,956962

0,656017

0'253207

0'0141074
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n=8

0'000000

0,360623

0,672548

0,893670

0,994486

n=9

0'164368

0,475294

0,734720

0,914550

0 , 995584

n=10

0,000000

0,294423

0,562687

0,780957

0,929855

0,996384

n-11
0,136039

0,398027

0'630496

0,816208

0,941401

0 , 996985

n'-4
0,000000

0,130049

0,452321

0 , 798646

0 , 989002

n''=   5

0,0270169

0,225905

0,539813

0'836401

0,991187

n'-5
0,000000

0,0866849

0,316616

0,609894

0'864630

0,992780

n"-6
0,0185065

0,158425

0,397525

0,666195

0,886235

0,993978

n'=4

1,000000

0,869951

0,547679

0,201354

0,0109983

n"=5

0,972983

0,774095

0,460187

0,163599

0'0088133

n'=5

i, 000000

0,913315

0,683384

0,390106

0'135370

0,0072196

n''=   6

0,981494

0'841575

0,602475

0 , 333805

0,113765

0,0060220
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n=12

0,000000

0,248492

0,481370

0'684004

0'843661

0,950321

0,997447

n=13

0,116014

0'341787

0'549134

0,726878

0,865439

0,957355

0,997811

n=14

0'000000

0,214843

0,419640

0,604816

0,761712

0,882993

0,962996

0,998102

n'=6
0'000000

0,0617482

0,231717

0,467861

0'711764

0,903111

0'994901

n"=7

0'0134591

0,116818

0'301548

0,528352

0,748985

0,916528

0,995627

n'=7

0,000000

0,0461575

0 ,176098

0 , 365803

0,580205

0 ,779677

0,927362

0'996208

n'=6
i, 000000

0,938252

0,768283

0,532139

0,288236

0,0968892

0,0050987

n"=7

0'986541

0,883182

0,698452

0'471648

0 ' 2 510`15

0,0834723

0'0043729

n'=7

1'000000

0,953843

0'823902

0'634197

0,419795

0,220323

0,0726381

0,0037916
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n-15
0'101116

0,299208

0'485050

0'651035

0,790367

0,897343

0,967590

0,998339

n-16

0,000000

0,189165

0,371492

0,540393

0,689764

0'814204

0'909219

0'971380

0,998534

n=17

0,089603

0,265929

0,433707

0,587546

0,722501

0,834235

0'919157

0,974543

0,998697

n''=   8

0'0102244

0 t, 0 8 9 5 2 53

0,235274

0,423847

0'624680

0,805225

0,936231

0,996681

n'-8

0,000000

0,0357832

0 ,138007

0,292025

0,475774

0,662929

0,826680

0,943580

0'997071

n''=   9

0 , 0080286

0'0707180

0,188102

0'345210

0,522008

0,695948

0,844849

0,949734

0,997396

n„-8
0,989776

0,910475

0,764726

0'576153

0,375320

0 ,194775

0 , 0637691

0'0033188

n'-8

I, 000000

0,964217

0,861993

0 '7 07 97 5

0,524226

0'337071

0,173320

0,0564205

0'0029290

n"-9
0'991971

0,929282

0,811898

0,654790

0,477992

0 ' 304052

0'155151

0,0502656

0,0026045
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n=18

0 , 0 0 0- 0 0 0

0 ,168939

0,333018

0,487517

0,627991

0'750399

0,851220

0,927554

0,977210

0,998834

n=19

0'080440

0,239237

0,391838

0,534291

0,662905

0,774351

0,865742

0,934712

0,979479

0'998950

n=20

0,000000

0'152604

0,301631

0,443588

0,575148

0,693227

0,795057

0,878253

0,940863

0,981426

0 , 999050

n'=9

0'000000

0,0285404

0,110901

0,237673

0,394373

0,563099

0,724576

0'860357

0,954939

0,997669

n"-   10
0,0064706

0,0572343

0 ,153537

0,285466

0,439444

0,599620

0,749510

0,873688

0,959380

0'997902

n'  =   10

0,000000

0,0232879

0,0909812

0 ,196770

0,330795

0,480563

0,632116

0,771328

0,885224

0,963197

0,998102

n'=9

i, 000000

0,971460

0,889099

0,762327

0,605627

0,436901

0,275424

0,139643

0,0450608

0,0023307

n"-   10
0,993529

0,942766

0,846463

0,714534

0'560556

0,400380

0,250490

0,126312

0,0406205

0,0020981

n'  =   10

I, 000000

0,976712

0,909019

0,803230

0,669205

0,519437

0 , 367884

0,228672

0,114776

0'0368033

0,0018982
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n-21
0,072976

0,217371

0,357134

0,489286

0,611009

0,719709

0,813071

0,889103

0,946187

0,983108

0,999137

n"-11
0,0053254

0,0472503

0,127545

0,239401

0,373332

0,517982

0,661084

0,790504

0,895269

0,966502

0,998274

On  (Z)    =   Pn  (Z)    =   P2n  (  v/i-=E)  r

n"-11
0,994674

0,952750

0,872455

0'760599

0,626668

0,482018

0,338916

0 , 209496

0,104731

0,0334978

0,0017261

(9)

aL   6€   ouvapTT|o€Le   qn(z)    6L66u€vou    BdoeL   Too   TbiTou    (4.13)    fi

Too   TbTtou    (5.6)    a,uv6€ovTaL   ueTd   T@v   ouvapThoeov        LEGENDRE

6euT€pou   cC6oue   Qn(z)    MaTd   T6v   Tbiiov    :

qn(z,  :  -ig2n(/i=E,.                                        (lo,
`0   TbTTos   ot)Toe   6t)vaTaL   vd  diTo6eLxt}fi   ^auBavou5vou   tJTT'    6-

ULv   Too   6piouot}    (4.13)    Tfie   ouvapTtioeoe   qn(z)    Itat    T@v   TbTTcov

(8)     Mat     (9),    6Tt6T€   TtpoMbTtT€L     :

11        p2n(/I-t,
qn,z,  --iI :-z±

I p2n( -,
t-z

o-`l-t) + (|-z)
RiiiE i

/ I-t-  /i-
11- :==J -:T=-

=  /Tt+vTz
I-fi  I+yffi
P2n (I)

dT=-

P2n (I) dT

1

I -/I=Z             /I=Z

P2 n ( VH)d IT-E=

Q2n(rfe)   ,                 ([[)

^auBavou€vcov  bTt'6iLjiv   wac   T@v   dvaapeps€vTcov   ele   T6   €6dapLov   A
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d]§   Mat   Too   yeyov6Toe   6TL   f`   ouvdpTTioLe   P2n(z)    €tval      dpTta.

OL   Tbnoi    (9)    MCht    (10)    6bvavTai   €bxep@e   vd      epunv€uSoOv,

€dv   ^Tiapsfi   tjiT'6iLiiv   6   TbTtoe    :

]=   j:7=f(t)dt=   I:f(I-T2)dT,     T=   .rI==,          (L2)

Bdo€L   Too  6Ttotou   Td   €EeTaE6ueva  6^oM^npd>uam     €is   T6     €6d-
apLOv   TOoTO   t4at   MaT'€Tt€MTaoLv   t{at   at   dvTtoTOLxOL    t6L6uopapoL

6^ow^npcoTiltat   €Eiod>oeis   6bvavTai   vd  dvTiueTcoTTtEcovTai        6id

Tfie   u€$66ou   GAUSS-LEGENDRE   Tfie   €MT€S€tone   et§   T6   nponyob   -

u€vov   €6dapLov   A.    ALd   ToOTo   Mat   fi   dvaTtTuooou€vn   ete   T6     Tta-

p6v   €6dapLov   u€9o6os  divoudosn   TpoTtonoLnu€vn  .u€So6oe     GAUSS-
-LEGENDRE .

KaTd   TaoTa,   ^auBavou€vou   t)Tt'6iLJlv   Mat   Too   Tbllou    (10)  ,Td

oTlueta  xk   6id  Tfiv   €vTaosa   €EeTaEou€vnv   TpolloTtolnu€vnv     u€-
So6ov   GAUSSTLEGENDRE      u€   n'  oTiij,eta   TtpoMbTTTouv   €M   T@v   onuet-

covxk  Tfi§  €teT6 nponyobu€vov   €6dtpiov   €E€Taosetone          ue$66ou
GAUSS-LEGENDRE,    u€   2n'onu€CCh   6ucoe,    BdocL   Too   Tbiiou    :

Xk   =   1-xk2, (13)

€vsa   €M   T@v   onuetcov   xk   Ttp€ii€i   vd   ^auBdv®vTou   biT'6Uiv   u6vov

Td   SeTLMd    (fi   u6vov   Td  dpvTiTLMd)  ,    6TtcDo6hnoTe   6E   6xL   T6      oTr

tJ,etov   Xk   =   0    (T6   6notov   onuE;LcoT€ov   diioTe^et   ndvTOTe      ptEav
T@V   OuvapTfioecov   Q2n (Z)  )  ,    Itas.60oV   6Ld   Xk   =   0   TtpoMUITTel  X'k  =
=   1,   oT|uetov  dTtapd6E:MTov,Mas'6oov   ouuTttiiTer   u€   &Mpov        Too

6iaoTfiuaTos   6^olt^npd>o€os       [0,1]    .    'EM   T@v    (2n'+1)         onueta)v

xk   TtpoMbTtTouv   eT[ou€vcos   n'  oT|ij.eta  Xk.   Td   oT|ueta   TaoTa   Xk   6t-

6ovTal   u€   dMptBelav   €E   6elta6llt@v   UT|aptov   6ld   n'  =   0(I).10   ets

Thv   TptTTiv   oTfi^Tiv   Too   HtvaMos   1,   6Ttou   xdpiv   Tt^np6TnTos   6Ti-

^o0TaL    €TttcneMCLt   T6   oTiuetov   Xk   =   i.
`ET€pav   uopapfiv   Tfie   TpoTtoiToinuevne   ue$66ou     GAUSS-LEGEN-

DRE   6id   T6   a6T6   6idoTnua  6^olt^T\pcboeoc      [0,1]    Mat   Tfiv   atJTfiv

ouvdpTnoiv   Bdpou§  w(t)    et)ptc"ouev  dvdyovTe§   Tfiv  dpLSuTiTl   -
Mhv   ebp€oLv   Too   iipd>Tou   6^oM^TipchuaToe   Too   Tbiiou    (12)       u€      n



243

oT|ueta   ets   Tfiv   et}peoLv   Tot)   .Joou   Iou   6€uT€pou   6^oM^npchuaTos

Too   Tt>TTou    (12),  d^^d   u€   (2n-i)    oTiucta   Mat   6xl   2n   oT|ueca.

Ets   Tfiv   iieptTtToolv   TabTnv   6   TtJTtos    (9)    ^auBdvel  Tfiv uop-

aphv      {BOUZITAT,1952,       §4.32}      :

On (Z)    =     /--I-=Z-P2n_1  (   /-I-=Z-)  ' (14)

6e6ou€voU   6€   6Tl   at   ouvapTfioels   P2n_1(Z)    etval        TtepITTatt

6tJvaTou   vd   6iaiTioTCDsfi   6Ti   ueTaEU   T@v   onuetov   t.      iTpowbTtTeli
Itat   T6   oTitietov   t.   =   I   &Itpov   Too  6iaoTtiuaToc        6^olt^npd>oeoe

[  0,1  ]   ,   TTpdyua   =6   6Ttotov   uds   6ieulto^bv€L   MaTd   Thv   6nt^uelv

uLds   dvTioTotxou   t6iou6papou   6^ott^TipcoTiltfic   €Eiod>oecoe        waTd
Td  dvaQepo€vTa   Sis   T6   TTj.fill,a   r7,    gap.6oov   etvaL   €iiisuunTfi     f`

eupeoLs   MaTd  MbpLov   ^6yov   Tfis   TLufis   Tfic   dyvd>oTou     ouvapTfr

oecoe   TabTne   €1e   T6   oTiu€tov   t±   =   I,   dTtoapcuyou€vne   ot)Tat     Tfie

€qupuoyfis   Tfic   €ItTesetoTie   €Ls   T6   Tufiua  r8   ue$66ou   Tfie        TTa-

peuBo^fis.   HpaltTilt@s   ei§  TtpoB^huaTa  poyu@v   ouvfisoe   T6        oTr
uctov   t.    =   i   dvTLOTOLXE:I   €Le   €v   Tdtv   &ttp®v   Tfie   p®yuiie   Mat   hi
Tlufi   Tfis  dyvd)oTou   ouvapTfioeoe   els   T6   oTiuetov   ToOTo   etvaL d-
vd^oyoe   Too   ouvTe^coToO   6vTdoecoe   T@v   Tdoe®v.

uOoov   dapop¢   ets   Thv   ouvdpTnoiv   qn(z),   6bvaTou   vd       dTLo-

6elxsfi   et"6^oS,   ^auBavou€vov   bTt.6Ulv   TG)v   TbTtov    (5.6)         "at

(14)t  6TL   abTTi   6t6€TaL   bn6   Too   dva^6you   Too    (10)    TblTou    :

qn(Z)   =    -Q2n_1(ffi)   ' (15)

6Tt6T€   Td  oT|Tieta  x'k   6id   Tfiv   €vTaosa   €EeTaEou€vnv   Tponollol,T|-

u€vT|v   u€So6ov   GAUSS-LEGENDRE   u€   n"oTiueta  6bvavTaL   vd   €bpt-
oltovTai   €It   T@v   oTiuetov   xk   Tfis   ete   T6   TtponyotJuevov      e6dapiov

€EeTaosetoTie   ue$66ou   GAUSS-LEGENDRE,   u€    (2n"-I)    oTiueta     6-

ucoe,    Bdo€i   Too  dva^6you   Too    (13)    TbTtou    :

x'k   =   i-xk2, (16)

€vsa   €M   T@v   onu€tcDv   Xk   np€n€i   vd   ^auBdvcovTou   bTt.6ULv   u6vov

Td   SeTIItd    (fi   u6vov   Td  dpvT|Tiwd)  .    `Oncoo6hnoT€   ueTaEbT@voT|-
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uetcov   Xk   6€V  nepl^auBdveTal   T6  oT|uctov   0,   ot)Ta)  6€        dTtavTa
Td  TtpoMbTtTovTa  oT|u€ta  xk',   n''T6v  dpl9u6v,   etvaL   6eMTd.        Td
oT|ueta   TaoTa  xk'  6t6ovTai   u€  dMptBeiav   €E   6ewa6iM@v`     UnaptcDv

6id   n''=   I(1)11   et,e   Thv   TptTTiv   oTh^nv   Too   rltvawoe   I           6uoO

ueTd   T@v   oT|uet®v   xk   Too   Tbnou    (13)  .
M€xpl   To06e   €9ea>pfioauev   Tfiv   n€ptnTcooLv   t6iou6papcov   6^o-

It^npcoudTcov   u5   6idoTnua  6^olt^npdoecDs     [  0,1]      nat   ouvdpTnoiv

Bdpous  w(t.)   ItaTd   Tfiv   ox€oiv    (8)  .   KaT.dvd^oyov   Tp6Ttov-6bvaT
Tat   vd   ue^eTTisfi   f`   iieptTtTCDoie   t6Lou6papcov   6^oM^npcoudTa)v        u€

T6  attT6   6LdoTTiua  6^oM^Tipd>oe®e  d^^d  ouvdpTnoLv   Bdpoue   :

w(t) (17)i
Aid  TaoTa  6bvaTaL   d>oabTcoe   vd   €tpapuoosii   TpoTtoTtoinu6vn

uopaph   Tfie   €wT€8etoT`e   ete   T6   €6dtpiov   A  u€$66ou   GAUSS-LEGEN-
DRE   ^auBavou€vou   tJiT'6iLJLv   6Ti    :

[=    j:T=f(t)dt=   L:f(T2)dT,       T=    /T.                      (i8)

•Edv   T6   Ttp@Tov   6^ow^hpcDua   Too   Tbnou    (18)    €Mtppaosfi   u€      n

oT|ueta  ltaTd  Tfiv   u€So6ov   GAUSS  dvay6uevov   eta   T6   6etJT€pov
6^oM^fipa)ua  Too  atJToO   TbTtou   u€   2n  oT|tieta,   T6Te   Td  Tto^udvuua
On(Z)    Mat   Pn(Z)    6t6ovTal   t)n6   Too   dvTloTotxou   Too    (9)    TbTtou:

°n(Z)    =Pn(Z)    =P2n(   /Z)t                                                                               (19)

f`   6€   ouvdpTT|ol§   qn(z)    bTt6   Too  dvTloTotxou   Too    (10)    Tbnou   :

qn(Z)    =    =Q2n(rf).                                                                                   (20)

HE:palT€PcD   Td   oT|ueta   xk   JtaTd   Thv   €q>apuoyfiv   Tfis   TpoTtoTrol-

Tiu€vTie   ue$66ou   GAUSS-LEGENDRE   u€   n'  oTiucta   TtpoMbTtTouv   Bdo€i

Too  dva^6you   Too    (13)    Tbnou   :

xk   =   xk (21)

€M   T@V   SeTl,w@v   oT|uetcov   Xk   Tfic   ues66ou   GAUSS-LEGENDRE   u6    2n'

oTiu€.ta,    diioM^€Lou€vou   npaMTLM@e   Too   Onu€tou   Xk   =   Xk   =   0   d>e
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ouuntTtTovToe   u€  .dwpov   Too   6iaoThuaToe   6^oM^npd>o€co§     [  0,1].

Ot)Tcoe   €k   T@v    (2n'+i)   onueta)v   xk   npoMbnTouv   n'  oTlueta  xk.      Td

onucta   TaoTa  xk   6t6ovTaL   u€   dwptBeLav   8E   6elta6llt@v     lLJnq>ta>v

6ld  n'  =   0(I)10   et§   Thv   6euT€pav   oTfi^riv   Too  Htvatto§   I,   6Ttou

xdpiv   n^np6TnToe  6Ti^oOTai   €ntone  Mat   T6   onuetov  xk.=   0.
'Edv   fi6n   T6   np@Tov   6^ow^hp®ua   Too   TbTtou    (18)         €wappaosfi

u€   n  oT|u€ta  dvay6uevov  6ua)a   els  T6  6ebTepov  6^ow^hba)ua     u€
(2n-i)   oT|ueta,   T6T€   T¢  Tto^ud)vuua  on(z)   6t6ovTaL   bn6   Too  &-
va^6you   Too    (19)    Tbnou   :

on(Z)   =     rf  p2n_1(.flJ (22)

f`   6E   ouvdpTT|oue   qn(z)    bTt6   Too  dva^6you   Too    (20)    TbTtou    :

qn(Z)    =      Q2n_1(rfe).                                                                                                 (23)

HepaLT€pco   Td  oT|ueta  xk'     waTd  Thv   €tpapuoytiv   Tfis   TPoTto   -

noLnu€vT|e   uc966ou   GAUSS-LEGENDRE   u€   n"   oTiueta        iipoMbnTouv

BdoE:i   Too  dva^6you   Too    (21)    Tbnou   :

xk   =   xk (24)

€Jt   T@v   ScTLJtd)v   onu€ta]v   xk   Tile   ue966ou   GAUSS-LEGENDRE           u€

(2n''-l)    oT|TJ.eta  npoMUTtT6vTcov   n''onu€tcDv   xk'.   Td   oT|ueta      TaoTa
Xk'  6t6ovTal   u€   dkptB€Lav   8E   6ewa6LM@v   Unaptcov   6id   n''=   1(1)11

eLe   Thv   6€uT€pav   oTfi^nv   Too   HtvaMo§   i.

AbvaTaL   T€^oe   vd   TtapaTTipTisfi   6TL   at   u€So6oi   dvaycAJyfieTchJ

Ttpd>Tcov   6^oJt^T|pcDudTcov   T@v   TbiTa]v    (12)    t4at     (18)    u€   n   oT|ueta

€te   Td   6€bT€pa   6^oM^TipcbuaTa   T@v   abT@v   Tbncov   u€   2n        oT|ueta

dTtoTe^o0v   Thv   u€9o6ov   GAUSS   6Ld   T6   6idoTnua        6^olt^npcboccoe

[  0,1]      wac   ouvapThoeie   Bdpoue   Tde   6L6ou€vae   bn6   TG)v   TbTtcov

(8)    Mat     (17)    dvTLOTotxcA]e.     'ETttori§   aL   u€So6oi   dvaycDyfie      T@v

TtpchTCA]v   6}olt^np®udT®v   T@v   abT@v   TbiTa]v    (12)    Mat     (18)    u€  non-

u€ta   ete   Td   6€bT€pa   6^oM^TipcbuaTa   T@v   abTG)v   Tbii®v   u€    (2n-i)
oT|ueta  dnoTe^`o0v   Tfiv   u€So6ov   RADAU   6id   T6   6id`oTnua  6^oM^T|-

pcbo€cDe     [  0,1]      Mat   ouvapThoeLe   Bdpoue   Td§   6L6ou€Vae           bTt6
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T@v   TbTtcov    (8)     (6n6Te   h   u€9o6oe   RADAU  dapop¢   ete   T6   &wpov   1)

Mat    (17)     (6Tt6Te   i   u€So6oe   RADAU  dapopq   et§   T6   &ttpov   0)      dv-

TIOTotxco§   ^quBavou€vov   t)Tt.6iuiv   ltat   T@v  dvaapeps€vTov           ets
T6   Tufiua   r6   nept   Tfie   uE:$66ou   RADAU.

IT.      M€So6os   LOBATTO-LEGENDRE    :    `H   u€9o6oe   abTn   6bvaTou      vd

€apapuoosfi   6i ' t6i6uopquL `'6^oM^npduaTa  u€   6idoTTiua  6^oM^npch   -
oecos      [-1,1  ]     Mat   ouvdpTTiouv   Bdpoue    :

w(t)   -I. (25)

Td  xpnoluoTtolobueva  6psoyd>vla  Tto^uchvuua  Pn (Z)  ,   Td  dva-

apep6u€va   ete   T6   Tufitia  r6   6id  Thv   u€So6ov   LOBATTO,   etvai   Td
Tto^udvuua   LEGENDRE   Pn(Z)  ,    fiTol    :

pn(z)    =   Pn(z)'
®

(26)

Td  6€  Tto^ud>vuua  on(z)    Td  dvapep6ueva   eLs   Td  TuhuaTa  r5   wac
r6   Td  no^uchvuua   :

On(Z)    =   Pn(Z)-Pn_2(Z)    =
2n-i

n (n-1 ) (z2-I)Pi_1(z),                     (27)

^auBavou€vns   tJTt.6iLiiv   Tfie   ox€oe®s    (26)  ,    TC)v   ox€oecov          (6.5)

Mat     (6.7)    d>§   Itat    Too   MdTosi    TtiTtou      {BOUZITAT,1952,  §  `4.31}  .

(2n-1)(z2-I)Pi_1(Z)    =n(n-l)   {Pn(Z)-Pn_2(Z)}.              (28)

HepalT6po   et)ptc"ouev   Bdoei   kat   Too   TbTTou    (5.6)   6Ti      aL

ouvripThoeie   qn(z)    6t6ovTaL   Bdo€L   Too   Tbnou    :

qn(z,   --iL:
pn (t, -pn-2 (t) `1

dtt-z         -., (29)

6  6Ttotos,   ^auBavou€vou   t)Tt.6iulv   Too  6plouoo   T@v  ouvapTfioeov
LEGENDRE   6E:uT6pou   et6oue    :

Qn(z,  --iL:E#t,
6UvaTou   vd  ypaq>ii   dTt^ot)oTepov   tJTt6   Thv   uopaphv    :

(30)



qn(Z)    =   Qn(Z)-Qn-2(Z)

fi   dM6un   wac   bTt6   Thv   uopaphv    :

qn(Z)   =  #(Z2-l)Q£_1(Z), (32)

was'6oov  h  ox€ols   (28)    toxbei   6xL   u6vov  Old  Td       no^ud>vuua
LEGENDRE   Pn(z)  ,   d^^d  kat   6id  Tde  ouvapTtioeis   LEGENDRE   6eu-
T€pou   ec6ous   Qn(z)      {STEGUN,1965,      §8.3}    .

`H  ouvdpTiioie  Qi_1(z)    8xei   €vT6e   Too  6iaoTfiuaToe     [-i,1]

(n-I)   PtEas   Xk,   dltTlve§  WecvTal   dvd  uta   €vT6s   €MdoTou     T@v

(n-I)    6iaoTnudTcov   T@v   wa9opiEou€va)v   tJTt6   T@v   n   plE@v           Tfie
OuvapThoeo§  Qn_1(z)  .   Td  onueta  TaoTa  xk  dTtoTe^o0v  kat     Tde
dTto6eltTdc   pleas   xk   Tfis  ouvapTTloecoe   qn(z)   6i6ou€vns   tJTt6   Too
TbTtou    (32),   was.6oov  al   8Tepou   6bo   ptEou   TaoTn§   :      Xk   =   ±1
ouuntTtTouv   u€   Td  &ttpa  Too   6LaoThiiaToe   6^ow^npd>o€a)e    [ -i,I ]
Mat   6€v   6bvavTou   chs   €w   TobTou  vd  xpnoiuoTtoLT|SoOv.   AquBavo-

u€vou   €Tttons   tJiT.6uiv   6Ti   aL   ouvapTfioei§  Q£_1(z)    etval fidp-
Tiai   fi   TtepiTTat,   €TteTal   6Ti   aL   ptEal   TobTcov   xk   Sd     €utpavt-

Ea]vTai   MaTd   Eebyn   dvTi,9€Tcov   pLE@v   Tt^hv   Tfie   PtEne   Xk=   Ot€ap'

6oov   T6   oT|uetov   0   dlTOTe^et   ptEav   Tfis   ouvapTfioeos     Q;_1(Z) t
€vTe^@e  dva^6ycoe  u€   Td  dvaapeps€vTa  ele   T6   €6dapiov     A       6id
Tde   ptEae   Tfie   ouvapThoeco§   Qn (z)  .

rltvaMee   Tiu@v   T@v   ouvapTfioecov   Q;(z)    6t6ovTai   bn6        Tfie

STEGUN     {  1965}     6id   n   =   0,I,2,3,9   Itat   10   €vT6S   Too   6la9Tfi-

uaToe   6^ow^npd>oea]e      [-i,1]      uE    :    z   =   x   =   0(0,01)i   ttat        u€
6MTch   6ewa6LMd   Unapta.

Ald  T6v  Ttpoo6loplou6v  T@v   €vT6§   Too   6laoTfiuaToS        6^o-
w^npd>oe®e       [-1,1]      pLE@v   xk   T@v      ouvapThoecov   qn(z)    €xpTIol-

uoTtolhoauev   Tde   €MCDpdoeLe    (31)    T@v   ouvapThoe®v   qn(z)            €v
ouv6uaou®  u€   Tob§  dva6pouLMobe   TbTtous    (5)   wac   Tote     Tbnoue

(6)    Mat    (7)  ,bTtoBonsobuevoL   TtepaLT€pa]   6id-T6v   MaTd     Ttpoo€y-

yLol,v   Ttpoo6Lopiou6v   T@v   piE@v   TobTcov   xk   bn6   T@v           T"VdMa]\'
T@v   ouvapTho€cov   LEGENDRE   66uT€pou   ct6oue   Qn(z)  ,   Ttcpt         T@V

6TTota]v   dveap€pauev`ets   T6   €6dtpiov   A.   Tde  .ufi   dpvnTiltde        T@v`
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Ttpoo6LopLoS€io@v   piE@v   TobT®v   xk   6t6ouev   ets   Thv   Ttpd)Tnv orfi-

^T`v   Tot}   IItvaMoe   2   6Ld   n   =   0(1)11   ^auBdvovTes   bn.6iLiLv            6TL

ChL   8€TLMat   Mat   at   dpvTiTiMat   ptEaL   €uapavtEovTai,   d]e      Ttpoave-

ap€p9ri,   MaTd   Eebyn   dvTL9€Tcov   piE@v.   At   ptEaL   a6Tal   xk   6t6ov-
TaL   u€   dMptBeLav   5E   6eJta6iw@v   iuTiaptcov,    €napMfi   61,d   Tde      €(pap-

uoyde   Too   €Ttou€vou   Ketpa^atou   A,   d^^.€vTe^@e  dvenapMfi             €v
ouyMptoei   u€   Thv  dMptB€Lav,   u€   Thv   6iTotav   6t6ovTcw      ouvtis®e
Td  oTiu€ta  ti  ttat   Td  Bdpn  A.   Td  xpT|ouuonolobu€va  €ts  Tfiv  u€-

1
S06Ov   dpLSuTiT iMfie   6^OM^Tipd>O€coe   LOBATTo-LEGENDRE.

A.      TpoTtoTtoiTiu€vn   u€So6oe   LOBATTo-LEGENDRE    :    `H   u€So6oe   ab-

TTi   6bvaTou   vd   etpapuoosfi   6L ' 16i6uoptpa  6^oM^Tipd>uaTa  u€        6ld-
oTTiua   6^ow^Tipd>oE:a]e      [  0,1  ]      Mat   ouvdpTiioLv   Bdpoue   w(t)    6L6o-

u€vTiv   bii6   Tfie   ox6o€®e    (8)  ,   6ii®s   wac   fi   TpoTtoTtoLnu€vn   u€So6oe
GAUSS-LEGENDRE,   n€pt   Tfie   6Ttotae   dveap€pauev   E:te   T6         €6dapiov

a.   XpTioLij,oTtoioovTcs   Tfiv   Tponoiioinu€vriv   u€9o6ov     LOBATTO-LE-

GENDRE   6Ld   T6   6^oM^hpcoua   I   Too   Tbnou    (12)    5xouev   T6   n^eov€-

MTT|ua     6TL   ueTaEb   T@v   onu€ta)v   t±      nepL^auBdveTaL   T6     oT"et-

ov   t±   =   0,   fi   6€   u€So6oe  at}Tn   e[vaL   too6bvauo§  uE          u€So6ov
RADAU .

Td  xpnoLuoTtoLobu€va  6psoyd)vLa  no^ud>vuua  pn (z)  ,   Td     dva-

apep6u€va  ets  T6  Tuiiua  r6   6Ld  Thv   u€So6ov  RADAui   6t6ovTai #;-
o€L    T@v   Tto^ua)vbucov   LEGENDRE   Pn (z)    JtaTd   T6v   TbTtov    { BOYZITAT,

1952,      §    4.32}        :

Pn (Z)   =  P2n ( rTz) , (33)

Td  6€   no^uchvuua  on(z)   Td  dvaap€p6ueva  ete   T6   Tuiiua   r6     etval
Td  Tto^uchvuua   :

°n  (Z)    =   P2n (/I-=E)-P2n_2  (/E=TZ.)

4n-I=   -2n(2n-I)  ZP;n_1(rfe) (34)

^auBavou€vcDv   bn'6Uiv   Mat   T@v   oxEoeav    (6.i)  ,.  (6.2)    wac    (27)  .

HepaLT€pa]   6iaTtLOToOTou   ebsbs   6TL   at   &vTtoToixoi.   ouvapTTIoele
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II INA=      2

ZTlueta   ±Xk  6l.€apapuoyfiv   Tfie   ue$66ou   LOBATTO-LEGENDRE   fi   T@v

TpOTtoTto Lnu€vcDv   uc$66®v   LOBATTo-LEGENDRE.

n-2
0,000000

n-3
0,623175

n=4

0'000000

0,805405

n-5
0,348370

0'881699

n-6
0,000000

0,547340

0,920609

n-7
0,241443

0,668994

0,943076

n-8
0,000000

0" 4 0 9 4 4 9

o,748o8|

0 , 957206

n-9
0 ' 184704

0,529164

0,802140

0,966663

n'=1

0'000000

n"-2
0 , 388347

n'-2
0,000000

0,648677

n"-3
0,121362

0 `777393

n'=3

0,000000

0,299581

0,847521

n"=4

0 , 0582945

0,447553

0,889393

n'-4
0,000000

0,167649

0,55962F

0,916243

n''=   5

0 , 0341155

0'280014

0,643429

0,934436

n'=1

1 ' 000000

n„=2
0'611653

n'=2

I ' 000000

0'351323

n"-3
0,878638

0,222607

n'=3

I ' 000000

0,700419

0,152479

n"-4
0'941705

0,552447

0,110607

n'=4

I, 000000

0,832351

0,440375

0 , 0837574

n''=   5

0,965884

0,719986

0'356571

0 , 0655636



n=10

0'000000

0,326049

0,616763

0'840627

0,973300

n=11

0,149549

0,435360

0,682483

0,868954

0,978137

n'=5

0,000000

0,106308

0,380396

0,706654

0,947313

n"-6
0 , 022365 0

0,189538

0,465784

0,755082

0,956752

n'=5

I,000000

0,893692

0,619604

0,293346

0,0526866

n„-6
0,977635

0,810462

0,534216

0,244918

0 , 0 4 3 2 47 8
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qn(Z)    ebpLoW6ueval   BdcJei   Too   TbTtou    (5.6)    6t6ovTai   ^6yap     T@v
ox6cJeov      (11)    wac    (34)    Bdoei   Too   wdTcosi   TbnououvapThoeLTaiv

ouvapThoeav   LEGENDRE   6euT€pou   ec6oue:

qn(Z)   =  -±{Q2n(/]=Z)-Q2n_2(/E=Z)}   =

1             4n-I
€ ZETZFTZQf n_ 1 ( /ir) , (35)

6e6ou€v6u  6Th   dts   €^€xen   ete   T6   €6dapiov   I,   h  ox€oie   (28)    t-
oxb€iwat   6id  Tde   ouvapThoeLe   LEGENDRE   6euTepou   ec6oue.    "H6n
Td  onueta  xk  6id   Thv   €vTaosa  €EeTaEou€vnv  TpoTtoTtoinu€vnvu€-
So6ov   LOBATTO-LEGENDRE   u€   n'     onueta     Sd     TtpottUUOuV      €w   T@v

oTiueta]v   q€    Tfie   ele   T6  nponyobuevov   €6dapLov   €E€Tcosetone   ue-
$66ou   LOBATT6-LEGENDRE   u€   2n'   onueta  Bdoei   Too   Tbnou      (13)  ,

5vsa  €w   T@v  onuetav   xk  np€nel   vd  ^quBdvavTaL   bn'6Uiv     u6vov
Td-SeTi"d    (fi   u6vov   Td  dpvnTLItd)  ,   6Ttcoo6hTtoT€      66   6xL      T6   oTi-

uctov   Xk  =   0    (T6   6Ttotov   oT|ueia)TEov   dnoTe^et   TtdvTOT€        ptEov
T@V   Qfn_1,(Z))t   Was'6oov   Old  xk    =   0   TtpowbTtTei   x'k  =   I,   onuetov

dnapd6ewTov,   was'6oov  ouuntnTeL   u6  dwpov   Too   6icoTfiuaToe   6-
^ow^npdxjea>§    [0,l].'Ew   T@v    (2n'-I)    oTiuetav   xk   TtpowbTtTouv      e-

Tt6u€va>e   (n'-I)   onueta  xk.   Td  onueta  TaoTa  xk   6t6ovTal   u€   a-
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wptBeLav   gE   6ewa6ilt@v   UT`aptcov   6id    n'=   I    (I)5   ete   Thv      TptTTiv

oTh^riv   Too   IItvouoe   2,   6nou   xdpiv  Tt^np6TnToe   6Ti^o0TaL   €TttcJns

wac   T6   oT|uetov   Xk   =   1.
`ET€pav   uopq>fiv   Tfie   TpoiionoLnu€vTie   ue$66ou   LOBATTO-LEGEN-

DRE   6id   T6  at)T6  6idoTnua  6^ow^npd]oecoe    [0,1]   ttat      Tiv     attThv

ouvdpTnoLv   Bdpoue  w(t)    etjptc"ouev   dvdyovTee   Thv   dpLSuTiTLwiv
ebpeoLv   Too   Ttpd>Tou   6^olt^npd>uaToe   Too   TbTtou    (12)    u€   n   oTiueta

ete   Tfiv   et}peoLv   Too   [oou   Iou   6€uT€pou   6^ow^Tipd>uaToe   Too   Tb-
Ttou.(12)   d^^d  u€    (2n-I)   onueta  Mat   6xL   2n  anueta.   Ele        Thv

neptnTcooiv   TabTnv   gxouE:v   T6   n^eov€wTTiua  6TL   ueTaEb   T@v     oT|-

ueta)V   t.   nepL^auBdvovTaL   T6oov   T6  oTiuetov   t.   =   0   6oov  wac  T611
oTiuetov  t±   =   I,   fi   6€   u€8o6oe  abTn   ervai   too6bvauoe   u€   u€So-
6ov  LOBATTO   6id   T6   6idoTnua  6^ow^npcho€®e    [0,1]   wac   ouvdpTn-

Oiv   Bdpoue   w(t)    Thv   6L6Ou€vTiv   bTt6   Too   TbTtou    (8)  .  .

Td  xpnoluoTtoiobueva  6p8oychviQ  no^uchvuua  Pn (z) ,T¢  dvaape-

p6ueva  ele   T6   Tufiun  r6   6Ld  Thv   u€So6ov   LOBATTO,   ebbtc"ovTaL
Bdo€i   Ta>v   no^ua>vbua]v   LEGENDRE   Pn(z)    nd^Lv   Bdoei   Too         TbTtou

(33),   Td  6€   no^ud>vuua  a   (z]    Td  dvaapep6ueva  €T[tone      ete        T6n
Tufiua  r6   ervai   Td  no^ud]vuua:

°n (Z)    =   P2n (/E=T)+CP2n_2 (/I.=Z)+dp2n_+ (/I=E)                        (36)

^T|apseLo@v   bii'6ULv   T@v   ox€oecDv    (6.5)    wac    (35),    €v9a   at      oTa-

Sepat   c  wac   d   6t6ovTai   BdcJeL   T@v   Tbna)v    (6.7)  ,o¥Tives  €vnpo-

weLu€vap  ^auBdvouv   Tfiv   uopchv:

P2n (I) P2n-+ t°) -P2n (0 ) P2n-4 (I )

d=
P2n ( I ) P2n-2  (0 ) -P2n (0 ) P2n-2 .( I)

(37a)

(378)

rlepalT€pa)  ^auBdvouev  bn.6Uiv   T6v  dva6pouiw6v     TbTtov   6id
Td   Tto^ud)vuud`  LEGENDRE    {HOCHSTRASSER,1965,    §22.7}  :

npn(Z)    =    (2n-i)Zpn_1(Z)-(n-I)P._2(Z)   J (38)
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6w   Too   6iTotou   gTteTaL   6Ti:

::i::i':.-=-2#    t  #=  (2±=]±±22-3)  ,         (39)
eTttons   6€   Thv      Tt^Ti,pOuuEvn.v      bTt6      TG)v     Tto^uavbijcov      LEGENDRE

Pn(Z)    Wat   6ld  n&oav   TLuhv   Too   n   oxEoiv   {HOCHSTRASSER,1965,

§22 . 2 ) :

pn(I)    =   I, (40)

6n6Te   €w   T@v   ox€oe®v    (37)    ebptowouev   Tde   Tiude   T@v   oTas€p@v

c  kat   d:
4n-3

2n ( 4n-5 ) d  =  -  `22:3|ff:-I)    . (41)

-H6n   Td  Tto^ud)vuua  on(z)    Tfie   ox€oea)e    (36)    ^auBdvouv        Thv

ueoaph v :

4n-3°n(Z)   =   P2n(`/FZ)-2n(4n-5)  P2n-2(`/t=E)-

(2n-3)  (4n-I) p2n-+(rfe) (42)

Tfiv   €ItappaoLv    (42)    T@v  Tto^ua]vbuav   a   (z)    6uvduesa  vd  ypd-n
i|ja]uev   wac   d)e   eEfis:

On(z)    =
4n_i[2np2n(/i-=TZ)+(2n-I)P2n_2(/I=-i)

2n    I                                 4n-I

(2n-2)P2n_2(/I=E)+(2n-3)P2n_+(/I=E)
4n-5 (43)

nepaLT€pco   6€   ^6yq]  wac   Tfis   dva6pouiMfie   ox€oecoe    (38)    d>e   ttdTa]-

S|:

°n(Z)   =  4£:i/I=E{P2n_1(/I=E)-P2n_3(/I=E)}.                        (44)

'Edv   T€^o§   ^n{p8fi   €TttoTie  bTt.6uiv   fi   ox€oie    (28),   Td     Tlo^udt-

vuua  on (z)   ^auBdvouv   Tfiv   eEfie   dTt^ouoTdTnv  uobchv:

On(Z)   =-#=±|)({==|)ffi  ZP2n_2(ffi) J (45)
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flTLe   oituapcovet   u€   Thv   ebpesetoav   bTt6   Too   BOUZITAT   {1952,    §4.

32).

A€ov   €v  TobTOLsvd  TtapaTTipTisfi   6Ti   fi   €wappcoLe    (42)T@v   no-

^ua)vbucov  on(z)    Has   6Leulto^bvei   €te      T6v     Ttpoo6iopiou6v      T@v

dvTloTotxcov   Ta]v   ouvapTT|oea)v   qn(z).   rlpdyuaTL   at         TE:^€UTataL

6bvavTaL   vd   ebpesoc}v   Bdclei   Too   TbTtou    (5.6)  ,   6oTis   ^6yap     wac

T@v   ox€oecDv    (11)    Ma[     (42)    6t6ei:

qn (z)   =  -7={Q2n (/±==)-zri+=:irQ2n-2 (/]=;)-

(-2n-3)  (4n-I)
2n(4n-5) Q2n-+ (/-, ) -

=-±Z:+{Q2n-1(/FZ)-Q2n_3(/I-=Z)}

(4n-|)  (4n-3)
fijf=-i)\-i(-+2t-n-_+-I-~ZQfn_2(/H)t (46)

^auBavou€vou   bn'6uiv   6TL   aL   oxeoeLs    (28)    Mat    (38)Tt^npoovTaL

obxt   u6vov   bTt6   T@v   no^ua)vbucDv   LEGENDRE   Pn(z)    d^^d     Mat      bTt6

T@v   ouvaoTho€cov   LEGENDRE   6euT€pou   ec6oue   Qn (z)    {STEGUN,1965

§8.  51.

Td onueta xk'6id Tfiv  €vTat}Sa  ' €EeTaEou€vnv      TpoTtoTtoiT`u€vnv

u€$66ov   LOBATTO-LEGENDRE   u€   n " onueta   6t)vavTai  vd. TtpolttlTtToUV
€w   T@v  onuetcDv   xk   Tfie   ete   T6  Ttponyobuevov  €6dapiov€EeTaoset-

cme   ue$66ou   LOBATTO-LEGENDRE,   u€    (2n''  -I)    oTiueta  6ua]e,BdoeL

Too   Tbnou    (16)  ,    €vsa   €M   T@v   onuetcov   xk   Ttp€neL   vd     ^auBdvcov-
¢

TaL   bTt'6Ulv   u6vov   Td  SeTiltd   (fi   u6vov   Td  dpvriT"d)  .    `01Tco6fi-
TtoT€   u€TaEb   Ta)v   onuetcov   xk   6€v   Tt€pi^auBdveTou   T6   oTiu€tov   0,

ot}Taj  6€   &1TavTa   Td  oT`ueta  xk   ,    (n"  -1)    T6v   dplsu6v,eEval    6e-
ItTd.Td  oT|ueta  TaoTa  xk'  6t6ovTai   u€   dltp[Beiav   g`E        6elta6lk@v

Unapta]v   6id   n"  =   2(I)6   Sis   Ttiv   TptTnv   oTti^nv   Too  Htvawo§   2.
Eta   T6   Ttap6v   €6dtpiov   u€xpL   To06€   6SecDpfioqu€v   Ttiv     Ttept-

TtTcoiv   C6iou6ptpov   6^olt^npcoudTov     u€      6idoTnua     6^olt^TipdxJeos

[0,1]   Itat   ouvdpTr|ouv   Bdpous  w(t)   ItaTd   Ttiv  ox€olv    (8)  .      KaT.
dvd^oyov   Tp6Ttov   6bvaTai   vd  tie^eTnsfi   fi   TteptTtTcocc   C6iou6papcov

6^oJt^npa>udTajv   u€   T6  abT6   6LdoTnua  6^oM^Tipdx]E®e   d^^.d     ouvdp-
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Tiio„   Bdpoue  w(t)   waTd   Thv  ox€oiv    (17),   d]e   €y€veTo  Mat      ets
T6   €6dapiov  8.   Aid  Td  6^ott^npchuaTa  Tat}Ta  6bvaTai   €Tttons  vd€-

apapuoosfi   TponoTtoinu€vn   uopq)h   Tfie   €wTesetonc   ets   T6     €6d®iov
I   ue$66ou   LOBATTO-LEGENDRE   ^auBavou€vou   ttTt.6Uiv   Too        TbT[ou

(18)  .XpnoiuoTtoioovTee   Thv   u6So6ov   TauTnv   €xouev   T6Tt^eovdrTTi-

ua       6Tl   ueTaEb   T@v  onuetav   t±   Ttepi^auBdveTai  that  T6  onuetov
t.   =   1.i     Td  xpnoiuoTtoLouuevq  6psoyd)via  Tto^ud)vuua  Pn(Z)  ,   Td     dva-

apep6ueva   cte   T6   Tufiua  r6   6Ld  Tde   u€$66ousRADAU  Mat   LOBATTO,
6t6ovTou   6id   Tfiv   TteptiTTcoiv   6LaoThuaTo§   6^oM^npdeecoe      [0,1]

kat   ouvapTfioeoe   Bdpoue  w(t)   wcHd   Thv  ox€oiv    (17)    tTt6   Too   d-
va^6you   Too    (33)    TbTtou:

pn(z,    =   p2n(yG,'
(47)

Td  6€   Tto^ud)vuua  on(z)    Td  dvaapep6ueva   ete   T6   Tufiua  r6     ervai
6id  u6v   Tt\v   u€So6ov   RADAU    (u€   T6   &Mpov   t  =   I   iTepi^quBov6ue-

vov   ueTaEb   T@v  onueta]v   t±)    Td  no^ud]vuua:

On(Z)    =   P2n(rfe)-P2n_2(rfe)    =

4n-i
2n ( 2n-I (i-z,p;n-1(rf,      , (48)

6id   6€   Tfiv   u€So6ov   LOBATTO    (u€   duap6Tepa   Td  &ttpa  t   =   0        wac

t  =   I   TTepl^auBav6ueva  ueTaEb   T@v   onuecov   t.)    Td  Tto^uchvuua:1

On(Z)    =   P2n(/Z-)-

(2n-3)  (4n-I)

4n-IF] iiii

4n-3
2n (4n- 5)

p2n_2(rfe|_

p2n-+(/F,    =

/1p2n_i(/=,-P2n-3(/a))

i)  (4n-3)
4n (n-| ) (2n-i )

/Z(l-z,p;n-2(/Z-) (49)

OL    TbTtoi     (48)    Mat     (49)    iipoMbTtTouv    ebx€p@e   Bdo€L    Ta>v      d-

vaapepou€va]v   ete   T6   Tufiua  r6,    6bvavTou   6€   €TTtone  vdsecopnsot}v
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TtpoMbnTovTee   wac    €w   T@v   TbncDv    (34)    wac     (42-45)    dvTioTotxco§,

€dv   Tesfi   /FdvTt   Too   /I=Tz   .
HepaLT€pco  at   ouvapThoeie   qn(z)    6bvavTaL   vd TtpowbuouvBd-

oeL   Too   Tbnou    (5.6)    fi   Ttd^Lv   6L'dvTLItaTaoTdoecDe   E:ie   Tote   Tb-

noue    (35)   ttat    (46)    Too   `/I=E   u€   /I-,   6Tt6Te   ebptowouev   6Ld  u5v

Tfiv   u€So6ov   RADAU:

qn(Z)   =  -+z{Q2n(V7F)-Q2n_2 (ra }   =

I          4n-I
F 2n(2n-i)

(l-z,Q;n-1(Yq    '

6Ld   6€   Tfiv   u€So6ov   LOBATTO:

qn(Z)   =      +z{Q2n(y7F)-

(2n-3)  (4n-I)
2n ( 4n-5 )

4n-3
2n ( 4n-5 )

Q2n-+,/7F,)=

Q2n_2(ra-

4#{Q2n_1(/7r)-Q2n_3(/7F)}

(4n-I)  (4n-3)
4n (n-i)  (2n-3) (i-z)Q;n_2 (fa  .

(50)

(51)

ObTCD   Td  oTiueta   xk   ward   Tfiv   €apapuoyfiv   Tfis   TpoTtoTtoinu€vns

ue866ou   LOBATTO-LEGENDRE   uE   n'   oT|ueta   Tfis   loo6uvduou   u€   ug-
So6ov   RADAU   npoMbTtTouv   BdoeL    Too   TbTtou    (21)    €It   T@v      SeTilt@v

oTluetav   xk   Tfie   u€$66ou   LOBATTO-LEGENDRE   u€   2n'   onu€ta     dno-

w^€Lou€vou   TtpowTiMa>s   Too   onuetou   xk   =   xk   =   0   dje      ouuntTtTov-

To§   u€   dltpov   Too   6LaoThuaToe   6^ow^Tiptboecos    [0,1].   ObTa>e         €k

Ta)v    (2n'-I)    onuet®v   xk   iipowbnTouv    (n'-I)   oTiueta  xk.   Td     on-

ucta   TaoTa  xk   6.t6ovTai   u€   dwptBeLav   €F,   6ewa6Lw@v   ulnaptcov   6id
n''  =   i(i)5   cts   TT|v   6euTEpav   oTfi^r`v   Too   rlJvowoe   2,   6Ttou     xd-

pLv   Tt^np6TnToc   6Ti^ot}Tou    €ntone   wac   T6   oT`uetov   Xk   =   0.
T€^oe   Td  oTiueta  xk'  MaTd   Tfiv   €apapuoyhv   Tfie      TpoTtonoLnue-

vTie   ue866ou   LOBATTO-LEGENDRE   u€   n"  oTiueta   Tfie   too6uvduou   ue

u€So6ov   LOBATTO   npoltbnTouv   Bdc}ei   Tot}   Tbnou    (24)    €w   T@v      9e-

TLJt@v   onuet®v   xk    Tfie   u€S66ou   LOBATTO-LEGENDRE u€  (2n"  -i)oTi-
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ueta  etJpionou6vav   oSTcoe   (n"  -l}Cmue[av   xk    .   Td  rJnueta  TaoTa
Xk'  6t6ovTal   u€   dwptBeiav   €E   6elta6LIt@v   iuntotov   6id   n"  =   2(I)6

elc   Tfiv   TptTTiv   oTfi^nv   Tot}   Htvowos   2.

E.               M€So6oe   GAUSS-CHEBYSHEV:`H   u€So6o§   at)TTi,   Ttept    Tfie   6-

notae   €xou€v   dvaapEpcL   Mat   eLs   T6   Tufiua  r3,    6bvaTaL   vd  €tDap-

uoosfi   6i. i6i6uopapa  6^o"^npchuaTa  u€   6idoTnua  6^ow^npdyJeoc   T6
[-i,1]    Mat   ouvdpTnoiv   Bdpoue   Thv:

w(t,  -7±.                                                                     `52)

Td   xpnoiuoTtolobueva  6psoyd)vLa  Tto^ud>vuua  pn (z)   Tddvaapep-

S€vTa   ete   T6   Tufiua  r4   wac   ouuTttllTovTa  u€   Td   no^uchvuua  on(Z)

Td  dvaq>ep$5vTa   eic   T6   Tufiua   I.5   eJvaL   Td  Tto^ud>vuua   CHEBYSHEV

Ttpd)I.ou   ec6ouS   Tn(Z)    fiTOL

On(Z)    =   Pn(Z)    =    Tn(Z)t (53)

ai   6€   ouvapTfioelc   qn(z)    6166uevaL   Bdoei   Too   Tt)Ttou       (4.13)    fi

Too   TbTtou    (5.6)    ervai      dvd^oyoi      T@v      ouvapThoecov   CHEBYSHEV

6euT€Pou   ec6ouC   Un_1(z)     {CHAWLA   and   RAMAKRISHNAN,1974A}       i-

oxuoboTie Tfie   ox€oecoe :

qn(Z)    =-¥Un_1(Z)i       U_1(Z)     =0,                                                                 (54)
'

fills   TtpottbTtTei   ettsbe,    edy   ^napsfi   ttTt'6Uiv   Mat   6   TbTtoc       (3.15)

u€   T6   onuetov   x   €vT6c   Too   6icoTfiuaTos    [-1,1]    dvTiMaoLOTdue-
vov   tm6   Too   onuetou   z   €Ttt   _fi   ltat   €WT6c   Too   6iaoThuaTos     Tot)-

Too.    Al,a   Tds    i6i6TnTas   T@v   ouvapThoecov   CHEBYSHEV        6euT€pou

ec60uC   Un_1(Z)    Ttapon€uTTouev   ets   T6   dpspov   Too  CHAWLA{1967}.

IIP€Ttel   vd  onueiaSfi   TtepaiT€pco  6Ti   at   ouvapTT|oei§      CHEBY-

SHEV6euT€pou   ec6oue   Un_1(z)    ueToutTtTouv   ete   Td          no^ud)Vuua

CHEBYSHEV   6euT€pou   ec6oue   Un_1(x)  ,   6Tov   T6   cmu€tov   z   ltetTaL

€vT6e   Too   6icoTfiuaTos    [-1,1].   Td  onueta  xk   ouveTta>s,        &Tiva

eivaL   ai   ptEou   T@v   ouvapTfioeav   qn(z)  ,ouuTttTT.Touv  ue Tdc    (n-I)

ptEae   T@v   no^uaJvbuav   Un_1(x)  ,   fiTol   €xou€v:



Un_1(Xk)    =   Oi       Xk   =   COS::   7   k   =   1,2 ,...,   n-I,

ate   etJp€Sn   ltac    ets   T6   Tufiua   r3    (TUTtoL    (3.8)    Itat     (3.10))   .
'Edv   €apapu6oouev   ouv€Ttcbe   Thv   u€So6ov   GAUSS-CIIEBYSHEV uE n

oTiueta   6id   Tfiv   €nt^uoiv   uL&e   16iou6papou   6^oM^npcoTiltfie      GEL-

odx}ea)§,   Sd  6ias€Tcouev   u6vov    (n-i)   oT|u€ta  xk   Mat    dT.CWTetTal

6na]e   baptoTaTaL   n€pav   Tfie    t6Lou6papou   6^ow^npcoTiltfie   €ELot;]oecoe

€apapuoEouevn§   ete   Td   (n-I)   oTiueta  xk     ]ta.t   uta  eto5Ti   ouvsfi-
wTi,    rva   oxTiij.aTLosfi   Te^iwa>e   €v   oboTTiua   n  _ypquuLM@v   €ELod]oE:aJv

a
u€   n   dyvdx}Toue   ouuapchvcos   Ttp6§   Td  dvaapeps€vTa  lta[   ete   T6   Tuft-

ua  r7 .

z}T.               M€So6o§   LOBATTO-CHEBYSHEV: `H   u€So6oe   at}Tn,   Ttepc    Tile

6notae   €xouev   dvaap€peL   Itat   €1e   T6   Tufiua  r3,   6bvaTou  vd€apap-

uoosfi   6L ' t6L6uopq)a  6^ow^npchuaTa  u€   6idoTr`ua  6^oM^nptfoecoe   T6

[-i,1]   wac   ouvdpTTioLv   Bdpoue   w(t)    6i6ou€vTiv   Bdoei   Tfie     ox€-
o€a)e    (52)    d]e   Mat   fi   u€So6oe   GAUSS-CHEBYSHEV.    Td      xpTioLuonoL-

obueva  6psoydJVLa  no^ud)vuua  pn(z)    Td  dvaapep6u€va  €tc   T6   Tufi-

ua   I-6   6id   Tfiv   u€So6ov   LOBATTO   €EvaL,   d>s   Mat   €t§   TTiv   u€So6ov
GAUSS-CHEBYSHEV,    Td  Tto^ud)vuua   CHEBYSHEV  Ttpd)Too   ec6ou   Tn  (Z)  ,

Td   65   Tto^ud)Vuua  on(z)    Td  no^ud)Vuua:

°n(Z)    =   Tn(Z)-Tn_2(Z)t                                                                                                (56)

^auBavou€vov   tjTt'6ULv   T@v   TbTtajv    (6.5)   Itat     (6.7)    ate      ltat       T@v

t6ioTfiTa]v   T@v   Tto^uavbucDv   CHEBYSHEV   Ttpd>Tou   €g6oue:

Tn(-1)    =    (-i)n,       Tn(I)    =    i,       n   =    1,2 ,....                         (57)

AauBdvovTee   TTepaLT€paj   bTt'6iuLv   T6v   TbTtov       {HOCIISTRASSER,

§22.71:

Tn+1(Z)-Tn_1(Z)    =    2(Z2-I)Un_1(Z)'                                                             (58)

etJptc"ouev   ^6yap  kat   Tfi§   ox€oea]s    (56)    TT|v   ltdTa]Si  8ktppaoiv6i-

d   Td  no^ud)Vuua  on (Z)  :
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on(Z)     =    2(Z2-1)Un_2(Z) (59)

et)pLoltouEvnv   €v   ouuapavtq   u€   Td  €wTe$5vTa   ete   T6   Tufiua r3 6L-

d   Thv   u€So6ov   LOBATTO-CHEBYSHEV.

HepalT€po  ai   ouvapThoeL§   qn(z)   6bvavTaL   vd  et)pesoov   Bd-

oeL    Too   TbTtou    (5.6)  ,    6oTie,    ^6yap   Tfie   €Itappdoecos    (56)    Tatv   iTo-

^uavbuov   on(Z)    chc   wac    Tfie   €Itq>pdoecoc    (54)       TGiv         ouva.pTfioeov

qn(Z)    6Ld   Thv   €wTesetoav   elc   T6  iiponyobuevov   €6dq>Lov  Eu€So-
6ov   GAUSS-CHEBYSHEV,    ^auBd,v€l    Thv   uop®fiv:

qn(Z)    =    -¥[Un_1(Z)-Un_3(Z)I                                                                             (60)

Mat   TtepaLT€po,    ^6yap  wac    Too   dva^6you   Too    (58)    TbTtou:

Un(Z)-Un_2(Z)     =    2Tn(Z)i

Tfiv   uopofv:

qn(Z)     =   -TITn_1(Z).

(61)

(62)

Td  onueta  xk   ouveiia>c,   dTi,va  eJvai   p[EaL   T@v   ouvapTnoeov

qn(Z),    ouuTttTtTOuV   u€   Tdc    (n-1)    PtEae   T@V   Tto^ucovuuov   Tn_1(Z)t

fiTOL    €xouev:

Tn_1(Xk)     =OJ        Xk    =    COS
( 2k-i ) n
2  (n-1 ) '      k=   l'2 ,... f   n-|'       (63)

chs   etjp€Sn   ttat   ete   T6   Tufiua  r3.
HapaTTipoouev   ouveTt@c   6Ti   6id  Tfiv   €Ttt^uoiv   uLac   t6iou6p-

apou   6^ow^TipoTiwfic   6Eiodeecoe   6id   Tfis   u€$66ou   LOBATTo-CHEB¥   -
SHEvdiTaLTetTai   6TTcoc   at}Tn   ouvo6ebeTai  Mat ttTt6  uLa§ eio5Ti   ouv-

Sfiwne   dva^6yoc   Ttp6e   6,Ti   dveq)€psn   ltat   ets  Tfivu5So6ov   GAUSS-
CHEBYSHEV.

z.              M5So6os   GAUSS-JACOBl: `H   u€So6os   at)Tn   6t>vaTai  vd€(pap-

uoosfi   6i' t6L6uopapa  6^olt^npdiuaTa     u€     6idoTnua     6^olt^npdxJecoc
[-i,1]    t4at   ouvdpTnoLv   Bdpoue:

w(t)    =    (1-t)Ci(I+t)B    ,       a,a   >   -I    . (64)
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Hp5Ttei   vd  napaTTipTi`SF|   6TL   Tfis   ue$66ou   GAUSS-JACOBI   et6L-

wds   TtepLiiTtbc]eLe   dnoTe^o0v   T6oov   fi   u€9o6oe        GAUSS-LEGENDRE,

fiTLe   dvenTbxsn   ele   T6   €6dapiov  A,   6oov   wac   i   u€So6oe     GAUSS-
CHEBYSHEV,   fiTie   dvE:TtTbxsn   eie   T6   €6dq]iov   E.

Td  xpnoiuoTtolobu€va  6p9oyd>vLa  no^ucbvuua  pn (z) Td  dvaap€p-

S€vTa  ele   T6   Tufiua  r4   wac   ouuTttTtTovTa  u€   Td  no^ud]Vuua  On (Z)

Td  dvaapeps€vTa  eie   T6   Tufiua  I-5   ervaL   Td  Tto^uchvuua          JACOBI
p    (Ci,B)(z)    fiTOLn

On(Z)     =Pn(Z)     =P(Ci'B)(z),                                                                                       (65)n

aL   65   ouvapTfio€Le   qn(z)    6i66uevaL   Bdoei   Too   TbTtou      (4.13)   fi

Too   Tt)Ttou    (5.6)    ervai    Tfis   uopapfie    {CHAWLA   and   RAMAKRISHNAN    ,

1974A) :

qiCh.B)(z)     =     (z_I)Ci(z+i)BQiCi.a)(z),                                                            (66)

8vSQ  Ql   ouvQPThoeie   QiCi'B)(z)    etvaL   al   ouvapTfioeie     JACOBI

6euT€pou   ec6ous.   Td  onueta  xk   6t)vavTai   ouveTt@c vd etJptc"cDv-
Tat   a)s   ptEou   T@v   ouvapTfioecov   JACOBI   6euT€pou   ec6ous   that   6-

Xl   d>s   ptEou   lTo^ucovbucov   JACOBI,   d]s   TtpoTetveTai   bTt6   T@v      ER-
DOGAN,    GUPTA   and   COOK    {1973}.

H.      M€So6oe   GAUSS-LAGUERRE:.H   u€So6os  abTn   6bvaTou   vd        €-

apapuoosfi   6i'    i6i6uopapa  6^oM^npchuaTa  u€   6idoTnua     6^oM^npdt-
oecoe   T6    [0,co)    wac   ouvdpTnoiv   Bdpoue   Tfiv:

w(t)    =   e-t. (67)

Td  xpT|oLuoTtoLobucva   6psoyd)VLa  Tto^udtvuua   pn(Z)    Td        dva(.D€P-

S€vTa   eis   T6   Tufiua   r4   Mat   ouuTttTtTovTa  u€   Td  Tto^ud>Vuuaon(Z)

Td  dvaapeps€vTa   ets   T6   Tufiua  r5   etvai   Td  Tto^uchvuua  LAGUERRE
L    (z)    fiTol:n

On(Z)     =Pn(Z)     =L     (Z).                                                                                             (68)n

uOoov   dapop¢  TtepaiT5p®   eis   Tdc   ouvapTfioeis   gn(Z)  ,      at}Tal
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bTtawobouv   el§   Tfiv  abTfiv  dva6oouiwfiv   ox€olv  u€   Td  Tto^ud>vuucl
LAGUERRE,   d]e  napeTfipTioav   yevi]4@e   6id   Td§   ouvapTfioeL§     Tab-

Tae   oL   PAGET   and  ELLIOTT   {1972},Itat   ouven@e   8xouev      (HOCH-

STRASSER   {1965})  :

nqn(Z)    =    (2n-1-Z)qh_1(Z)-(n-1)qn_2(Z).                                    (69)

AauBdvovT€e   nepaLT€pa]  bii'   6iLiLv   T6v   6picru6v   Too   €MseTL-

MoO   6^ow^npd>uaToe   Ei(z)     (GAUTSCHI   and   CAIIILL   {1965})  :

Ei(z) -   -LcOz=
-tLdt -1_z±dt                                                    (70,

6uvduesa  vd  6LonLOTchocouev   €t"6^cDe   6Ti,   ^6yap  Mat   Too        6pi-

ouot}    (4.13)    T@V   ouvapTfioecov   qn(Z)  ,   al   6bo   lTp@Tou   TobTcov6t-

6ovTai   t]Tt6   T@v   TbTT®v:

qo(z)    =£e-ZEi(Z)        ,       q[(Z)    =    (1-z)qo(Z).                             (71)

I:nueL®T€ov   6Ti   6   6€bTepoe   T@v   TbncDv    (71)    6bvaTou   vd  8ecopTi-

Sii   TtpoltbnTcov   wac   €M   Tfie   dva6pouLMfie   ox€oea]e    (69)    6Ld   n=  1.

Td  oT|ueta  Xk,P[Eal   T@v   ouvapTfio€cov   gn(Z)  ,   6bvavTal  ouv-

eTt@e   vd   Ttpot4bTtTouv   ebx€p@e   ^auBavou€vcov   ttTt'    6iLJiv   T@v      ox€-

o€cDv    (69)    ttat     (71).

©.      M€So6oe   GAUSS-HERMITE:`H   u€So6oe   abTTi   6bvaTaL   vd   €tpap-

uoo9fi   6i, '    t6L6uopapa   6^oM^Tipd>uaTa  u€   6LdoTnua     6^ott^Tipd>oecDe
T6    (-co,co)    Mat   ouvdpTTioiv   Bdpoue   Tfiv:

2
w(t)   -e

-t
(72)

Td  xpT|oLuoTtoLobueva  6psoychvla  Tto^ud>vuua  pn (Z)    Td     dva-

tpeps€vTa   ete   T6   Tufiua  r4   Mat   ouuntTtTovTa  uE   Td       no^uchvuua
on(Z)    Td  dvaap€pS€vTa   ei§   T6  Tufiua  r5   ctvai   Td          no^uchvuua

'.HEREITE   Hn(Z)     fiTOL:

On(Z)     =   Pn(Z)     =   Hn(Z) (73)
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"Ooov   dapop¢  Tt€paiT€pa]   €L§   Td§   ouvapTfioeLs   qn(Z)  ,      aSTou

t)Ttaltobouv   ei§   Tfiv  at)Tfiv  dva6pouilttiv  oxgouv  u€   td  Tto^ud)vuua
HERMITE,   d>§   nap€Tfipnoav   yeviw@e   6id   Tde   ouvapTfio€i§   TabTae

ol   PAGET   and   ELLIOTT   {1972},   jta`t`   ouveTt@e   €xouev   (HOCHSTRAS-

SER   {1965})  :

qn(Z)    =   2Zqn_1(Z)   -2(n-1)qn_2(Z)     .                                                   (74)

AquBdvovTes   lTepaiT€paD   6Tt.    6Uiv   T6v   TbTtov            (   GAUTSCHI

{t96::;):  =  ±,_co;£dt                                                                     (75)

T6v   6t6ovTa   Tfiv   uiya6Lwfiv   ouvdpTnoLv   cxpd^uaToe  w(z)  ,         T6v

TbTtov    (CODY.,    PACIOREK   and   THACHER   {1970})  :

F(x)    - x-t dt (76)

T6v   6t6ovTa   T6   6^ow^fipcoua   DAWSON   ttat   T6v   6pLqu6v    (4.13)   T@v

ouvapTfioecDv   qn(z)  ,    €t)ptc"ouev   ebM6^cDe   6id   Thv        ouvdbTnoLv

qo(Z)    Tde   €Itq>pdoeLe:

qo(Z)=-±niw(Z)     (Tmz>0)     t   qo(Z)=iniw(-z)     (Jwz<0)     (77)

€MT6e   Too   TtpayuaTLwoO   dEovo§   MCht:

qo(x)   =     fiF(x) (78)

€Ttt   Too   Ttpayij,atLMoO   &Eovoe. 'ETttoT|e   6id   Tfiv   ouvdpTTioLv   q[(z)

et)ptowouev   BdoeL   Too   6piouoo    (4.13)    T@v   ouvapThoecov        qn(Z)

6T1:

qi(Z)     =    2Zqo(Z)     7                                                                                                             (79)

8wtppaois,   f|TLe   6bvaTai   vd  OecopTisfi   Ttpot{bnTouoa  wat   €M        Tfie

dva6pouLttfie   ox€oe®§    (74)    6id  n=l.
Td  oTlueta  Xk,   PtEou   T@v   ouvapTfioecov   qn(Z), 6bvavTaL  ouv-

eTt@§   vd   TtpoltbTtTouv   et)xep@c   ^auBavou6vaJV   t)Tt.    6Ulv   T@V      oX€-



262

oe®v    (74),     (7.8)    Itat    (79).

I.      TponoTtoLnu€vn   u€So6oe   GAUSS-HERMITE: `H   u€So6oe at)TTi 6b-

vaTou   vd  €q)apuoosfi   6L'    t6L6uopapa  6^oM^npd>uaTa  u€     6idoTnua
6^olt^Tipdioea3s   T6    [0,co)    Itat   ouvdpTnoiv   Bdpous   Tfiv:

w(t)   =  1e-trf
(80)

`H   u€9o6oe  abTn   iipot4bTtTei   €M   Tfie  ue$66ou   GAUSS  -HERMITE '

6Ld   Tfie  d^^ayfi§   ueTaB^TITfie:

t=T2

\ChuBavou€vou   tJTt'    6lLILv   6Ti :

I   =   |ocO±e-tf (t)dt   =   LcOcoe-T2f (T2)dT   i

(81)

(82)

6iico§  Mat   aL   dvcmTuxsetoai   ete   Td   €6dtpia  8  Mat   A   TpononoiTi-

u€vai   u€So6ol   GAUSS-LEGENDRE   wac   LOBATTO-LEGENDRE      iTpo€Mu-
lLJav   €M   T6;v   ue$66a]v   GAUSS-LEGENDRE   Mat   LOBATTO-LEGENDRE   dv-

T L OTo t xa]e .

HepaiT€pco  6t)vaTai   vd  6iouioTcosfi   et)xep@s  ltat   ltaT.dva^o-

ytav   Ttp6e   Td   €ie   Td  e6dapia  a   wac   A  dvapeps€vTa  6TL,   et§  fiv
ncptTtTcOOLv   f`   TpOTtoTTOLnu€vn   u€S06Oe   GAuss-HERI4ITE   u€   n      OTi-

ueta  SecopTisfi   TtpoMbiTTouca   €It   Tfie   ue866ou   GAUSS-HERMITE u€  2n
oTiueta,   6T€   iTp6tteLTai   TtpdyuaTi  Ttept  ue966ou  dpisunTLwfie     6-
^oM^npchoeoe   GAUSS,   Td  Tto^ud]vuua   on(z)  ,   ouuTttTtTovTa  u€        Td

Pn(Z)  t   ttat   at   OuvapTfioels   qn(Z)    6t6ovTai   t)1T6   T@v   TbTt®v:

On(Z)   =   H2n(rfe)       .      qn(Z)   =   ±;n(rfe)    ,                               (83)

€vsa  6id  Too  doTeptoMou  6n^o0vTai   aL   ouvapTfioels  qn(Z)   Old
Tfiv   u€So6ov   GAUSS-HERMITE.

•Edv   dvTis€Toe   fi   TpoTtoTtoinu€vn   u€So6os   GAUSS-HERMITE   u€

n  oT|ueta  S€®pT|Sfi   TtpowbnTouoa   €M   Tfi§   u€966ou     GAUSS-HERMITE

T£     (2n-1)    onu€ta,   T6Te   np6M€iTaL   Ttept   ue$66ou   RADAU,Mas'6-
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oov   Ttpotpav@§   u€TQEb   TG;v   onuet®v   t.   nepL^auBdveTou   Mat         T61
oTiuetov   t.  =  0.   Eie   Tfiv   TteptTtTooiv   TabTnv   6bvaTaL  ettxep@§vdi
6iaTtioTcoofi   6Ti   Td  Tto^ud)vuua  a   (Z)    Itat   aL   ouvapThoele   qn(Z)n
6t6ovTai   tiTt6   T@v   dva^6yov   T@v    (83)    TbTtcov:

On(Z)    =   rfH2n.1(rf)      '     qn(Z)    =   qzn_1(rf).                           (84)

Td   onu€ta  Xk,   ptEaL   T@v   ouvapTfioecov   qn(Z),            6bvavTaL

ouveTT@e   vd   iTpo.IttiTTouvet)xep@s   ^auBavou€vcov   bTt.    6Uiv   T@V   TtJ-

iicov    (83)    Mat    (84)    che   Mat   T@v   6i6ou€vcov   €te   T6   iiponyobu€vov

€6dapLov   ® j Tbncov .

EXETIKAI   EprAZ:IAI   -IIAPATHPHEEIE :   AauBavou€vou   bTt.6Uiv

6Ti   Tdc  oxeTiltds  u€   Tde  ue$66ous  dpisunTi"fis   eTti^boecos      t-
6Lou6papcov   .6^oM^Tip®TiM@v   €ELod>o€cov   €pyaotas   5xou€v   dvChap€peL

€te   Td  TufiuaTa  r2   t{at   r3   Mat   Tde   oxcTiMds  u€   Tde     ue$66oue
dplsuTITiltfis   6^olt^npd>oe®e   ltat   Td  ouoTfiuaTa  6psoyovtcov  Tto^u-

covtJucov   etc   T6   Tufiua  rl,   €vTat}Sa  Sd  Ttepiopios@uev   eis   T6  vd
6chocouev   d>piou€vae   €M   T@v   dapopcDo@v   ei§   Tde   6iatp6poue   ouvap-

ThoeLs,   Tds   6Ttotas   ouvnvTfioauev   ets   T6   Tufiua  Tot}To,€Pyaot+

ae.
•   Ot)Tcoe   ele   T6   €yxeipt6iov   T@v   ABRAMOWITZ   and   STEGUN{1965}

6t6ovTou   at    t6i6TnT€s   Mat   TTtvc"ee   Tiu@v   iio^^@v   €M   T@v   ouv-

apTfio€cov   TobTcov..Ew   T@v   Ttepi^auBavou€vcov   €te   T6   €yxelp$6lov

Tot}To   &pSpcov   6uvdueSa  vd  dvatp€pcouev   Td   T@v   GAUTSCHI  and CA-

HILL    {1965}    Ttept    €wS€TiMot)   6^ow^npd>uaTos,    Tot}  GAUTSCHI{1965`}

Ttept   ouvapTfio€cov   oapd^uaTos,    Tfis   STEGUN   {1965} Ttept   ouvapTfr

o€a)v   LEGENDRE,   Tfic    SLATER   {1965}   Ttept   ouvTpexouof)v   I)Ttepye-

coueTpiJt@v   ouvapTfioeov,    Too   OBERHETTINGER   {1965}   iTept,  ttiTep-

yeoueTpiw@v   ouvapTfioeov   itat   Too   HOCHSTRASSER   {1965}         Ttept

6psoycovtcDv   TTo^ucovt)uov.   Tde   ltupioT€pas   t6i6TnTas   T@v   ouvap-

Tfioecov   TobTcov   6uvduesa  vd   €t)pcoucv    ets    Td   BLB^ta   T@v   RAIN-

VILLE    {1960}    Mat   BELL    {1968}.

HepcHT€pco   6   ELLIOTT   {1971}    6t6ei   douuTtTCDTLItde         €Jttppd-

oeie   6id   Td  TTo^ud)vuua  LTACOBI   Itat   Tds   dvTioTotxouc.  ouvapTfr
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o€LS   qn(Z),    oL   CODY   and   THACHER   {1968,1969}    6[6ouv         ue$6-

6ous   dpLSunTiwot}   tJTto^oyiouot}   Too   €ItseTLMoO        6^olt^TipdtuaTos

ltat   ot   MILLER   and   GORDON    {1931},    CODY,    PACI0REK   and   THACH-

ER   {1970}  Ita[       McCABE    {1974}    Tot}   6^olt^Tipd)uaTo§   DATt'7SON.

HP€Tt€l   vd   oT|uelosfi   T€^oS   6TI   T6ooV   Td   T[o^ud)Vuua     Pn(Z)

T@v   6iaq>6pov   S€copns€vTov   eic   T6   Tufiua   Tot}To   ouoTTiudTcov   6p-

Soycovtcov   Tto^ucDvbucov   6oov   ltat   aL   dvTtoToixoL           ouvo.pTtioeie

qn(Z)    atJT@v   6bvctvTai.vd  Secopnsot}v,   d>s   TtapeTfipnoav   oi      DON-
ALDSON   and  ELLIOTT   {1972},   du€co§   €Itq)paE6ueva        ouvapThoel

T@v   tJTtepyecDu€Tp"Giv   wac   T@v   ouvTpexouoG}v         I)Tt€pTecoueTP"@V

ouvapTTioecov.   Ai,d   Tot)To   aL   ouvapTfioeie   a6Tai,   ItatToi   6€v   €-

xpTioiuoTtoLisnoav   "aTd   Tfiv   dvdTtTUELv   Tot}   TufiuaToc   TotJTou,€v
Tot)TOLe   TtapouoLdEouv   i6iatTepoiv   €v6iaq>€pov   6i,d   Tfiv   ue^5Tnv

TG)v    16ioTfiTcov   T@v   onuetov   €(papuoyfis   xk   T@v    i6Lou6ptpov   6^o-

It^TipcoTLIt@v   €Eiod>oecov   d]s   ltat   6id   T6v   dpLSunT"6v   iTpoo6iopL-

ou6v   Tcov..ETtt   T@v   SeudTCDv   TotiTcov   €^iTtEouev   vd      €Ttav€^Scouev

€1e   iipoo€xfi   €pyaota\J   uae.



265

I.10.    HAPATHPHZ:EIE

HepaLvovT€s   T6   Keq)d^ouov   Tot}To,   €vsa  dveap€psnuev  eie Tds

ue$66ous  dpisunTLItfis   €Tti^boecos   i6iou6pq)ov  6^olt^TipoT"6v €E-
Led>oecov,   Tde   6Ttotas   ltat   Sd  xpTioiuoTtoifiocouev   Sic   T6  eTt6u€vov

Keapd^aiov   A,   6Ttou   Sd   Td§   €tpapu6ocDuev   MaTd   Tfiv   €Ttt^uoLv  L6i-

ou6pq>cov   6^olt^npoTilt@v   €Eiod>oeov   TtapouoiaEou€vajv   Sis    ouylte-

Itplu€Va   T[poB^fiuaTa   pcoyu@v   u€   TtepaiT€po   TTpoo6Lopiou6v          TG5v

ouvTe^eoTGiv   €vTdoecos   T@v   Tdoeov   eie   Td  &Itpa   T@v   pcoyu@v,     €-

Ttisuuot}u€v   vd   Tovtocouev   Td   ltdTcosi :

HpdiTov   6TL,    eie   f|v   TteptTtTooiv   etvou   €TtisuuTiT6e   6    Ttpoo-

6iopiou6s   Tfis  dyvd)oTou  ouvapThoecos  uids   t6iou6papou    6^olt^ri-

pcDTiwfis   eELof>o€cos   ttuptcos   Sis   T6   €v   dltpov   fi   duq)6Tepa   Td       a-
wpa   Tot}   6iaoTfiuaTos   6^olt^Tipd>oecoe,   a)s   ouuBatvei   Tt.x.          waTd

T6v   Ttpoo6LopLou6v   ouvTe^eoT@v   €vTdoecos   T@v   Tdoeov   ets Td  a-

Itpa  pcoyu@v   ltaTd   Td  dvatpeps€vTa  ltat   Sis   T6   Tufiua  89,  T6Te   a`l

u€So6oi   dpisunTLwfie   6^olt^Tipd>oeco§   RADAU   fi   LOBATTO    dvTioTot-

Xcos   6€oV   6Ttos   TtpoTLu@vTaL    Tfis   ue$66ou   GAUSS,    Ita[Toi        tJOTeT

poOv   TabTns   ltaTd   Tfiv  dltptBeiav   t)Tto^oyiquot)   T@v    6^olt^T|pcoud-
Tov,   Itas.   6oov   6Ld   Tfis   xpfioecos   TobTov   6€v  dTtaiTetTai  Ttapeu-

Bo^fi   iTp6s   Ttpoo6Lopiou6v   Tfi§   Tiufi§   Tfie  dyvdtoTou    ouvapThoeos
eie   T6   dltpov   fi   Td  dMpa   Too   6iaoTTiuaToe   6^olt^Tipd>oecoe,        fiTLe

Ttap€uBo^fi   eiodyE:i   Tto^b   dvd>Tepa   TG)v   eioayou€vov   ltaTd   T6v    d-

pLSunTilt6v   tjTto^oy Lou6v   TG;v   6^ow^TipcoudTcov   cxpd^uaTa.

AebTepov   6Ti   ltaTd   T6v  dpisunT"6v   bTto^oyiou6v 6^oM^Tipo-

udTcov   6€ov   6Ttcos   ytveTai   T[^fipns   €kueTd^^euoie   Tuxouo@v xapa-
ItTnpLOTLItc;v    t6LOTfiTov   Tfis   Ttp6s   6^olt^fipooiv   ouvapTfioeos Ttp6§

T6v   c"oTt6v   6TtcDs   €TTLTuyxdveTou   fi   ltaTd   T6   6uvaT6v     ueya^uT€pa

dltptB€La   €te   T6v   tjTTo^oyLou6v   €v6s   6^olt^r\pchuaTos   dveu    atjEfr

o€os   T@v   dTtaiTouuEvov   dpL8unTiw@v   tjTto^oy LouC)v,   TtdvTos  ltaT6-

TTLv   ue^€TTis   Tot)   6^ou   TtpoB^fiuaTos.    XapaltTnpLOTilt6v    oxeTilt6v

dvTiTtapd6eiyua   dTtoT€^€t   fi   tjTt6   Tot)   LONGMAN   {1958}        dvayoyfi,

ItaTd   T6v   ttTTo^oyiqu6v   €v6s   'L6Lou6papou   6^olt^npd>uaTos,Tot} 6La-

oTT|uaToe   6^olt^Tipd>oecoe    [-a,a]    Sis   T6   6idoTnua    [O,a]    ^6yap  Tfis
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i6L6TnToe   Tfis   6^ow^npouu€vns  ouvapTfio€oe  vd   €tvai   dpTtc"  u€
dTtoT€^€oua  i  dvanTuxsetoa  I)n6   TobTou  u€So6oc  vd  etvou    hul-
oetas  dwpLBetas   €vavTL   Tfic   dvaTtTuxS€tone  dpy6T€pov   tjIT6    Too

PIESSENS   {1970}   ue$66ou   ttTto^oyiouot)   i6iou6papcov    6^oM^npoud-

Tcov,    fi   6Ttota   u€So6os   Baoilt@s   6€v   6iaap€p€i   Tfie   Tot}       LONGRAN

Ttapd   ltas.   6Ti   6€v   €y€veTo   dvaycoyfi   Too   6LaoTTiuaToe 6^oM^npcb-

oecoe    I-a,a]    €Le   T6   6idoTTiua   [0,a].

TptTov   6Th    eLe   Tfiv   iTeptTtTcooiv   6Ttou   fi   TTp6e    6^o"^fipooiv

ouvdpTnois   fi   aL   ITapdycoyoi   at)Tfis  TtapouoidEouv  douvexetac wa-
Td  ufiltoc   Too   6iaoTfiuaToe   6^olt^npcbo€coe,   T6Te       tjTteio€pxovTaL

aiosnTd  cxpd^uaTa  "cHd  T6v  dpisunT"6v  tjTto^oy iou6v 6^oi{^Tipo-

udTcov..Edv   ttiTdpxn   €v  u6vov   Toiot)To     onuetov  douvex€tae ltaTd
ufiltoe   Too   6iChoTfiuaToc   6}oM^Tipd>oeos,T6T€  fi 6LdcmacTis  Too   6^ou
6laoTfiuaToS     Sis  6bo   6iaoTfiuaTa  dTTOTe^et   €vtoT€   utav    ^t)oiv
Too   TtpoB^fiuaToe   abToO.

T5TChpTov     65     6Ti    eLe   d]piouEvae   Tt€piTtTd>oeLs       Ttapd^eiuLe

Tfie   Seopfioeos   i6iouopapi@v   Tfis   Ttp6c   Ttpoo6Lopiou6v   €It   Tfie    €-

Tti^boeoe  uLae   i6iou6ptpou  6^ow^npcoT"fis   €Eiochoeoe   ouvapTfioe-

cos  TTpo"a^et   u"pd  ox€Tilt@s   cxpd^uaTa   ete   Tde         TtpoltuTtToboas
Tiude   Tfis   ouvapTfio€cos   TabTns   uaMpdv   Too   onuetou,   6iiou      iTa-

pouoidEeTou   fi   Ttpoava(pepseton   i6Louopapta.   Mta   TOLatJTn       6Tros
Ttapd^€iiuis  Seopfioecoe   Tfie   L6Louopaptas   6€v   ouvioTdTai   vd    yt-

veTai   €v   y€veL.

EXETIKAI   EPI.AEIAI   -IIAPATHPHEEIE:    I:xeTiw6v   u€   Thv    Tot-

TT|v   €"   T@v   dvaq)epseio@v   Sis   T6   Tufiua   ToOTo   TtapaTnpfioecDv  et-

vow   T6   dpspov   Too   RABINOWITZ   {1968},   6oTLe   €ue^€Tnoe  Tdnco-

Ma^obucva  oapd^uaTa
oecov,Tc~ov   6iTotov   oL

oidEouv  dQuvex€tae
abT®e   €te  Tt^etoTae
$66oue  dpLSunTLwfis

vd^oyoi   T@v   ete   T6

€k   Tfi§  dpisuTiTiltfic   6^olt^npd>oecoc ouvapTfr
Ttapdycoyoi   dTt6  uias   TdEeos  ltat   dvo Ttapou-
€vT6e   Too   6iaoTf`uaTos   6^ow^Tipd>oecoe.   `Qo-

€pvcotae   6M   TG)v  dvapepou€v®v   ete   Tde uc-
6^oM}npd>oeoe   ebptc"ovTou   TtapaTnpfioe is d-
Tufiua   ToOTo  dvaapcp9eiodiv.


