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rl .  rENIKOTHTEz]

Td  TtpoB^huaTa  pcoyuG5v,   &TLva   €u€^eThsTioav   ete   Td     Keapd-

^aLa  A  Mat   8,   66nyoov   Te^iw@e   €te   Thv   Ent^uoiv   ij.i&e   fl      Tt€-

pLoooT€pcDv   uiya6iw@v    16iou6papcov   6^oM^TipcoTiM@v   €ELod>o€cov   u€

nupfivas   CAUCHY  6uvau€vcov   vd  dva^uSoOv   E:ie   €v   oboTTiria     iipa-

yuaTiM@v   t6iou6papcov   6^oM^npcoTLw@v   €Eiod>o€cov   u€   nupfivae cAtJ-
CHY  ;     A€vovTee   €apeEfie    t6iou6ptpoue   6^oM^npcoTLMde      €Eiod>o€Le

Sd   vo@u€v   6^oM^Tipa]TLMde   €Eiod>oeie   u€   iiupfivas   CAUCHY   wac   6-

xi   dTt^@e   u€   Ttupfivae   iiapouoidEovTae   16Louopaptae   ete   Td  &Mpa
Too   6iaoTfiuaToe   6^oM^Tipchoecoe   ^6yap  TG)v   nLsavchTaTa     bnapxou-

o@v   ouvapThoea)v   Bdpoue.
ALd   Tfiv  .€Ttt^uoiv   uLd§    £6LOu6papou   6^OM^Tip®TLMfis       €ELod>-

oeco§   fi   ev6e   ouoTfiuaToe    t6iou6papa]v   6^oM^TipcoTLM@v      €Eiod>o€cov

bndpxouv   waTd   BdoLv   6bo   Tp6iioL   €pyaotae.    `0   cte   ouvtoTaTaL
€1e   Thv   &ueoov   €tpapuoyfiv   dpisunTLMdiv   u€$66cA]v   iTp6e   €TTt^uoLv

Tfis    t6Lou6papou   6^oM^TipcDTiMfie   €ELod>o€coe,    6   6'8Tepoe   ete   Thv

dvaycoyfiv   Tfis    16Lou6ptpou   6^ot{^TipcoTiMfie   €Eiod>oecoe   ete    loo6b-

vauov   6^oM^npcoTLMfiv   €EtocooLv   FREDHOLM,    €apapuoyT|v   6€         dpi-

SuTiTilt@v   u€S66®v   €ni^bo€cos   €Ttt   Tfie   T€^E:uTatae.    `0   6€bT€poe

o6Toe  Tp6Ttoe   €pyaotae   e[vai   Mat   6  ouvTi9€oTepoe,   ]tas'      6oov

u€So6oi   '€TtL^boecDe   6^oM^TipcoTL]t@v   6Eiod>occov   FREDHOLM         5xouv

dvaTtTuxsfi   Tto^^at,   ueioveMTet   6ucD§   €vavTi   Too   npd>Tou,   6L6TL

f`   u€TpaTpoTth      uLde    i6iou6ptpou   6^oM^TipcoTiwfie   eELod>occDe      eta

too6bvauov   6^oM^npcoTiMhv   EEtocooLv   FREDHOLM   6€v   e[vaL   dap'€-

v6e   T6oov  dTt^ii     €pyaota,   6TiuLoupy€t   6€   dtp'€T5pou   utav     dp-
ME:Td   Tto^uiT^6MOu   uooapfie   6^OM^npcoTLwhv   €Etocooiv   FREDHOLM.

`H   npd>TTi   u€So6oe,    Tfie   dTt'ebsetae   dpisuTiTLItfie      €iii^boecoe

Tfie    16iou6papou   6^oM^npcDTLMfie   €ELochoecoe,    5xeL   dvaTtTux8ii   ltat

i(papuoosfi   ltaTd   Td  Te^euTata  u6^ie   €TT|.   Z}uvtoTaTai   MaT'   dp-

xhv   ete   Thv   waTd  Ttpoo€yyioLv   dvTiMaTdoTaoLv   Tfie   t6Lou6papou
'6^oM^TipcoT'u{fie   €ELocho€oe   6L '€v6e   ypaij,ui7too   ouoThuaTos      €EL-

ochoccov     u€   dyvdioToue   €'JTe   Tds   TLuds   Tfie   dyvchoT`ou     ouvapTh-

o€a]e    (fi   T@v   dyvd>oTcov   ouvapThoecov   cie   ii€ptTtT®oLv   oitoTfiuaToe



leo

i6iou6papov   6^ow^npcDTLM@v   €Eiod>oeov)    €CTe   Tote   ouvTe^eoTde

eLe   T6   dvdTtTuyuch   Tfie   dyvchoTou   ouvapTfioecDc   Sis   oeipdv     yvo-

oT@v   6psoycovtov   ueTaEt>   Tov   Tto^ucovtJucDv.

KaTd  Td  Te^euTata   €TTi   dveTtTbxsnoav   d>oabTcos  ai      u€So6ol

dpisunTiltoo   biio^oyiouot}   t6iou6ptpcDv,   kaTd  CAUCHY,   6^ow^npo-

udTcov.    'Ew   TobTcov   f\   Ita^uT€pa   etval   f\   uESo6os        dpISuT|TLItfis
6^olt^T|pd)oecos   GAUSS,    fiTis   Ttap€xeL   Td   iT^5ov   dwpiBfi      dTtoT€^€-

0|JaTa   u€   Thv   at)Thv   lToo6TT|Ta  dpLSuT|TiM@v   t)Tto^oyioud>v,         €dv

ouyMpisfi   u€   Tds   d^^ae   ue$66oue   dpLSuTiTiMfi§   6^oM^npd>oecoe. `H

€apapuoyfi   Tfis   ues66ou   6^ow^Tipd>o€cos   GAUSS   eLs   t6i6uopQa   6^o-

w^npchuaTa   fi^8e   Tp6Ttov   TLvd  d>s   apuo"fi   ouv€iTeia   Tfie     dvaTtTt)-

Eeco§   Tfie   ue$66ou   at)Tfie   6Ld   Td   MOLvd   6^oM^npd>uaTa   d>e   MCht    Td

6^olt^npcbuaTa  u€   ouvChpTfioeis   Bdpous   TtapouoiaEoboac   t6Louop-

aptas   eLs   Td  dMpa   Too   6iaoTfiuaToe   6^ow^npd>oecDe.
Ets  .T6   Ke¢Dd^aiov   Tot)To   c"oTt6v   Has   Sd  dTtoTe^€on   fi   yevt-

MeuoLs   Tfis   ue$66ou   6^oM^TipchoecDs   GAUSS   6i' t6L6uopapa   6^olt^Ti-

pd>uaTa,   d>oTe   vd   TTepL^dBn   wac   d>piou€vae   TtepiiiTchoeis      ouvap-
Tfioeov   Bdpous   ltat   6laoTT|udTov   6^olt^T|pc6oecov   ufi   €EeTaoselo@v

u€xpl   To06e,    eL   ufi   6id  Moivd   6^oM^npchuaTa,   d>oauTcos     6€        fi

xpTioiuoTtotnoLs   TG}v   ue$66cov   dpLSunTiMfie   6^olt^npd>oeoe      RADAU
Mat   LOBATTO      6i.t6L6uopapa   6^ow^TipcbuaTa.    At   u€So6oL         ChbTaL

boT€poooaL   waTd   Thv   dwptB€iav   Tfie   ue$66ou   GAUSS      6cLMvbov-

Tou   €v   TobToie   xphoiuoi   ets   iTo^^ds   TtepiTtTd>oeLs.      Ai.      6^ov

TobTov   TG}v   dpisuTiTilt@v   ue$66ov   6^oM^npd>oecoe      €TtLTuyxdvouev

Tfiv   dvTL"aTdoTaoiv   T@v   t6iou6pQCDv   6^olt^npoudTcov   T@v      t6Lo-

u6papcov   6^olt^npoTilt@v   €Eiochoeov   u€   dspotouaTa.   Ai     &yvooToi
ouvapTho€ie   €uapavtEovTou   Tt^6ov-eie   ouyMewpiu€va   oTiuetCh   T@v

6iaoTnudTcov   6^oM^Tipd>oeos.   Te^ilt@s   6€,   d>e   Sd  6eixsfi   6v  ouve-

xetq,   uta   16i6uopq>o§  6^o"^TipoT"h   €Etocoois   fi   €v  ot)oTnua   t-
6iou6ptpcov   6^oM^npcDTiwc}v   €Eiod>o€cDv   6bvaTai   vd  dvaxsfi           €te

Tfiv   €nt^`uoLv   ev6e   ypauuLMoO   ouoThuaToe   €ELod>oecov.   06Toe   6€

etvai   6   BaoLw6s  ^6yos,   6i.6v  TtpoeTiutioauev  T6v  dvoT€po  €It-
Tes€vTa  Tp6Ttov  dpisuTiTiltfis   €Tti^tJoeos   16iou6ptpov     6^oM^npo-

TiMdiv   €Eiocho€cov.    'EMT€^OovT€s   6^tyoue   OxeTiMG)e         dpisuTiTL-
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wobe   t)Tto^oy Louob§   et)ptoitouev  diioT€^€ouaTa  ox€Tilt@e   ueyd^Tie

dMP L B€ ta§ .

M€Td   Tfiv   €Ttt^uoLv   Too   ypauuL]too   ouoTtiuaToe         €ELocho€cov

Sd   yvcoptEcoucv   Tde   TLude   Tile   dyvd>oTou   ouvapTtio€cos   eie     Guy-

MeMPLUEva,    d>e   npoE:^€xSTi,    oTiTj,eta   Too   6LaoTT|uaToe      6^oM^Tipch-

o€co§.    'Edv   €iiLSuu@u€v   6ucoe   vd   €xcDu€v   utav   5Mcopaoiv   Tfie   ETi-

Touu€vne   ouvapTho€cDe   Mas'6^ov   T6   ufiMoe   Too   6LaoThuaToe     6-
^OM^npd>O€cO§,    T6T€   Ttp€n€L    vd   €apapu6OcOu€v   Thv   dpL9uTiTLMfiv Trfe-

So6ov   Tfi§   TTapcij,Bo^fi§,    €pyao[av   BeBatcDe   obxt   6uoxepfi.
'Edv   ouyMptvcouev   T€^oe   Tde   fi6Ti   dvanTuxS€toae        u€$66ous

dii' ebsE: toe   €nL^bo€cos    t6Lou6papcDv   6^oM^ripcoTLIt@v            €Eiod>oc®v

u€Td   Tile   €vTaosa   €MT€STioou€vne,   sd   6LaTtLOTchocDu€v   6TL         E:1e

d)pLouEvas   ii€pinTcho€Le   Ch6TaL   TtpdyuaTL   €tvaL    foo6bvauol         u€

Thv   16LMhv   uae,    eLe  &^^ae   6ucos   ii€piTtTchocie   biidpxouv     ooBa-

pat   6Laapopat,   atTLvee   6€v   ltaT€oTn   6uvaT6v   vd,       epuTiv€uSoOv
u€xpL    To06E:.    IILOT€bE:TaL    ndvTcoe   6Ti    f\   MdTCDSL    €MTLS€u€vTi   u5-

S06Oe   dpLsunTLMfie   6Tti^tto€coe    t6LOu6papcov   6^OM^TipcoTL7{@v       €EL-

ocho€cA]v   €tvou   f`   Tt^€ov   dltpLBfie   Mat   oi)oTTiuaTiM@e      iiapouoLaEo-

u€vT|   €E   6^cDv   T@v   u€xpL   To06€   napouoLaos€Lod)v.

EXETIKAI   EprAZ}IAI   -IIAPATHPHZ:EIZ}:    ®ecopoou€v   c"6Ttiuov  vd

6chocouev   €te   T6   oTiuctov   ToOTo   Tfiv   BLB^Loypatptav   Tf`v  ox€TLwfiv

uE   Td§   ue$66oue   dpLSuriTiwfie   6^o]4^Tipcho€cDe   waL   'Td xpnoLuoiioL-

obu€va   ele   TabTae   ouoTfiuChTa   6p8oycovta)v   TTo^ucovbucov. uOoov    d-

apop¢  6€   €Le   Tde   oxeTiMde   uE   Tde   ue$66oue   €nL^boecDe  L6Lou6p-

apcov   6^oM^TipcoTLwdiv   €ELochoea]v   €pyaotae,   Sd  dva(p€pcouev   6oae  €M

TobTCDv   8xou€v   tJTt.    6iLJLv   wac   Mptvou€v   dELo^6you§   ets   T6     €Tt6-

uevov   Tufiua  r2.
'APMeTd   oToixeta   €nt   Td}v   ue$66cov   dpLSuTiTIMfis   6^oM^r`p(boe-

cDe   Ma,i   ituptcDe   €Ttt   T@v   uc$66®v   GAUSS,    RADAU   Mat   LOBATTO,  at-

TLvee   Mat   waT'€Eoxfiv   8d  u&e   dnChoxo^fioouv   MaTcoT€pcD,  6uvduesa

vd   et}pcouev   waT'   dpxfiv   E:ts   6^a   Td   BLB^ta  dpLSunTIMfie    dva^b-

o€®e.   MeTaEb   6€   Tdiv   BLB^tcov  at)T@v   6uvduesa  vd  dva(p€p®uev  Td

Tdiv   HILDEBRAND    {1956},    KOPAL    {1961},    RALSTON    {1965}    d>e     Mat
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T6   It^aooLM6v   obyypauua   Tot)   MINEUR   {1952},    6oTic              Lie}eT¢

Tt^etoTa   TtpoB^fiuaTa   dpit}unTLw@v   6^olt^npd>oecov. ` QoabTcoe      Tto^b

xpTloLuov   etvaL   wac   T6   obyypauua   T@v   DAVIS   and        RABINOT`TITZ

{1967}    T6   dvaap€p6uevov   dTtoM^eLOTiw@s   eLc   Tdc   ue$66ou§   dpi-

SunTiwfie   6^oJt^T|pcboeos   ltat   TtepL€xov   oxeTLwd  TtpoypduuaTa     t)-

Tto^oyioToO   d>s   Mat.  it^hpn   oeipdv   oxeTLJt@v   TtapaTtouTt@v.   EOxpn-

oTov   T€^os   TTapcmouTthv   6Ld   TTpoB^fiuaTa  dpisunTiw@v   6^ow^npd>-

oecov   dTtoTe^et   T6   dpspov   TG}v   DAVI,S   and   POLONSKY   {1965},    ets

T6   6iiotov   TTepi}quBdvovTal   wat   T[Lvaltec  TeTunu€vcov   dje Mat  Ba-

p@v.

II^Eov   ouyxp6voue  dvaTtTt)Eels   Tot)   TtpoB^fiuaTo§   T@v        dpi-

SunTiMGiv   6^ow^npd>oeov   €tjptc"ouev   €E   d^^ou   els   Td  &p8pa   T@v

TAKAHASI   and   MORI    {1970,1971}    d>c   ltat    TG)v   DONALDSON   and   EL-

LIOTT   {1972}   6Ld   6idoTnua   6^ott^npd>oecos   dTtoTe^o0v   Tufiua   Tot}

TtpayuaT"oO   dEovoe   ltat   eLc   T6   dpspov   Too   FORNARO  {1973}  6id

6LdoTnua   6^o"^npchoeos   M^eLOTfiv   €iT[Tt€6ov   ltauTtt)^nv.
•ETtt   T@v   ue866ov   dpLSunT"fi§   6^ow^npchoecos   GAUSS,      RADAU

Itat   LOBATTO,   aL   6Ttotou   wac   ltuptcoe   uas   €v6iaap€pouv,         6i6Ti

etvou   ltat   al   Tt^6ov   dltpiBete   iTpawTLM@e   eoxpT|oToi   u€So6oi   d-

pisunT"fie   6^olt^npd>oeoe,   Tt^fipns  dvdTtTUEis   ebptolteTou        ete
Thv   u€^€Tnv   Too   BOUZITAT   {1952}.-Ev   Ttp6B^nua   Be}Tid>oeo§  T@v

uE$66cov   GAUSS   Mat   LOBATTO   6id   Ttpoos€oecoe   onu€tcov   €EeTdEouv

€Tttone   ol   PIESSENS   and   BRANDERS    {1974}.
uOoov   dapop¢  TtepaiT€p®   ets   Tfiv   6wTtunoLv   Tot}        oapd^uaToS

T@v   ue$66ov   dpisuTiTiwfic   6^ott^npchoecoe,   5xouv   6nuooieus,fi Tto^-®

^d  oxeTlwd  dpspa,   ueTaEt   T@v   6Ttotcov   6uvduesa  vd  dvatp€pcDuev
Td   yeviM@s   dvTiueTcoTttEovTa   T6   Ttp6B^nua   Tot}To   dpspa   T@v   TU-

AN    {1971},    TAKAHASI   and   MORI    {1970,1971}    Mat   DONALDSON   and

ELLIOTT   {1972}   d]s   ltat   Td  dvaapep6ucva  u6vov   eL§   Tde        u€86-

6oue   GAUSS,    RADAU   fi   LOBATTo   dp9pa   T@v   MCNAMEE   {1964},   CHA-

1`JLA   and   JAIN    {1968A,1968B},    RABINOT^JITZ    {1968},    CHAWLA  {1968,

1969}    wac    KAMBO    {1970,1971}.

Aid   Tfiv   TtpawTiwfiv   6apapuoyfiv   T@v   ue$66®v   dpisunTiMfie   6-

^olt^npd>oeos   GAUSS,   RADAU   wac   LOBATTO  xpno`iudiTaTov   etvui   €-
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Tttone   T6   BiB^tov   T@v   STROUD   and   DON   SECREST   {1966},    eL§   T6

6notov  "epi^auBdvovTaL,   n€pav  Tfi§  9ccoptas,   €wTevcts     ntva-
wee   TeTUTiu€va]v   Mat   Bap@v   dTtapatTnToi   6Ld   Tfiv   €apapuoyhv   T@v

TtpoavcxpepseLo@v   ue$66cov   dpisuTiTLItfis   6^ot4^Tipd>occoe   eis     ouy-

weMoiu€va   TtpoB^fiuaTa.   OL   TttvaMee   o6TOL   Ma^bTtToub   Td` `ouvTi-

SeoTepov  nQpouoiChE6ueva  6 LaoTfiuaTa  6^oM^npd>oeco§   wac  `ouvdb-

Tfioeie   Bdpobe.

M€   et6iMds   Ma[   €v   y€veL   oTtavtcoe   napouoLaEou€vas     nepL-
lTTd)oeis   ouvapTfioECDv   Bdpous   Mat   dvTioTotxcov   6LaoTnudTCDv     6-

^oM^npd)oecDe   gxouv   doxo^risfi   ueTaEb   T@v   d^^®v   wac   oL  BERTHOD-

ZABOROWSKI    {1952},    STEEN,    BYRNE   and   GELBARD    {1969},    DENLOY

{1973},    KUMAR   and   JAIN    {1974}   Mat   KUMAR   {1974},    otTLv€e   d-

v€nTUEav   Tde   dvTLOTotxoue   uopapde   Tfie   ues66ou  dpL9uTiTiMfie 6-

w^Tipd>oecoe   GAUSS.
uooov  dq]op¢  dtto^obsa]e   ets  T6  np6B^nua  Too  dpi9unTIJtot} b-

Tto^oy iouoo   t6iou6papcov,   MaTd   CAUCHY,   6^oM^Tipa>udT®v,         ToOTo

dvT€ucTcoTttosT|   waT'    dpxhv   uEv   ttn6   T@v   LONGMAN   {1958},    STEW-

ART   {1960}   Mat   PIESSENS   {1970},   otTiv€s   €n€Tuxov   6Ld        Te-

xvaoudTCDv   vd  dpouv   Tfiv   L6iouop(ptav,   npocxpdTcos   6€   t>n6        Too
HUNTER   {1972}   Mat    Tdiv   CHAWLA   and   RAMAKRISHNAN   {1974A},    ot-

TLvee   €TteE€TCLvav   Tfiv   €apapuoyfiv   Tfie   ues66ou  dpisunTiJtfie   6-

^ow^Tipd>oE:®e   GAUSS   ttat    gis   Tfiv   TteptTtTcooiv    t6iou6p(pcov         6^o-

M^npa)udTcov. `QoabT®e, oL   PAGET   and  ELLIOTT    (PAGET and ELLIOTT

{1972},   ELLIOTT   and   PAGET   {1975})    dv€nTUEav   u€So66v   I)Tto^o--

y LouoO   i6iou6papa)v   6^ott^T|pcDudTCDv   6L '   dvanTbEecos   Tfis        dyvdt-
oTou   ouvapTfioea>e   €Ls   oeLpdv   6psoycovtcov   Tto^ucovbucov,6   HUNTER

{1973}   ttn€^6yioev   t6i6uopapa   6^o+t^TipchuaTa  6id  xpfio€coe        Tfie

ue$66ou   dpi8uTiTiwfie   6^ow^npd>oecoe   ROMBERG,   ot   6€   CHAWLA   and
RAMAKRISHNAN   {19748}   dv€nTUEav   u€So6ov   tJTto^oyiouoo         t6lo-

u6papcov   6^ow^TipcDudTcov   uE   Ttupfivas   nepio6iwde   ouvapTfioeLs.
ALd   Tfiv   dvdTtTUELv   T@v   ue$66®v   dpisuTiTit4fie   6^ok^npd>oecoe

GAUSS,    RADAU   Mat   LOBATTO   dnapatTTiToe   ervai   f`   yv@ol`s        a)pL-

Ou€VcDv   oTOLxet®v   €M   Tfis   Secoptae   Mat    T@v    t6ioTfiTCDv   T@v      Mu-

picoT€pcov   ouoTTiudTcov   6psoycovtcDv.  Tto^ucovbucDv.   K^aooLM6v      axe-
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TLw6v   obyypauua   etvai   T6   Too   SZEG6   {1959},   T6  6notov     Ttpa-

yuaTebeTai   ]taTd  T6v  Ma^bT€pov   Tp6nov  Ttdv  S€uci  dapop@v        €te
Td  ouoTfiuaTa  6psoycovtcov  no^ua]vbucov.   Xpfioiuov  d)oabTa>e       ttat
eblto^d>Tepov  ttaTovonT6v   e[vai   Mat   T6  obvypauua  Too     TRICOMI
{1961}.   T€^oe   Tde   t6i6TTiTae   T@v   6Laap6pcov   ouoTTiudTcov     6pSo-

ycovtcov  no^ucovbua]v  6uvduesa  vd  €bpa)uev   ete  Tt^etoTa       BIB*ta
Mat   €yxeipt6ia,   u€TaEb   T@v   dT[ot®v  6uvdueSa  vd       dva¢p€pa)uev
Td   BLB^ta   T@v   RAINVILLE   {1960}   t4at   BELL   {1968},    ete   Td     6-

nota  ue^€T@vTaL   aL   wupid>Tepai   iTapouoiaE6uevai   ele     6Ldq>opa
npoB^fiuaTa   et6iMat   ouvapTfioeLe,   d>e  wac   T6  oxeTiw6v  u€        Td

ouoTfiuaTa  6pSov®v tcov   no^ucovbucDv  dpspov   Too          HOCHSTRASSER

{1965J   T6  Ttepi^auBav6u€vov   eis   T6   xpTioLirdTaTov   €yxeLpt6iov
T@v   ABRAMOWITZ   and   STEGUN   {1965},   T6   6notov   dva¢p€pei  Td§  t-

6L6TTiTae   T@v   Tt^etoTa]v   ouvfiscoe   TtapouoiaEou€vcDv     ouvaptfioeav

ouvo6€uou€vae   ud^ioTa  ttn6  dpisuTiTLw@v   TtLvdwav   TLTrfev           T@v

ouvapTfio€a)v   TobTa)v.
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r2.Erll   TQN   ¥®`Iz:TAMENQN   ME®oAQN   EIIIA¥z:EQE       IAloMoP-

®QN   OAOKAHPQTIKQN   EEIZ:QEEQN

®ea>phocDUE:v   Tfiv    16L6uopapov `6^oM^npcoTLIttiv   €Etocooiv    :

ap (x) + (:K(t,x)ap(t)dt   =   f (x) (1)

u€   Tde   ueTaB^nTde   t,x  TtpayuaTiMds   7{at   €vT6e   Too     6.LaoTT|ua-
ToS     [a,B]   .    `0   Ttupfiv   K'(t,x)    S€copetTai   iTapouoidECDv         t6Lo-

uopaptav   TbTtou   CAUCHY   els   Tfiv   S€oiv   t   =   x,   fiToi   5xouev    :
K1(t,X)

K(ttx)    =         t_x      +K2(tJX)J (2)

€V8a  KL(t,x)   wac   K2(t,x)   ouvexete   ouvapThoeie.'AveEapThTaJe

TobTou   6  Ttupfiv   K(t,x)   6bvaTai   vd  TtapouoidEn   t6iouopaptae  rat
gis   Td  dltpa  a   Mat   a   Too   6LaoTfiuaToe   6^oM^Tipd>o€coe.    `H   &yvco-

oToe   ouvdpTnoLe   ap(t)   Secop€tTai   ndvTcoe   ouvexhe   €vT6e           Too

6 iaoTfiuCiTo§   6^olt^npchoeos.
Hp6§   €Ttt^uoiv   Tfi§   dvcDT€pco   i6iou6papou   6^oM^Tipa`Tiwfie   6E-

Lod>oecoe   6uvdu€Sa  vd   €pyaosG)uE:v   d]e   €Efi§    :   rpdapou€v        TabTTiv

bTt6   Tfiv   MdTcosL    too6bvauov   uopapfiv    :

ap(x,  ( i+   I:K,t,x,dt )  i:K(t,x)   { ap(t)ip(x)  }  dt  =  f (x) (3)

Tfie   ouvapThoecoe   ap (x)    S€copouu€vrie   €Tta^TiseuoboTie   Tfiv   ouv-

ShMnv   H6LDER,   T6   6ebTepov   6^oM^fipcoua   6bvaTaL   vd   bTto^oyLosfi

MaTd   npoo€yyLoiv   dpLSunTLM@e,    5oTco   6Ld   Tfi§   u€$66ou   6^oM^Ti-

pd>o€cDs   GAUSS,   dvTLMasLOTdu€vov   ot)Tcoe   t>Tt6-d9potouaToe.       `Q-
oabTcoe   fi   ouvdpTTioLs    :

y(x)    =   i+ 18Ja
K(t,x)dt (4)

6bvaTaL   vd   Se®pTisfi   d>e   yvcooTh,   6Tt6Te   i    t6L6uopapoe   6^oM^T|pco-

TiMh   €Etocoois    (3)    dvdyE:Tat    ete   T6   MdTCDSL   oboTTiua   ypChuuLMdiv

€Eiod>o€d>v    :

n
y(Xk)tp(Xk)+i¥LA±K(X±txk)  tap(X±)ap(Xk)   }     =   f(Xk)t
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i,k    =    1,2 ,..., n,                                                                                                                (5)

€Vsq   Td  OT|uE:ta  Xi   Mat   xk   etvou   aL   TeTunu€vaL   at   xapakTT|PL   -

OTLMat   Tile   xpnoiuoTtoLns€toTi§   u€$66Ou   dpLSuTiTiwfie      6^OM^Tipd>-

oecoe   Mat   ot   ouvT€^eoTat   A.    Td  dvTtoTOLxa   Bdpn.   T6        oboTTiuai
ypChuuLM@v   €ELochoecov    (5)    etvaL   oboTT|ua   n   €Elodtoecov   u€      n      d-

yvd>oTous,   Td§   Tiuds   Tfic   ouvapThoeoe   ap(x)    etc   Td  onueta     Xkt
Td  6TtotCh   €tvai   Td  at)Td  u€   Td  oTiueta  xi,   €Tti^u6uevov   66     6t-
6ei   Tde   Tiude   Tfie   dyvd>oTou   ouvapTho€cDs   ap(x)    ets   Td        SeopTi-

$5vTa  oT|ueta.   Aid  TtapeuBo^fis   6bvaTaL   TtepaLT€po  vd        Ttpottbun

8Mappaoie   Tfi§   ouvapTho€coe   ¢o(x)`  6Ld   Mds€   oTiuetov   €vT6e           Too

6 LchoThuaToe   6^oM^npd>oecoe.
`H   u€So6oe   at)Tn   €TtL^tioeos   t6Lou6papov   6^olt^TipoTiM@v      €Ei-

ochoecov   dveTtTbxsTi   OTt6   T@v   KANTOROVICH   and   KRYLOV   { 1958,Ch.IL

§2}   ,   u6vov   6€   ueiov€ItTnua  TabTns  dTtoTe^et   T6   yeyov6e     6Ti

6   tJno^otLqu6e   Tfis  napaoTdoecoe   :

K(x±,xk)tap(x±)-ap(xk)}    ,             6idxi    =Xk

etvaL   6uox€phe,   6€6ou€vou   6TL   ^6yap   Tfie   ouuTtepitpopde    (2)    Too

Ttupfivos   K(t,x)    etvaL   Tfie   uopapfis   0:0.    I:uvLOTCITai   BeBatos         6

tJTto^oyicru6e   TTie   6i,d  TtapeuBo^fis,   €oTo  ypauuiltfis,   6Te     Ttpo"tJ-

TtT€l,     :

Ktxk,xkt   {aptxki-tptxki  }     =   ¥±=:-rtxk,xk_]J  {q>txk_]t-

-ap(xk)  )
Xk-Xk-i

Xk+1-Xk-1
K(Xktxk+1)   {  tp(Xk+1)ap(Xk)   } (6)

`H   TolatJTr|   6uoc   TtapeuBo^h   etodyeL   otpd^ua,   T6   6Ttocov      et-

vai   dvcoT€pae   TdEeoe   Too   ot?d^uaToc   Too   6apei^ou€vou   ets        Thv

dplsuT|Tlwfiv   6^olt^fipcoolv,    i6toc   6Tav  aoTTi   etvai     6^olt^fipools

GAUSS.   IIpdyuaTi   fi   6^ow^tipoois   GAUSS     u€   n   onueta          etodyel
oapd^ua;   €q>'6oov   f`   6^oM^Tipouu€vii   ouvdpTTioLs   ctvaL   Basuoo      2n

fi   Mat   u€ya^uT€pou,   6v¢  f`   ypauuiwh   TTap€uBo^h   €todyel   oapd^ua,
€diJ   €(papuoo9fi   €nt   ouvapThoecoe  u6^is  6euT€pou  Basuoo.   IIapcu-

Bo^h   dva]T€pae   TdEecoe   ueLd>vei   u€v   T6   otpd^'ua,   €v   Tot'JToi§   6ua)e
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€EaMo^ouset   vd   Etvai   dveTtapwhe   oxeTiw@§   u€   Thv   biLin^fie  dwpl-

Betas   u5So6ov   dpLSuTiTiMfis   6^oM^npd>oecoe   GAUSS.
Mta   eT€pa  6uox€p€La   Tfie   ues66ou   TabTTie   €TtL^boccoe      t6Lo-

u6ptpcov   6^ott^npcDTiM@v   €ELod>oea>v   etvaL   6TL   6   bno^oyLou6e      Tfi§

ouvChpThoccos   y(x)    Too   TbTtou    (4)    Ttisav@e   TtpaMTLw@e   vd     iTapou-

oidEn  atosTiTd§  6uc"o^tas.
Ado  &^^aL   u€So6oi   €ni^boeco§   t6iou6pq]a]v   6^ow^npcoTlw@v  €E-

iod)oecov   etohx8noav   bTt6   T@v   ERDOGAN,   GUPTA  wac   d^^cov   u€   oe.L-

pdv  &pspa)v  u€   €(poipuoyde  Mupta>e   ets  TtpoB^huaTa        ebsuypduucov
pcoyu@v.    I:bvoiLiLv   T@v   u€$66cov   TobTcov   dnoTe^et   T6   dpspov        T@v
ERDOGAN,   GUPTA   and   COOK   {1973}    ,    et§   T6   6notov   wac   napou€u-

Ttouev .
'Au¢p6T€paL   aL   u€So6oL   ouvtoTavTai   el§   Tfiv  dvaycoyhv     uLde

t6iou6papou   6^ott^TipcoTLMfis   €Eiodtoccoe   fi   ev6e   ouoThuaToe      i6Lo-

u6papa)v   6^ow^np®Tlw@v   €Eiod>oea]v   ete   8v   ypauuLw6v   oboTT|ua  n€-
Ttcpaou€vou  dpLSuoO   €ELodtoecov.   KaTd  u€v   Thv   utav   u€So6oV     &-

yvaDOTOL   Too   ypauuiwoo   TobTou   ouoTfiuaToe   €Eiod>oca)v   €tval      ot
ouvTe^eoTat   Too  dvaiiTbyuaToe   Tfis  dyvchoTou  ouvapThoe®e     ap(X)

(Sea]pouu€vTie  ouvexooe   €vT6s   Too   6iaoThuaToe  6^ow^npcho€®© ete
oeipdv  u€   6poue  MaTdMn^a  6psoychvia  no^ud>vuua  pn(x)   d>e  Ttp6S
ouJdpTnoLv   Bdpoue  w(x)    LwavonoLoooav   Td§   t6Louopaptas          Too
TtpooeyyiEou€vou  6^oM^Tipd>uaToe   cte   Td  dwpa  Too        6LaoThuaToe

6^oM^Tipd>oecoe.    "Exou€v   6n^a6h   6i,d   Thv   dMo^ou9tav   T@v   6p9o¥co-

vtcov   ITo^u®Vbucov    :

I:W(X)Pin(X)Pn(X)     =    0,                        n    7   in (7)

wac   9€copoouev   T6   dvdTtTuyua   Tfie   dyvchoTou   ouvapThoecoe   ap(x)   Tfie

uOp`pfie    :

n-1
ap(x)    =   i!oAipi`x). (8)

Oi   ouvTe^eoTat   A.   Ttpoo6ioptEovTai   €It   Tfie   ^tJoecos             Tooi
TtpoMbTtTovTo§   €w   Tfi§    16Lou6papou   6^oM^nocoTiMfie   €Eiod>oea>e   ycx]lJr

uiMoO   ouoThuaToe   €Eiod>oea]v.
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`H   u€So6oe   abTTi   €apTipu6osn   u€   6LaoThuaTa           6^oM^npdto€coe

[-i,i  ]   ,   €te   Td  6Ttoca  6bvaTaL   BeBatcoe   vd  dvaxsii   wac        n&v
€Tcpov   6LdoTTiua   6^oM^npchoea]e     [a,B]   ,    €ap'6oov   Td  a   t4at         8

€tvaL   Tt€ii€paou€von   AEv   €apTipu6oSTi   ete   6iaoThuaTa   6^oM^npd>   -

o€coe   uE   T6   8v   fi   Mat   duap6T€pa   Td  &]{pa  abT@v   T€tvovTa   cLe   T6

±co  .    BaoiM6v   uE;LovEMTTiua   Tfie   ucS66ou   TabTn§   etvai   6TL            f`

oeipd    (8)    d>q>ei^ev   6TToe   etvou   diTeipos    (n  +   co  ),    6   6€      Ttepio-

pLou6e   TTie   ct§   n€iiepaou€vov   n,   6oTie   diioB^€TteL   eLe   T6        vd
Ttpoltbun  €Jt Tfie    t6Lou6ptoou   6^olt^TipcDTiMfis   €ELod>oecos         TteTtepa-

ou€vov ,oboTr|ua  n   ypauulMG5v   €Elochoeov   u€   n  dyvd>oTous,   ueld>-

v€L   Thv   dMptBeLav   Tfie   u€$66ou,   f|TLe   Sd   fiTo   n^€ov   dJtpiBhe,

u6vov   €¢D.6oov   fi   &yvooToe   ouvdpTT|ois   q>(x)    fiTo   Basuoo   T6   Tto-
^t,  u€xpl   (n-1,.           ,

`H   Ttpd>Tr`   abTTi   u€So6oe   €Tti^boccDe    t6iou6pap®v      6^oM^TipcoTi-

M@v   €Eiod>o€®v   Tt€pav   Too   Ttpoavat?eps€vToe   &pSpou   T@v ERDOGAN,

GUPTA   and   COOK      {1973}      dvaTtTt)ooeTai   wac   eLs   T6   &pSpov   Too

ERDOGAN      {1969}    ,    €apapuoyde   TTie   6€   €bptc"ouev   ete   Td  &ospa

T@v   ERDOGAN   and   GUPTA       {197lA}   ,      {19718}   ,    {   197lc}   ,     {19728}

Mat    ete   T6   dpspov   T@v   RATWANI   and   ERDOGAN      {1973}    .
`Qc   €Ttt   T6   Tt^etoTov   oi   Ttupfivee   T@v    i6iou6papov   6^ow^Tipco-

TLWG)v   €ELod>oecov   €xouv    L6iouopaptae   et§   Td  &Mpch   Too      6LaoTh-

uaTos   6^oM^Tipd)oeos   TdEeos   ±1/2,   Ttpdyua   T6   6Ttotov         .66nyet
€ie   Tfiv   xpnoiuoTtotTioiv   d>§   6psoyovtcov   Tto^ucovbuov   Tc)v     Tto^u-

covbuov   CHEBYSHEV   Ttpd>Tou   ltat   6euT€pou   et6oue.
`H   6€uT€pa   u€9o6oe   €iii^boeco§   t6iou6ptpov        6^oM^TipcoTLM@v

€Eiochoecov   f`   dvaTtTuooou€vTi   €ie   T6   Ttpoavorpep8€v   dpspov        T@v

ERDOGAN,    GUPTA   and   COOK       {1973}    ,    fiTl§   6uoldEel   Tto^b            u€

Thv   I)ap'f`uG)v   xpTiouuoiioLTisnoou€vTiv,   ouvtoTaTaL   ete   Thv     dva-

ycoyhv   Tfie    t6iou6ptpou   6^oM^npcoTLMfie   €ELochoe®e,     fi       dva^6you
ouoTfiuaToe   6=Locho€cov,    ete   ypauuLM6v   oboTTiua   €Eiod)oecov        u€

dyvchoToue   Tds   Tiuds   Tfis  Ttpoo6iopioT€ae   ouvapThoea]s,   fi     T@v
Ttpoo6iopioT€cov  ouvapTfioecov,   ets   ouylteMpiu€va  oT"eta          Tot)
6ichoThuaToe   6^oM^npcho€coe,   T6   6iiotov   €EaMo^ouS€C   vd     Secopfi-

Tou   d]§   T6       [-I,1]     .   rlp6§   ToOTo   6   Ttuphv   Too   L6L.ou6papou   6^o-
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It^npd>uaTo§   K(t,x)    SeopetTou   Tfic   uopcDfis    :

K(t'x,   -(£+k(t,x,)  w(t,, (9)

€vsa  A  oTasepd,   k(t,x)   ouvexhe  ouvdpTnoi§   €vT6s   Tot)  6LaoTfi-

uChTos   6^oM^npd>oeoc   Mat   w(t)    fi   ouvdpTrious   Bdpoue   fi   6q>eL^ou€-
vn   et§   Tds   L6iouopaptas   Tot}   iTupfivos   fi,   6Ttep   Tat)T6v,   Tfi§     dp-

pxilt@e   Ttpoo6iopioT€as   ouvapTfioecos   ete   Td  &wpa  Too  6iaoTfiua-
To§   6^olt^Tipd>oecoe.

•Awo^oU0coe   T6   u€v   ufi    i6i6uopapov   Tufiua   Tot}   6^olt^Tipd)uaTo§,

u€   Ttupfiva  k(t,x)w(t)  ,   I)Tto^oytEeTou   6i'dpisunTiwfis   6^olt^npd>-
oecoe   GAUSS,   T6   6€    t6L6uoptpov   Tufiua   Too   6^olt^npchuaToc,  u€  Ttu-

pfiva  fw(t)    OTto^oytEeTaL   u€   Tto^tJiT^oJtov   Tp6Ttov      €EapTd>uevov
€M   Tfis   ouvapThoecoe   w(t)    Mat   oTnpLE6uevov   eL§   Tds      t6i6TnTas

T@V   dvTIOTotxcov   6PSOYcovtov   ITO^ucovt)UOV.     .0   TOLot)TOG         TP6Ttos

6^ow^npcboecos,    ItatTOL   ap€peTaL   d>s   dltpiBT|s   u6vov   6i.6^oM^Tipou-

u5vae ouvapTfio€ Le uexpi  Basuoo  (n-1 ),   n€pav Tfic oiJvapThoecoc  Bd-
L)oue   w(t)  ,    €v   TobTOLe   €tvaL   dt4piBhe   6id   Thv   neptnTcooLv   ouv-
apThoeov   Bdpous   :

1
w(t)   =    (I_t,±z(I+t,±! (10)

6i.6^ow^npouu€vae   ouvapTfioeLe   u€xpi   Basuot)    (2n-I)  ,      Ttp6kei-

TaL   6€,   dje   Sd   €ItTesfi   Ev   ouvex€tq,   Mat.otJotav   6i.dpLSunT"hv

6^oIt^fipooLv   TblTou   GAUSS.
`H   u€So6oc   at)Tn   6^olt^Tipd>oecoc   €apapu6E€Tou   6i.    t6iou6papoue

6^olt^T|PcoTLItds   €ELocho€ls   Tfis   Hop(Pfis    :

11

j-|
K(t,x)(p(t)dt   -f (x)  , (11)

Tfis   dyvd>oTou   ouvapThoeos   ap(t)    €utpaviEou€vTi§   6n^a6ti           u6vov

€vT6e   Too   6^ow^npchuaTos,   Mas'6oov   Td  ouylte"piu€va  oT|ueta   t.i
ItCht   Xk   €vT6S   Too   6laoThuaTos   6^olt^T|pdtoeos,   dTLva  Sd     xpnoL-

uoTTOLnsot}v   ltaTd   Thv   dvayoyhv   Tfis   t6Lou6papou        6^olt^TipoTiltfie
€ELod>o€oe   eLe   otJOTnua   ypauuilt@v   6Eioc6oeov,   6€v   etvou   Td      C-

6La,   a)S   ouv€Balv€v   €ts   Tfiv   lleptTtToolv   Tfis   €v   Tfi   dpxfi            TOO
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Tuf"aToe  Tot)Too  €ttTesetone  ue$66ou,   d^^.etvou   6bo   6vTe^@e
6idtpopoi   6ud6ee  onuetcov.    'Ev   TobToie,   d>s   el§   Tds     Tt^etoTas
TtepiTtTd>oeis   ouuBatvei,   fi   &yvcooTos   ouvdpTnoie   fi   at   &yvcooToi

ouvapThoeie,   €uquvtcovTai   u6vov   €vT6s  6^oM^npcoudTov.
Ets   Ttdoae   Tds   TtepiTtTd>oeic   Td  onueta   t±,    i   =   1,2 ,..., n,

€tval   aL   TeTUTiu€vai   Tfie   dpLSur`T"fie   6^oM^r`pd>oecoe   GAUSS,f\TOL

at   PtEal   Too   Tto^ucovbuou   pn(x)     (Too   Tto^Uovt)UOU   Bas`uot)-n   Tfic

dlto^oustas   T@v   6psoyovt®v   Tto^uovtiucov  d>s   iTp6e  d]piou€v.Tiv ouv-

dpTnolv   Bdpous  w(t) ) .    'Ava^6yos  Td  oT"eta  xk   etvou   ltaTd  Td
€"TIS€ueva   ets   T6   TTpoavdQeps€v   &pSpov   ChL   ptEaL   €T€pou     Tto-

^uovtJuou   MasopiEou€vou  dva^6ya]e   Tfis   iTepiTtTd>oecos.      Ete        T6

oTiij.etov   ToOTo,   d]e   Sd   €wTe8fi   MaTcoT€po,   MaTa^fiyouev   ete   €Te-

pa  dTtoTe^€ouaTa,   Tt^fiv   Tfis   TtepiTtTd>oeos   ouvapTfioecDv        Bdpoue
Tfie   uooapfie    (10)  .    Ae6ou€vou   6€   6TL   65v   et)pou€v   Tfiv     dn66ei,-

Eiv,    et§   Thv   6Ttotav   oTnptEeTou   fi   eopeoic   T@v   onuetov        Xkt
k   =   1,2 ,..., n,   d>e   pic@v   ev6e  Tto^uovt)uou   Basuoo   n   ttasopiEo-

u€vou   MaTd  TteptTtTooiv   ets   T6  Ttpoavaapeps€v  &pSpov,         €Ea"o-
^ouSoouev   vd  du(piBd^^couev   Ttept   Tfis   6p$6TnTos   Tfis        €w^oyfic

T@v   onuetcov   Xk,   &Tiva,    d]e   Ttpoaveap€pSTi,    6Latp€pouv   T@v   Oap.fi-

u@v   TLpOTeivou€vcov.     `oTtco06fiTTOT€    €ie   T6   €v   ^6yap   &pSpOv         6€v

diTo6eiltvbeTai ,   €dv   fi   dlto^ouSouu€vn   Tto^tJTt^oMos   u€8o6os  dpl-
SunT"oO   tJTto^oyiouoo   t6iou6ptpov   6^oM^npcoudTcov   etvai     dwpi-

Bfi§  6l'6^olt^npouu€vae  ouvapTfioeie   Basuoo  ueya^uT5pou       Too
(n-i)  .    'AVTis€TCD§   fi   tjap.f`u@v   xpnoLuOTtoiouu€vn   u€S06Oe      tJTto-

^oy Loll.o0    t6iou6ptpcov   6^oM^npcoudTCDv   GAUSS,  dTt^ouoT€pa   dap' €v6§

ItaTd   Thv   dTT66elEiv,    etvai   dtp.€T€pou  dwpiBfis   61'   6^olt^r|pou-

u€vas  ouvapThoeie   Basuoo  u€xpi    (2n-1)  .
•H   6euT€pa  at)TTi   u€So6oe   €Tti^boecoc   t6iou6papov      6^oM^Tipco-

TIM@v   €Elod)O€ov   Tt€pChv   Too   iTpoavatp€pS€vTos   &p8pou   T@v   ERDO-

GAN,    GUPTA   and   COOK      {1973}     dvaiiTbooeTai   ltat   ets   T6        &P-

8pov   T@v   ERDOGAN   and   GUPTA       {1972A}    ,    €tpapuoyde   TTi§   6€   eb-

ptc"ouev   gis   Td   dpspa   T@v   COOK   and   ERDOGAN   {1972},    DMOT^TSKA

ahd   KOSTROV   {1973},    GUPTA    {1973},    ERDOGAl]   and   BIRICIKOGLU

{1973},    ERDOGAN   and   COOK    {1974},    ERDOGAN   and   AKSOGAN  {1974},
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ERDOGAN   and   RATWANI    {1974},    GUPTA   and   ERDOGAN   {1974},       ER-

DOGAN,    GUPTA   and   RATWANI    {1974},    ERDOGAN   and   CIVELEK    {1974}

wac   GUPTA    {1975}.

T€^oe   npocxpdTco§   6   MAJUM.DAR   {1973,1974}   dv€TtTUEe         utav

eto€Ti   u€So6ov   €ni^boecoe    16iou6pcDcov   b^ow^Tip®TLw@v   €ELod>oe-

cov   biios€oae   6TL   6   nupfiv   ui&§   TOLabTTie   €ELochoe®e   Tfie   uopapfie

(11)   6bvaTai   vd  dvaTtTuxsfi   €1e  no^ucovuuLwfiv   oeLpdv   u€   ij,eta-

B^nTfiv   Tfiv   6La(popdv    (t-x)    t{at   dMo^obscoe   S€copfioae  dv&TtTuyua
Tfis   &yvchoTou   ouvapTfioecos   tp(t)    €1e   oeipdv   iTo^ucDvbucov   CHEBY-

SHEV   npd>Tou   €C6ou§.`H   u€So6oe   ChbTn   Too   MAJUMDAR   etvaL      &p-

MeT&  ouyy€vh§   Tfi§   €te   T6   Tufiua  I-9   dvanTuxSTioou€vne   u€S66ou

dp isuTiT Lwfie   €Tti^bo€coe    t6 iou6papcov   6^oM^TipcoT "@v         €E tod>o€cDv

GAUSS-LEGENDRE,   TtcLp'6^ov   6TL   bole:pet   TabTTic   TtaTd   Tfiv   dTt^6-

TnTa,    Tfiv   dMp[B€Lav   Mat    Tfiv   vevLw6TTiTCL   T@v   Ttupfivcov   T@v       t-

6Lou6papcov   6^ok^Tip®TLM@v   €ELc7d>oecov   ^6yap   Tfis   npoavatp€pS€ [oTie

bnos€oecoe   6Ti   o6TOL   €fvai   ouvapTfio€Le   Tfi§   6Laapopae    (t-x)  .

EXETIKAI   EprAEIAI   -ITAPATHPHEEIE:   T6   €ECTaos€v   ete      T6

Tufiua   ToOTo   np6B^nua   Tfie  dpLSuTiTiwfie   €Tti^bo€coe      t6iou6ptpav

6^oM^npcoTLtt@v   €ELod>oecov   €tvaL   Tta^aL6v   Mat    €v   TobTOL§  ufi d)o-

abTCDe   €to€Ti   n^hpa]e   dvTLueTconios€v.   Eie   T6   nept    t6Lou6papcov

6^ott^npa]Tiw@v   €Eiod>occov   obyypauua   Too   MUSKHELISHVILI  {19538},

6Ttou   u€^eT@vTaL   6^aL   at    t6i6TnT€s   T@v   €ELed>o€cov   TobTcov,npo-

T€tv€Tai   h   dvaycoyfi   Tcov   ele   6^ok^TipaDTiMde   €Eied>oeLS FREDHOLM

6E:uT€pou   ec6`oue,   6i&   Tde   6nota§   btp[oTavTaL   &Itp®e   lwavonoL-

nTLwa[   u5So6oL   dpisuTiTiwfis   €ni^bc7eco§.   Mta   TOLabTTi   6urA]e   u€-

So6oe   €pyaolae   €tvaL   6uoxcpfie   T6oov  &Tt6  uasnuaTiwfis       6oov
wac   dTT6   bTto^oyioTLwfis   n^€upde,   TtpaMTiM@e   6€   E:ie         €^dxLOTa

u6vov  npoB^fiuaTa   8x€L   u€xpl   ofiuepov   €apapuoo8fi.
M.€   Thv   ndpo6ov   T@v  `€T@v   MaT€oTri   oa(pfi§   h   &vayMai6Tne  eb-

p€oea]e  &noT€^€quaTi"@v   uE:$66cov  &pisunT"fie   €nL^boccos  T@v  1-
6Lou6papcDv   6^oM^npcoTiw@v   €Eiochoecov,   atTiv€e   oTiuei®T€ov dTtav-

T@vTaL   no^b  ouxvd,   6xl   u6vov   et§  npoB^fiuaTa  p®yu@v,d^^dMat
ele   TT^€toTa  dMa  TtpoB^fiuaTa   Tfis   ®uoLMfie.   KaTd   Tfiv   €Ttt^uoLv
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ev6s   TtpoB^fiuaTos   Tfie   €TtiTt€6ou  Secoptae   Tfis   €^aoTilt6TnToc     6
SHERMAN   {1959}   TTpo€B^eue   oxeTilt@c   6Ti   "aTd   Tfiv   yvd)unv      Too

Ttp€ii€L   vd   dvau€v€Tou   6TT®o6fiTtoT€   dEL6^oyoe   TT.p6o6oe   ELe         T6

8Eua   Tfie   €TtL^bo€coe    t6Lou6ptpcov   6^ow^npcoTiM@v   €ELodo€cov,d>oTe

fi   dvTiueTd>Ttioi§   uLae   ToiatiTTis   €ELod>OecDs   iTpoltuTtTotions  eLe  €v

ouyM€MPLu€vov  np6B^Tiua  ob66^®§  vd   etvou   6ua)(epeoT5pa Mat  b-
Tto^oy ioTilt@s   Tto^uTT^oltcoT€pa   Tfis   dvTLuCTco"toecos   ui,ds   6^OIt^T|-

pcoTLMfie   €ELodoccoe   FREDHOLM   u€   ouvexfi   oTOLxcLd>6n   Ttupfivch

HpdyuaTi   6E   dn6         `)   1959   Mat   €vTeosev   fipxLoav        6^tyov

MaT'   6^tyov  dvanTuoo6uevaL   aL   u6So6oL   dpisunTLwfi§   €liL^boe-

a]§   t6iou6pq]cov   6^ott^np®T"@v   €ELed>oeov,aL   6€   oxeTwtat   iTpoo-

Ttdseiou   €veTdsTicov   t6iaiT€poe  dTt6   Tot}   €Tous   1969.   Ets     idg

TtpooTtasetas   TatiTas  TtioTetouev   6Ti   ouuBd^}ouev  Mat  f\uets 6Ld
TC3v   dvaTtTuooou€vov   €1s   T6   Keapd^aLov   ToOTo   ue$66cov     dpisun-

TL"fis   €TtL^boecos    t6iou6ptpcov   6^ow^TipcDTiw@v   €Eiod>oecov.

II€patvovT€e  Sd  f`S€^quev  vd  dvap€pcou€v   €Tttonf,   T6  &pSpov
T@v   COHEN   and   ICKOVIC   {1974},   otTives   Ttpoavayy€^ouv  Tfivdv-

TLueTdiTLLOLv   Too   TtpoB^fiuaToe   Tfie   dpisunTLMfic   €Tti^toecos    16i-

ou6papov   6^olt}TipcoTilt@v   €ELof>oecov   6id  uiac   TTpoTeivou€vne   ttTt.

atJT@v   ue$66ou,   Tfiv   6Tto[av   dTtoapetiyouev   TTp6s   T6   TTap6v vd wpt-

vcou€v,   a)e   Mat   Tfiv   iipooap&Tcos   €M6osetoav   bTt6   T@v   DELVES      and

i..TALSH   {1974}    €v6ia(p€pouoav   ou^^oyfiv   &pt}pcov   oxeTiM@v   uL       ''\v

€TTt^uoiv   6^olt^npcoT"@v   €Eiod>oecov,    Sis   Tfiv   6Ttotav      6uoTux.Cbc

€^dxLOTo.  dvaap€povTai   n€pt   Tfi§   dpi9unTiMfie   €iiL^boecoe      t6Lo-

u6papcov   6^oM^TipcoT LM@v    €E Lod>oecov.
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r3.    AI   ME®oAol   EIIIA¥z:EQE    IAloMop®QN     .OAOKAHPQTIKUQN

EEIZ]QZ:EQN   GAUSS-CHEBYSHEV Mat  LOBATTO-CLIEBYSHEV

®€cophocou€v   Ttp6s   €nt^uoi,v   8v   oboTnua  in   L6Lou6papcov      6^o-

M^TipcDTLM@v    €ELocho€cOv   u€    6LdoTnua   6^OM^Tipcho€coe   T6           '[-i,1]

Mat   ouvdpTTioLv   Bdpoue    :

w(t)    -

a,c  ltdTosl

i;1,I:

vff

HHE

(I)

Kik(t7X)q)i(t)dt   =   fk(X),       k    =    1,2,..„m,(2)

u€   6e6ou€vae   Tde  ouvapThoeie   fk(x)   Mat   Tote   t6iou6papous"J-
pfivae   K±k(t,x)  ,   o`tTiv€e   6ttvavTaL   vd   Tesot)v   bTt6   Tfiv   uopapfiv:

Kik(tJX)    =¥±{±j=L+Kik2(ttx)t       i,k    =    1,2 ,..., in,             (3)

€V9a   at   OuvapTho€Le   K±kL(X)    Itat   K±k2(t,X)    u€TaBd^^OVTaL   6-

uaA@s   €vT6e   Too   6LaoThuaTo§   6^o]t^Tipcho€coe.   At   &yvcDOTOL   ouv-

apTn~d€Le   ap± (t)    Tt€pav   Too   ouoThuaToe   T@v   t6Lou6papcov   6^oM^n-

pcDTLM@v    €EiochoecA]v    (2)    9€®poOvTaL    Tt^TipoooaL    Mat       t6LaLT€pae

ouvshwae   Tfie   uopapfi§   :

±(Pi(t)dt=Ckt     k   =   1,2 ,..., in,                   (4)
5Vsa   C±k   Mat   Ck   yv®OTat   OTas€pat.

`Y`ndpxouv   Tto^^d  TtpoB^fiuaTa,   Td  6"ota  MaTa^hvouv   et§   ou-J

oThuaTa    16Lou6papcDv   6^oM^TipcDTLM@v    €ELochoE:cDv   Tile   uopapfie        (2)

€v   ouv6uaou¢   u€   Tde   ouvsfiMae    (4)  .   MeTaEb   T@v        npoB^iiudTCDv

TobTcov   dvhwouv   Mat   Td   TtpoB^huaTa  dTt^@v   ^etcov   pcDyu@v      €VT6S

dii€tpou   tooTp6Ttou   fi   Mat   dvLooTp6Ttou   u€oou   ^auBavou€vov   t>n'
6dyLv   6TL   al   &yvcooToi   ouvapThoeLe   u€TaoTdo€cov     TtapouoidEouv

16Louop(ptas   TdEE:®S    (-I/2)    et§   Td   &Itpa   T@v   pa)yu@v   Mat         6TL

Mdsc   n€nepaou€vov   6idoTT|ua  6^oM^Tipd>oEcoe      [a,B]      6bvaTal   vd

dvaxsfi   E;te   T6   6idoTTiua      [-I,1]      Tfi   xpfio€i   Tfis  dMayfie     u€-
TaB^TiTfie    :
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y - E=xng (5)-

u€   Thv   ueTaB^TiThv   y   €vT6e   Too  6iaoTfiuaToe      [a,B]      wac      Tfi.v

u€TaB^nThv  x   €vT6e   Too  6LaoTfiuaTos      [-I,i  ]
Hp6   Tfie  dpisuTiTikfie   €ni^boea]§   Too  ouoTfitraTos   T@v   t6io-

u6papcov   6^oM^T|pcoTiM@v   €Eiod>oea]v    (2)    6uvdueSci  vd           ypdiLi®uev

ToOTo   ^auBdvovTe§   bTt.6ULv   Tds   €wappdoeie    (3)    TG)v           Ttupfiva>v

K±k(t,x)   .bTt6   Tfiv   wdTcosi   uopapfiv    :

;1Kikl,X,  i:i!1Kikl (X) J=L2 #t+±ELL:Ki#X'  ±tt,dt =
=fk(X)t           k      =      1,2 ,..., in. (.6)

Eie   T6   oboTnua   ToOTo   T@v   t6iou6p{pa]v   6^olt^np®TLw@v   €EL-

od>oe®v  Td  u€v  6^oM^npchuaTa  Too  6euT€pou  d9potquaToe          Too
Ttpd>Tou   u€^ous,   &TLva  6€v   etvaL    t6i6uoptpa  waTd  CAUCHY,      6b-

vavTai   vd   €Mappao8o0v  dpisunTiM@e  waTd  Thv   u€So6ov     dpLSun-
Tlwfie   6^oM^T|pd>oecos   GAUSS-CHEBYSHEV   u€   n   oTiueta   6Ld        woivd

6^olt^Tipd>uaTa.    uOoov  d¢opq   6€   ete   Td   16L6uopapa  kaTd     CAUCHY

6^ow^npd>uaTa  Too  Ttpd>Tou  dspotouaToe   ToO`  TtpdTou   u€^oue     Too

dvcoT€pa)  ouoThuaTos   16iou6ptpcov   6^ow^Tipa]TiM@v   €E Lochoea)v, Tao-

Ta  6bvavTai   vd  €Mappaosoov   €ntoTie   t4aTd  Thv   u€So6ov        GAUSS-
-CHEBYSHEV   u€   n   oT|ueta,   chs   abTTi   dv€TtTttxsn   bii6   T@v      ERDOGAN

and   GUPTA      {1972A}    ,   Ttp6e   €tpapuoyfiv   eta   t6i6uopapa     6^ott^T|-

pd>uaTa,   6Tt6Te   T6   oboTnua   T@v   t6iou6papcov   6^olt^npcoTiw@v   €El-
ochoecov    (6)    dvdyeTaL   ete   T6   wdTco9L   iTpooeyytEov   ToOTo   oboTTr

ua   ypauuLMd}v   €Eied]oecov    :

:i¥iKiki(Xr)j;1:±±=++:i¥ij¥iKik(tjJxr)ap.(t.)=fk(Xr)J
mmn

|J
Jr

k    =    1,2  ,..., n,           r    =    1,2  ,..., n-1, (7)

5Vsa   Td   oT|u€ta   tj   Mat   xr   €tvaL   ptEal   T@v   Tto^ua)vt)ucoV   CHEBY-

SHEV   iipd>Tou   cC6ou§   Mat   n   Basuoo   Mat   6euT6pou   et6oue           tta!

(n-i)    Basuoo   dvTLOTotxcoe,    fiTOL    :
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Tn(tj)    =    OJ     j   =   192 ....  9n    t    Un_1(Xr)    =    Ot      I    =1,2 ,..., n-1.

(8)

Td  Tto^ud>vuua  CHEBYSHEV  TaoTa  6bvavTai   vd  SecopT|SoOv   6166ue-

va  t4at   €k   T@v   Tbna]v   :

Tn(X)    =Cosn8,         Un_1(X)    ==±=±g,         x=cos8,                  (9)

6n6Te   iipo"bTtTouv   etjsb§   ot   MdTcosi   Tttnoi   oL   6t6ovT€e   Td     oTi-

ucta  tj   ltat   Xr . :

ti  -cosJ2jfEIE,     j=l,2 ,..., n,        xr=cos¥,

j   =   I,2 ,..., n-I. (10)

uooov  dapop¢   €TttoTie   Ete   Tde  ouvshwa§    (4)    Tds   n^Tipouu€vae

tjn6   T@v   ouvapTfioecov   q]± (t)  ,      a6Tai   6i'€apapuoyfi§   Tfie   ue$66ou

GAUSS-CHEBYSHEV   6id  MOLvd   6^ow^npchuaTa   &.vdyovTai    ete         Tde

wdTa]8i   ypquuiltde   eELottoei§:
inn

=±:[Cikj:Lapi(tj)    =   Cki         k=   I,2 ,..., n.                                   (]L)

T6   oboTnua   T@v   ypquuiM@v   €Eiotboecov    (7)    kat    (11)    6.TtoTe-

let   8v   oboTTiua   (mxn)    €Eiotboecov   u€   Coov   &pisu6v   dyvdeTa]v   €M

6€   Tfis   €nL^boed>e   Iou  npoltbnTouv   at   TLuat   T@v   dyvdroTcov   ouv-

croTfioe®v   ap±(tj)    €te   Td  onueta  t.   6piEou€va  BdoeL   T@v     ox€-
J

oe®v    (10)  .
`H  6uox€peLa   €te   Thv   dvaycoyfiv   Too   ouoThuaToe   T@v      t6io-

u6papcDv   6^ow^npcoHLM@v      eEiod>o€a>v       (6)    ele   T6      oboTnua         T@v

ypauuiw@v   €ELo(bo€cov    (7)    €yMeiTai    ete   T6   6TL   TT.o€neL   vd      €It-

coao9o0v  dpL©unTLIt@e  wac   kaTd  npooeyyioTiw6v   Tp6nov   Td     t-
6L6uopapa  6^ow^npd]uaTa,   6Ld   Td  6Ttota  &TtaiTetTai         t6LaLT€pa

6icmpayudTcuoLe,   dvTLS€Tcoe   np6e   Td  Moivd  6^ow^npchuaTa,   6id
Td  6nota  6bvaTai   vd   €tpoLpuoosfi   dn^@e   f\   u€So6oe     dpi9uTIT"fie

„6^ow^npde,ea]e   GAUSS-CHEB¥SHEV.   Hp6e   ToOTo   ot      ERDOGAN         and
GUPTA      €S€cbpTioav    eLe    Tfiv    fi6n      dva®eos.ctcrav      epyaotav   Tcov

{1972A}   T6   C6i6uopapov   6^ott^hpcDua:
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I = JL117± #dt' (12)

T6  6Ttotov,   €dv  a   ouvdpTnois   apm   SecopT\Sfi   6uvqu€vT\  vd     dva-
TtTuxsfi eis oelpdv  Tto^ua]vuuaDv   CHEBYSHEV   u€   p   6pous   Tfif   uopapfis:

P
ap(t)    =   I   BhTh(t)  ,

h=0

6bvaTaL   vd   ypaq>fi   d>e:

I =hE=ohj_LL# #dt  .
HepouT€pa]   ol   ERDOGAN   and   GUPTA   g^aBov   I)Tt.6ULv   6TL:

(13)

(14)

E±jELdt  =  ub_1(x),     u_1(x)    9   ,                   (i5)

dn€6eLEav   6€   €ntone   6TL:

E   =±J±L  =  Uh_1(xr)t   h=Otlt...tn-1,  r=1,2 ,..., n-1,    (16)
n

j=1n(t]-Xr'
u6   Td  onueta  tj   ltat   xr  wasoplE6ueva  Bdoei   T@v  ox€oecov(10)  .
"H6n   ^6yap   T@v   ox€oea>v    (13-16)    noottbTtTei  f` €Efie   npooeyyioTL-

wh   €Mapoaoie   Too   6^ot{^Tipd>uaToc    (12)  :

I =  ;_[L#, g±±±dt =  =j:1  €:E±  .r  =  lt2 .... n-lt   (i7)

fiTie   wa9toTaTaL   dwpLBhs,    gap.6oov  p   =   n-I    (^6yap   Tfie   ox€oecoe

(16),      fills   &Tte6etxsT\    1oxbouoa   bn6  T@v      ERDOGAN      and   GUPTA

u6vov   6id   h=   n-I),   fiToi   €tp.6oov  A   ouvdpTnoLe   ap(t)         ervai
no^ud>vuuov   u€xpl   t4at    (n-I)   Baouoo.

•H   npooeyyioTiMh   gwappaoie    (17)    Too   i6iou6papou   6^ow^Tipd]-

unToe   I   ouuTttnTei   ttaTd  Td  Bdpn  wac   Tde   TeTunu€vae     u€     Tfiv
u€So6ov   dpiounTiwfi§   6^oM^Tipdx]ecoe   GAUSS-CHEB¥SHEV   6id  t4oLvd
6^ot4^npchuaTa  bTt6   T6v   TtepiopLou6v   BeBatcDe   6TL   Td  oTlueta     Xr`

6t6ovTaL   et4   Tfie   6eut€pas   T@v   ox€oecov    (10)  .`Qe   Ttp6e   Ttiv      d-

wptBeiav   Tfie   TtpooeyyioTLwfis   6^ott^npdx]caje    (17)    6bvaTou        vd

napaTnonsfi   €v   TobTOLe   6TL,katToi   A  npooeyyioTiwh   6^ow^hpco-
oLe   at)Tn   €Seaphen   bTt6   T@v   ERDOGAN   and   GuPTA     drtpiBfir,        6Ld

ouvapThoelc  ap(t)   Tto^uchvuua  u5xpi   Hat    (n-i)   Basuoo,   6v   Tot-
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Tot,e   eLe   Tfiv   npayuaTilt6TT`Ta  e[vaL      &ttpiBhe     6id     Tto^ud>vuua

q>(t)    u€xpl   Mat   2n   Basuoo,    Tp6nov   TLvd     6T`^a6fi     dwplBeoT5r>a
Tfis   ue$66ou   dpLSunTiwfie   6^ow^nptboea]e   GAUSS-CHEB¥SHEV        6Ld

woLvd  6^ow^npd]uaTa:

I=/_LL#ap(t)dt=:i:Ltp(tjWn(tj)   =0   ,            (L8)

fills   ervai   dMpiBfis   6id  ouvaoThoeie   tp(t)   Tto^ud]vuua uexpi"at
(2n-1)    Ba9uoO.

ALd  vd   dno6etEcouev   6Ti   A   u€So6os  GAUSS-CHEBYSHEV6i'16i-

6uoptpa   6^ow^Tipd>uaTa  Tfie   uopq>fie    (12)    ervaL   dMpiBfis   6id  ouv-

apThoeLe   ap(t)   Tto^uchvuua  u€xpi   ttat   2n  Basuoo,   dpMet   vd  6et-

E®uev   6Ti   fi   oxeoie    (16)    toxbei   6id  Tiud§   Tot}     h   6xL      u6vov
u€XpL    (n-I)    d^^d  u€xpi   2n.   IIp6e   ToOTo   6icmLOToouev  MaT'  dp-
xhv   6Ti   6Ld  h  =   n  fi   loxbe   Tfie  ox€oea]e    (16)   crvai     Ttpo®avhe
^auBavou€vou   bTt'6ULv   Too  wasoplouoo   T@V   onuetav   tj   Wac     Xr
waTd   Tde   ox€oeLe    (8).   ALd   j   =   n+1,n+2 ,..., 2n        €pyaE6uevoi

waTd   Tp6nov  dvd^oyov   Too  dwo^ouens€vToe   tjii6   Tdiv ERDOGAN   and
GUPTA  Sea]pot5uev   T6  "dTCD9i   dvdTtTuyuaete  dn^&  w^douaTa:

UL    __      +(X)                 n        a.h-n-1
Tn `x) i:1E±  ,  Tn,tj,  =  0'

h  =   n+I,n+2 ,..., 2n, (19)

gvsa :

aj   =  -UhT-n¥-(±j(:i)    =  -=3:=#)    ,   j   =  I,2t...tn.    (20)

XpnoLuoTtoioouev   nepaiT€pa>  T6v   €w   T@v   ox€oea>v    (9)      npo-

wbTtTovTa   ebxep@s   TbTtov:

Uh_n_1(X)    =   -Th(X)Un_1(X)+Tn(X)Uh_1(X)/ (21)

6oTLe   ^auBavou€vaIvtjn.6iuiv   T@v   ox€oea]v  (8)     wac    (20)    6t6ei:

Uh-n-1(Xr)    =  Tn(Xr)Uh_1(Xr).   aj   =  :±i=L.                       (22)

KaTd  TaoTa  T6  dvdnTuyua  ele  dn^&  t{^douaTa   (19)    6bvaTaL
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vd  ypaapfi :

j:Lj±+=±|=Uh-1(Xrth   =n+ltn+2' ..., 2n   ,                 (23)

n

6Tt6Te   ouuTttTtTeL   ueTd   Too   TttTtou    (16)  ,   dud   6id   Tdc  TiudeToS

h  dn6    (n+I)    u€xpL   2n,   was.6oov   ete   T6  tt^doua  Too  npd>Touti€-
^oue   Too   dvonTbyuciToe    (19)   6   Basu6e   Too   dpisunToO  Ttp€Ttei vd

etvaL   uiMp6Tepoe   Too   Basuoo   Too  Ttapo`vouaoTOO.
•ATte6etxsn   ot}Toe   6Ti   fi   dpi8unTiwTi   €tttopcoie    (17)    6i.t6i-

6uopqu  6^ok^npd>uaTa   Tfi   xpfioei   Tfi§   ue$66ou     GAUSS-CHEBYSHEV

ctvai   dwpiBhe   6Ld  ouvapTT|oeie   ap(t)   Tto^uchvuua  u€xpi   wac      2n

Basuot}'  ue   npoapavfi   ouv€Tteiav   Bc^TtcooLv  Tfie dMpiBetcLe  TfieTtpoo-
cyytoecoe      Too   ouoThuaToe   Ta>v   t6iou6papcov   6^ot{^npa]Tiw@v       €E-

Lod>o€a]v   (6)   yevou€vn\t   waTd   Thv   u€So6ov   GAUSS-CHEBYSHEV         Tfi

xpfioei   T@v   €itappdoecov    (17)    wac    (18)    6id   Ttiv   Ttpoo€¥vioiv   Ta`v
&ITavTcou€v®v   t6iou6ptpcov  ]{at t4oiva>v  dvTioTotxa>e 6^o"^npoudTov .

Tfiv   u€So6ov   dpisunTiltfis   6^o"^npd]c7ecoe        GAUSS-CIIEB¥SHEV

(18)    6id  woLvd  6^ott^npd>uaTa  51T.€E€t€ivav   €t§   16i6uopapa  6^o-
w^TipchuaTa   ol   CHAWLA   and   RAMAKRISHNAN  {1974A}   a)e   %dTa]Si :

I =  JL[[7EE#dt =-=j:L#+nap(X)#,       (24)
fiTie   6€v   6iaap€pei   Tile   Ttpoo€yyioTLwfie   eMappdoecDe   waTd  Ttivu€-

So6ov   GAYSS-CHEBYSHEV   T@v   woiva>v   6^ow^npqudTov,    et   ul      t4a-

Td  T6v  6ebTepov  6pov   Too   6€uT€pou   u€^oue   Tne,   6oTie   6€v  b-

aptoTaTai   €ts   neptTTTcoLv   €tpapuoyfi§   Tfie   u€$66ou     dpi9unTiwfie
6^o"^Tipdr]ecDe   GAUSS-CHEB¥SHEV   6id  ttoivd  6^oM^npcbuaTa. `0     6-

poe   o6Tos   6ucos   un6evtEeTai,   €dv   d>e  onueta  x  €tt^eyot}v  at pt-
Eal   Xr    (r   =   lt2t...tn-I)    Too   Tto^ucovbuou   Un_1(x).    `YTt6      T6V
nepLopiou6v    -ToOTov     i      u€So6os     dpisunTLMfie     6^ow^n.QdrJea>e

GAUSS-CHEBYSHEV  6bvaTai   vd   €q)apuoosfi   6id  wd9e  6^oM^hpcoua i-

6i6uooapov   fi   ufi   d>s   kdTco8i :

I   =   `_LLK(tixr)ap(t)dt  =   :j:LK(tjJxr)ap(tj)

u€   nupfiva  K(t,x)    Tfis   uopapfis:

(25)



K1 (t'X)
K(t'x)    =                        +K2(t,X),t-x

€Vsa  KL(t,X)   t4at   K2 (t,X)   6ua^@e   ueTaBa^^6uevaL   ouvapThoeie
wac   d>s   Ttp6e   Tde   6bo  ueTaB^nTde   Ta]v   €vT6e     Too     6LcoTtiuaToe

6^oM^npdxJea)e    [-I,1]  .
`H   dvdnTUEis   T@v   CHAWLA   and   RAMAKRISHNAN   fi   66nyoooa   eie

Tiv  npooeyyioTiltfiv   gwappcoiv    (24)   ev6e   t6iou6p{pou   6^ow^npch-

uaToe   6id   +fie   €apapuoyfie   Tfie   ue,$66ou   GAUSS-CHEBYSHEV  eta T6v
bTto^oyLou6v   Iou,   fi   6nota   gwappcoLs   ueTantTtTeL   eta      Thv    (17)

6i.ew^oyhv   T@v   oTiuetav   xr   waTd  Thv   6euT€pav   Taiv  ox€oea]v(8),
6eiwvbeL   MaTd   T6v   wa^bTepov   Tp6Ttov   6TL   h   bn6   T@v        ERDOGAN

and  GUPTA   {1972A}   dvouTuxsetoa  u€So6os   dpisunTLwoO     bTto^o-

yiouoo   16iou6pq>a)v   6^ow^npa]udTav   Tfie   uopapfis    (12)  etvai  6vTa)§

h     u€So6oe   GAUSS-CHEBYSHEV.    Ot      CHAWLA   and   RAMAKRISHNAN   €-

6eLEav   €E   &Mou   6TL   f`   gt4appaoLe    (24)    ev6e   16iou6papou        6^o-

M^1|pd>uaTos   e[vai   dttpiBT|s      6ld     ouvapThoels     ap(t)   Tto^ud>vuua

u6xol   wac   2n  Bathloo,np&yua  T6  6notov   €6€tx9n   wac        €vTaoTa
waTd  6iaq>opeTLw6v   BeBata]e   Tp6nov  wac   u€  ThvTtpobn69€oiv   6Ti

Td  OT`ueta  Xr   Tt^T|poOv   Thv   6euT€pav   Ta>v   ox€oea>v     (  8  )   .       KaTd

Tt^€ov  ouoTnuaTiw6v   Tp6Ttov  Sd   €EeTdo®uev   Tde   ue$66ous   GAUSS
6l 'bno^oyLou6v   t6iou6papa]v   6^ow^Tipa]udTa]v   wac   €nt^uoLv   t6LO-

u6papcDv   6^oM^npa>TiM@v   €Eiod>oecDv   eie   Td   TuhuaTa   r4,    I.7Mat  r9.
'EVTao\Oa  Sd   €EeTdoa]uev   Thv  u€So6ov   &pisunTLwfie     6^ok^n-

pd>oea]e   LOBATTO-CHEBYSHEV   €apapuoEou€vriv   e te   T6v   bno^oyLou6v
t6iou6ptpcov   6^ok^T\pa]udTcov   Tfis   uopapfie    (12)  . `H   u€So6oe   LOBAi-

TO-CHEBYSHEV   u€   n   or`u€ta  Ttepl^quBdveL   ueTaEb`  T@V      XPTloluo-

no[ouu€vcov  oTiu5t®v   t.   Mat   Td  &ttpa   (±1)    Too   6LcoThuaToe     6-
J

^ow^npd)oea)s,   6Tt6Te   ward   Thv   dvaya]yhv   Too   ouoThuaToe   T@v   t-
6iou6ptpcov   6^ow^np®Tiw@v   €Eiotfoecov    (6)    6uoO   ueTd   T@v   c7uven-

w@v    (4)    ele   T6   oboTnua   T@v   ypauuLtt@v   €Eiodx}ecov    (7)Mat    (11)

ueTaEb   T@v   dyvdx}Tcov   Too   ypauuiwoo   ouoThuaToe   €F,iotboea)v   ne-

pl^quBdvovTal   wac   at   Tiuat   T@v   dyvdx}Tav   ouvapTho€a]v     ap±(t)
ets   Td  &wpa    (±1)    Tot}   6iaoThuaToe   6^olt^Tiptboecoe,€tt   T@v   6Ttot-

cov   6id  nooB^fiuaTa  pajyu@v   ctJptc"ovTaL   ebxep@e  ot ouvTe^€oTat
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€vTdoea]e    Tdiv    Tdoea]v.   ObTcoe,€v®   6id     xphcJecDe.     Tfie      ue$66ou

GAUSSLCHEB¥SHEV      6i,d   Thv   €nt^uoiv   t6iou6papa]v   6^olt^npcDTiM@v

€ELodx}ea)v  napouolaEou€va)v   ete   TtpoB^huaTa  pa]yu@v   &TtaLTetTou

€v  ouvexetq  napeuBo^h   6id   Thv   ebpeoiv   T@v   TLu@v   T@v     &yvd)-
oTcov  ouvapTho€a]v   ete   Td  drpa   Too   6LcoThuaToe     6^ow^nodxJea]e
ltat   €E   abT@v   T@v   ouvTe^eoT@v    €vTdoecos    T@v   Tdoeav,6Ld  xpfi-

oea)a   Tfie   ue$66ou   LOBATTO-CHEBYSHEV  fi   Ttap€uBo^h   dTtotpebyeTaL

€T"Tuyxavou€vns   ueya^uT6pas   dMpiBetae  Mat   €Tttone     6^iycoTE-

pav   bTto^oyiouayrv   6Ld  T6v  npoo6iopLou6v   Ta>v   ouvTe^eoT@v     €v-
Tdoea]§   Tdiv    Tdoea]v.

ALd   Thv   €q>apuoyfiv   Tfie   ue$66ou   dpLSunTLwfie   6^oM^npdeEti]e

IDBATTO-CHEBYSHEV   els   T6v   tjTto^oyiou6v   i6Lou6ptpav   6^ow^npco-

udTa)v   Hat   Tfiv   €Ttt^uoLv   16Lou6ptpav   6^ow^npcDTLw@v      €F,iodx}eav
SdL  dwo^oushoa)uev  u€8o6ov   €pyaotae  napouotav   Tfie     dwo^ouST|-
Setone   bn6   Ta>v   ERDOGAN   and   GUPTA   {1972A}   6i'    €tpapuoyhv   Tfie

ue$66ou   GAUSS-CHEBYSHEV   etc   16i6uopapa  6^olt^npd>uaTa  7tat      1-
6iou6papoue   6^ow^npcoTiude   €ELotfoeie.

®e®poouev  obTa]  T6  &vdrTuyua  ete   dTt^&  M^douaTa:
Tn_h_1(X)                n      aj=j:1E±  '

(I_x2)Un_2(X)

€vsa  Td  oT`ueta  t.   ebptc"ovTaL   €w   Tfie  ox6oe®e:
J

l-t;,un-2(t],   =  0'

oi   66   ouvTe^eoTa[   a.   6t6ovTai   bn6   T@v   Tt)na]v:
]

Tn-h-1`ti)

I,l-t:,un-2(ti,I

(27)

(28)

(29)

'EIt   Tfis   ox€oe-cos    (28)    ^6yap  wa.i'   Tfie   6euT€pae   T@v      ox€oecov

(9)   TtpowbnTouv   oi   eEfie   TLuat   6Ld   T&  onueta  t.  .]

t]  =  cosE  ,   j  =  o'l ,..., n-1, (30)

"   Ttep.L^auBavou€va]v   obTco  ueTaF,b   T@v   onuetav   t.   Mat   T@v     &J{p®V
I

(±1)    Too   6iaoThuaTos   6^ott^T|p(fo€a)e    [-I,1]  .
Els   T6   &vdTtTuyua    (27)    Too   w^douaToe   Too   Ttpd>Tou     u€^oije
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TobTou  Ttp€TteL   6  Basu6e   Too   Tto^uavbuou   Too  dpisunTot}   vd  er-
vaL   uiwo6Tepoe   Too   Basij,o0   Too  Tto^uovbuou   Too  napavoucoToO,

fiTOL   Ttp€neL   vd   Coxbn:

0   <n-h-I  <n-I       fi     0   <h   <n-l   . (31)

AquBdvovTee   TtepaiT€pa]   t)n'6ULv   Tote   Tbnou§    (9)      6pLouoO

T@V   no^¥cDvbua]v   CHEBYSHEV   Tn(x)    wac   Un_1(x)    ervaL   ebko^ovvd

6etEa)uev   6Ti:

I(I-X2)Un_2(X)]'    =   -Xun_2(X)-(n-i)Tn_1(X)7                           (32)

€TttoTie   6e   6Ti:

Tn_h_1(X)    =   Th(X)Tn_1(X)+Uh_1(X)   (I-X2)Un_2(X)  i

h=0, (33)

6Te   ebptc"ouev   €M   Tfie   eMappdoea]e    (29)    T@v   ouvTe^€oTcov   a.    6-
J

T|:

Th(-I)
al 2(n-I)    '   a.I

n         2(n-I)    ,

EL
n-I (j   =   2,3'...'n-i).,

(34)

^auBdvovTes   bTt'6Uiv   Tde   ox€oeis    (28)wac    (30)  ,€Ttcone  6€6TL:

Tn-1(I)    =   lr    Tn_1(-I)    =    (_I)n-1,

Un.-2(I)    =   n-li       Un_2(-i)    =    -(-i)n(n-i). (35)

-H6n   T6  dvdnTuyua  ele   dn^a  w^douaTa   (27)   ^auBdvei        Thv

lJopapfiv:

E       A.       T.h`(tj)        `     =u2     .(x)+Th(X)Tn_1(X)
i:1   ^j   n-I)    tj-x)    =   Uh_1(X)+

^1   =   ^n   =   l'^j   =  i(j   =   2'3' ..., n-I,. (36)
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'.Ett^EyovT€e  fi6n   Td  oT|ueta  xr   Bdoei   Too   Tbnou:

Tn_1(Xr)    =   0    i    r`  =  1,2 ,..., n-1,

wac   €apapu6EovTE:e   6i'   abTd   T6  dvdTtTuyua   (36)    ebptc"ouev:
n                     T,_  (t
E^.

j=1
j  (n-I)  (t=-x_)Jr

(37)

=Uh_1(Xr)     r    h=192 ,..., n-1,             (38)

ox€oiv,   ilTLe   toxbeL   6i'   h  dn6   0   €coe   Mat    (n-I)  .

AL.   h  dTt6    (n-1)    €coe   Mat    (2n-2)    6bvaTaL   vd  6eLxsfi        6Ti

draabTa]s   Loxbei   T6  dvdTtTuyua   (38)  ,   dpMet   dvTt   Too  doxiMood-
vcmTbyuQToe   (27)   vd  9ea]pTisfi   T6  dvdnTuyua:

Th_n_1(X)                  n      ai                                                                                  ,.n\

j:1E±  ,                                                    (39)(1-x2)Un_2(X)

evsa  Td  oTiueta  t.   etjptoMovTou   nd^Lv   €M   Tfie   ox€oecoe   (28)  .I`Enou€vco§   T6  dvdTtTuyua   (38)    toxb€i   6id   O=h=2n-2,      €v®

T6  dvTtoToixov  dvdTtTuyua   (23)    6id   Tfiv   u€So6ov   GAUSS-CHEBY-

SHEV   toxbei   Old   O=h=2n.
EuywptvovTee   fi6n   Thv   ox€oiv    (15)    u€   Tfiv    (38)    wac      ^au-

BdvovTe§  t)n.   6Uiv  6TL   €v   Tto^uchvuuov   ap(t)  ,p     Basuoo,6bvaTai
vd  dva^uSfi   ets  oeipdv  no^ua)vbu®v   CHEBYSHEV,   d>s   h    (13)  ,ouv-

dyouev   Tfiv   wdTcosi   u€So6ov   dpisunTiMfie   6^ow^npd>o€co§   6L. t6i-
6uop(pa  6^ow^npchuaTa :

I = LLLrii¥dt=±j:L^j¥ ,
^|=^n=Ll^j=i(j=293 ,..., n-1)    ,                          (40)

t|Ti§   etvai   dwpiBfi§  6i,d  ouvapThoeie   tp(t)   Tto^ud>vuua  u€xpl Mat

(2n-2)   Basuoo. `H  u€So6o§  dpisunTiMfis  6^o"^npdtoea]§   (40)  ouu-
TttTtTei   MaTd   Td   BdpTi   wac   Tde   TeTunu€vae   uE   Tfiv   u€So6ov.     LO-

BATTO-CHEBYSHEV  6id  woivd  6^oM^npchuaTa  6uvau€vn   vd    S€®pTlsfi

a)e   €Tt€wTaoie   TabTne    6i.    t6L6uoptpa    ToiaoTa.   BeBata]s    np€n€i
Vd  ^napsfi   bn'   6luiv  6Ti   Td  oTiueta  xr   6€v   etvai   Tux6vTa,    d^^d
6t6ovTou   tin6   Tfie   ox€o€cos    (37)  .   AbvaTaL   vd  onueico8fi    choabTcoe

6Ti   fi   u€So6oe  dpisunTiltfie   6}oM^npdtoea]s   LOBATTO   -CHEBYSHEV
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6id  ttoivd  6^ow^Tipd>uaTa  e[vaL   dttpiBfie  6Ld  ouvapTfioeis     tp(t)
Tto^ud>vuua  u€xoL    (2n-3)    Basuoo,   €v®  6i.    i6L6uopapa  6^oM^npd>-

uaTa   €tvaL   dwpiBfie,  6id  ouvapTfioeLe  ap(t)   no^ud)vuun          u€xpL
(2n-2)    Basuoo,   d>§   etJp€Sn   Ttponyouu€va>s.

EXETIKAI   EprAEIAI   -IIAPATHPHEEIE:   At   6EeTaosetoai      eta

T6   Tufiua   ToOTo   u€So6oi   I)Tto^oy Lquoo   L6Lou6p(pcov    -6^ow^npa)ud-

T®v   ttat   €Tti^boea]e   t6iou6ptpa]v   6^ott^npa>TLM@v   €Eied>oga]v GAUSS-

CHEBYSHEV   ttat   LOBATTO-CHEBYSHEV   €[vaL   at   ouvn9€oTepov   xpTi-

oLuoTtoiobuevai   waTd   Tfiv  dvTLueTdtiTioiv   TtooB^nudTcov   pa)yu@v d>e

Mat   n^etoTcov  d^^®v   npoB^nudTcov   Tfie  ®uoiwfie.   II€pav   TobTou 6€

etvai   ltat   ^tav  dT[^at   eis  Tfiv  €apabuoyfiv  Ta)v,   kas.   6oov       al
XpnoLuoTtoiobuevou   TeTunu€vai   etvai   dn^ot   TPLvcovoueTpiwot d-
pLSuot,   Td  6€   BdpTi   €v   y€v€i   Coo  u€TaEb   Tcov.   Tde'    t6i6TnTas
Td5v   xpTiouuonoiouu€vcov   €ts   TabTae  no^ua>vbunv  CHEBYSHEV     6u-

vduesa  vd   €Opcoucv  n.x.   ete   T6   BiB^tov   T@v  FOX   and        PARKER

{1968}   fi   et§   T6  dpspov   Too   CHAT"A   {1967},   ets   T6   6Ttotov   6-

ucos   €EeTdEovTai   u6vov   Td  Tto^ud>vuua  CHEBYSHEV  6euT€pou     ec-
6Ous .

`H   u€So6oe  dpL9unTLwfie   €Tu^boecoe   t6iou6ptpcov   6^ow^npa]Ti-

M@v   €EiodtoecDv   GAUSS-CHEBYSHEV   8xeL   xpnoiuoTtoLTi8fi      "o^^dwie

u€xpl   ofiuepov   et§  TtpaMTiwd  TtpoB^fiuaTa,   €u€^eTfisTi   6€   kupta)e
bTt6   T@v   ERDOGAN   and   GUPTA   {1972A},   d]e   €x€L   fi6n        dvapepsfi.

Efe   vea]T€pav   €pyaotav   Tcov   ol   ERDOGAN,   GUPTA   and   COOK  {1973}

€ncxetpnoav   Tfiv   €n€wTaoLv   Tfis  u€$66ou   Too  GAUSS,   dtoTe        vd
€Tu^boouv   t6iou6papoue  6^ow^npcDTiwde   €Eiodtoeis  u€     ouvapTh-
o€Ls   Bdpous   Tfis  uopapfie    (I-t)Ch(I+t)B  wac   u€   xpfioLv   T@v   Tto^un-

vbucov   JACOBI. .Ev   TobTOLe,   €v¢  6id  Thv  u€So6ov   GAuSS  -CHEB-

YSHEV   oL   ERDOGAN   and   GUPTA   {1972A}dTt^@e   6€v   €EfiTaoav      Tt^fi-

pa]e   Tfiv   dJtotBeidv   TTie,   d>e   &veq>€pSn   wac   nponyouu€va>s,         6Ld
Tfiv   u€So6ov   GAUSS-JACOBI   ot   ERDOGAN,   GUPTA   and   COOK   {1973}

€n€^eEav   Td  onu€ta  xr   €apapuoyfi§   T@v   6^ow^npcDTiwdiv   €Eiocboe-

cov  waTd  Tp6nov,   T6v  6Ttotov  6€v  f`6uvfisnucv  Vd     epunvebcouev,
TetvovTee   vd  TtLOTebcouev   6Ti   h   xpTiouuoTtoinsctou  bn6     TobT®v
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u€8o6oe  6€v  6bvaTou   vd  xapaMTnptEeTou   chs  u€So6oe  GAUSS   et§
Tfiv  Ttep tTtTcooiv  xpnoiuonoifioe®s   Tdiv  iio^unvbutA]v   JACOBI. Abva-

Tou   vd  TtapaTnpTi9ii   d>oabTcos   6Ti   oL   ERDOGAN,   GUPTA   and        COOK

Ttapcm€uTtouv   6Ld   Tfiv   n^fipn   ue^ETTiv   Tfi§   u€$66ou   GAUSS-JACOBI

eLe   ox€TLM6v   &pSpov   Tot)   ERDOGAN,    T6   6iTotov   6€v   MaT€oTn   6u-

vaT6v  vd  dvebpa]uev  Mat   TtioT€bou€v  6Ti   6€v   8xei   eio€Ti     6Ti-

uooieusfi.`Qe   €t4   TobTou   Mat   u€xpLe   etjp€oecoe   Tfis     dTto6etEed)e
Tne   h   xpTiouuoTtoiouu€vn   bTt6   T@v   ERDOGAN,   GUPTA   and   COOK   u€-

So6os   €Tu^boecDe   t6Lou6pap®v   6^ow^np®TLk@v   €ELod>oecov   wat   xa-

pChMTTipLEOu€vTi   d]e   uEs06Oe   GAuss-JAcoBI,   fiTie   Onu€icoT€Ov      5-

X€l   fi6T|   €q)apuoo9fi   €ts  &pspa  dvTLueTcoTttEovTa  npoB^fiuaTa  pcD-

yu@V  dis  ttat   d^^a  TtpoB^fiuaTa,   6bvaTai   vd  xapaltTnptEeTai  Tott-
^dxioTov  d>e  absatp€Toe,   Tt^fiv   Tfi§   et6i"fie  nepiTtTd>o€a]e,      6Te

ueTcmtnTeL   €t§   Tfiv  6iepeuvTisetoav   ets   T6   Tufiua  To0To  u€So-
6ov   GAUSS-CHEBYSHEV.

uOoov   dapop¢   TtepaiT€pa]   ets   Tfiv   u€So6ov   LOBATTO-CHEBYSHEV,

abTTi   napd   Tfiv  dMptBeidv   TTis   ttat   Tfiv  dn^6TnTd TT|e,  Tt.x.   waTd

T6v  lTpoo6iopiqu6v   ouvTe^eoT@v   €vTdoea]§   T@v   Tdoea)v   et§  Ttpo-

B^fiuaTa  pcoyu@v,   6€v   €x€L   xpnoiuoTtoinsfi   u€xpL   ofiuepov,   Itas.
6oov   yvcoptEouev,   6id   Tfiv   €nt^uoLv   t6iou6ptp{^>v   6^oM^np®Tilt@v

€ E 1 od>oecov .
'ETtt   T@v   ue$66cov   eTtL^boca]s    t6iou6papcDv   b^oM^npcDTLw@v   €E-

i,odtoecov   GAUSS-CHEBYSHEV   Mat   LOBATTO-CHEBYSHEV  Sd   €Ttav€^Sa)-

u€v   €1e   T6   Tufiua  r9,   6nou  a6Tai   Sd  npoMbuouv  Hat.      €vT€^@e
6Ldapopov   Too   €vTao9a   €MT€S€vTo§   Tp6Ttov,   €t4   Too   6Ttotou        Sd

apatveTai   Tt^f\poe   6Ti   6€v  dTtoTe^o0v   eL   ufi   €Tt€wTaoiv   T@v     dv-
TioTotxcov  ue$66cov   tjTto^oyiquoo   ttoiv@v   6^olt^np®udTcov   Sis   Tfiv

nep LnTcooiv    t6 iou6papcov   6^oM^npcoudTcov.
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r4.    E®APMorH.  THE:   ME®OAO¥   OAOKAHPQZEQE   GAuss  EIE  TON

ylloAorlz]MON   IAIOMOp®QN   OAOKAHPQMATQN

`H   u€So6oe   6^oM^Tipcho€coe   GAUSS   Secopouu€vn   MaTd   Td     TtpoCh-

vaap€pS€vTch   €M   T@v   dMpiBeoT€pcov   dpisuTiTi]t@v   ue$66cov      bTTo^o-

y LouoO   dn^G)v   6^oM^npcoudTCDv   6bvaTaL   TponoTtoiouu€vn   MaTa^^T+
^cDe   vd   €tpapuoosfi   Jtat   6i,d   T6v   t)Tto^oyLou6v   16iou6papa]v        MaTd

CAUCHY   6^oM^TipqudTCDv.   Kas'6oov   yvcoptEouev,    5xouv   6nuooL€u-
Sfi   ox€TLM@e   6bo   dpspa,    T6   u€v   Ttp@Tov   bTt6   ToOHUNTER    {1972},

ele   T6   6iiotov   €apapu6EeTaL   f`   ueso6oe   GAuSS,   bTt6   TpoTtoTtoiTi   -

uevTiv   BeBatcoe   uopaphv,   6id   T6v   tjTto^oy iou6v           6^oM^TipcoudTCA]v
Tfis   uopapfie    :

I- L:w (t) f (t) dt (i)

u€   w(t)    =   1   Mat   6^oM^Tipouu€vnv   ouvdpTTioLv   f (t)   napouoLdEou-
oav   t6Louopaptae   MCLTd   CAUCHY   €vT6s   Too   6LaoTfiuaTo§      6^oJt^r`-

pdto€®§    (-1,1)  ,    T6   6€   6cbT€pov   bn6   Tdiv   CHAWLA   andRAMAKRISH-
NAN        {1974A}     ,    €1e   T6   6Ttotov   €apapu6EeTaL   f`   u€So6oe      GAUSS

Ttd^Lv   6Ld   T6v   npooeyvLOTLM6v   bno^oyLou6v   6^oM^npcoudTcov   Tfie

uopapfie    (1)  ,   d^^d  u€   Thv   6Laapopdv   6TL   che   ouvdpTTioLe      Bdpoue
^auBdveTqL   fi    :   w(t)    =    (i-t)Ci(i+t)B   u€   c"B>-1.         Ae6ou€vou

6Ti   fi   u€S06Os   GAuss   u€   OuvdpTTioiv   Bdpoue   w(t)    =   i   xpTioLuO-

noL€t   d]§   oboTTiua   6psoycovtcov   Tto^ucA]vbucov   eLe   T6   6LdoTTiua      6-

^oM^Tipcho€cDe   Td   Tto^udtvuua   LEGENDRE,   Ma^etTaL   u€8o6oe        6^o-

M^npchoecoe   GAuSS-LEGENDRE,    €v¢   h   u€So6oe   6^6M^npd>o€coe           u€

OuvdpTTioLv   Bdpoue   Tfiv    :    w(t)    =    (i-t)Ci(i+t)B,    fiTLe   xpTioLij,O-

TtoLet   d]e   oboTTiua   6psoyapvtcov   Tto^ucDvbucov   ete   T6   6LdoTriua     6-

^oM^Tipd>oea]e   Td   Tto^ud>vuua   JACOBI,    Ma^etTaL   u€So6oe      6^oM^T|-

pd>o€a]e   GAUSS-JACOBI.
'EVTaosa  y€vLM€bovTee  Sd  napouoLdocouev   Thv   u€So6ov   6^o-

It^Tipcho€co§ 'GAUSS   €apapuoEou€vTiv   6id   T6v   bTto^oyiou6v    i6Lou6p-

apcov   MaTd   CAUCHY   6^ow^TipcDudTcov   Tfie   uopapfie    :

1= w (t) f (t) dt, (2)
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€vsa  Td  6pia  6^ott^npd>oecos  a  wac   8  6bvavTai   vd   etvai     TteTte-

paquEva  fi  diieLpa  Mat   fi   ouvdpTTioue   Bdpoue  w(t)   Tuxoooa     6u-
vau€vn   vd  TtapouoLdEn   dn^de   t6Louopaptae,   6xL   6ucoe        Tt6^oue,
€te   Td  oT|ueta  a  MCht   a   fi   Mat   d^^axoo   €vT6§   Too     6LaoThuaToe

6^o"^npd>oe®s.    .H  6^oM^npouu€vn   ouvdpTTioue   f (t)   Seop€tTai  €-

xouca  dTt^o0e  Tt6^oue   €vT6e  Too  6iaoTfiuaTos  6^olt^npcboeoe        fi
"at   €ItT6e  at)Too.   ®eopot}uev   yvcooT6v   €E   &^^ou   T6   oboTTiua  6p-
Soya)vtcov  Tto^ucovbuov   pn (t)   6id  T6   6idoTnua  6^olt^npchoeos    (a,

8)   .Mat   Thv   ouvdpTnoLv   Bdpoue  w(t)    Too   6^oM^npd>uaToe         (2).
ToOTo   BeBatco§   etvai   T6  a6T6   e'JTe   fi   ouvdpTrioue   f (t)      Ttapou-

oldEei    L6iouopaptae   ecTe   6xi.   Td  6psoyd>vLa   Tat}Ta     Tto^ud>vuua

lta^o0vTai   ot)Tco,   Mas.6oov   €Tta^nsebouv   Tds  ox€oei§   :

I:w,t,pin(t)pn`t)dt  =
0,      6ldm±n

m'n    =    0,1'2'.."
hnt    6ld   m=n                                                 (3)

5vsa  hn   etval   ai   oTasepat   6psoycovi6TnToe  Too       8eopouu€vou
ouoThuaTo§   6psoycovtcov   Tto^ucDvbuov   pn (t)    6PIE6uevou   d)C   :

hn-
a

CL

w(t)pn2(t)dt,          n=    0,1,2 ,....                                      (4)

®d  TtpooTtashoquev   vd  Ttpoocyytocouev   T6   6^oM^hpcoua    (2)    61'

€"appdoecoe  nepi^quBavobone  T6  &SpoLoua   :
n

]'         k¥iAkf(tk)~ (5)

€Vsa  at   OTasepat   Ak,   atTlvee   €tvai   SeTLMat,   Ma^o0vTaL   Bdpn
Tfi§  6^ok^npd]oecoe   GAUSS   Mat   Td  onu€ta  tk,      dTiva  J4€tvTai  €v-
T6§   Too  6LaoThuaToe  6^6w^npdtoe®s    (a,a)  ,   wa^oOvTaL   TeTunu€-

vai   Tfie   6^oM^Tipdoe®e   GAUSS.

®eopoouev   Ttp6s   ToOTo   k^eioTfiv   MauTtb^nv   C   TtepLBd^^ouoav

T6   6ldoTnua  6^oM^Tipchoecos    (a,B)     (T6   6Ttotov   Seopoouev   Metue-

vov   €Ttt   Too   TtpayuaTLMoO   dEovoe   Ox   d>s   €te   T6   Exfiua   i)  .          .H

"p6e   6^oM^hoaJoiv   ouvdpTTioLe   f (t)   6ttvaTaL   vd  S€®pTi9fi   npoeo-

xou€vn   €M  uide  uiya6iltfis  ouvapThoea]s   f (z)   6piEou€vne   €vT6e
Tfie  lt^eioTfis  ttauTtti^ns  C  Mat   ^auBavobons   €Ttt   T@v  onuetov     t
Too   €vT6e   Tfis  "auTtb^ns  C  IteLu€vo.u   e6SuypduuoJ             TufiuaToC
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L   =(a,a)   Tds  Tlud§   f (t)  .
`H  ouvdpTnoie  at)Tn     f (z)

Secop€tTaL   5xouoa       u6vov
in   dTt^o0e     Tt6^ous zk  €VT6S

Tfi§   Maunb^ne  C   u€     dvTt-
oTOLxa   6^ow^T|pcoTiMd   bn6-

^Olm  Pkt   €E   &v   oL   u€v   1

Ttp@Tol    Tt6^OL     (k    =    1,2,..

.  ,i)   8ecopoovTal   M€tuevol Exfiua     1
tnt   Too  6laoThuaToS  6^o-
M^T|p(boea)§   L,    oi   6€      bn6^oLTtol    (in-i)     (k    =    1+1,    l+2 ,..., in)S€-

copoOvTai   ebpiow6uevoi   €kT6s   Too  6iaoThuaTo§   6^ow^npd)o€aJe   L
n^fiv   €vT6e   Tfie   wquTtb^ne   C.   H€pav   T@v   dn^@v   TobTcov   n6^cDv     fi

ouvdpTTioie   f (z)    SecopetTaL   dvcwluTiMfi   €vT6e   Mat   €Ttt   Tfie   Ma.u-

Ttb^ne   C.
'EEeTdEouev   fi6n   T6   6^oM^hpcoua   :

[° = ± jcT#dT                                   (6)
€nt   Tfie   Maunb^Tie   C   Mat   waTd  Thv   S€Tiwhv   apopdv.

' Etpapu6EovTee   T6   8ed>pnua   T@v   6^ow^TipcoTiw@v           biio^otTtcDv

Too   CAUCHY   6Ld   T6   6^ow^fipcoua   ToOTo   Io   ebptc"ouev   Thv   MdTco-

SL    €]4appaoiv   at]TOo    :

f(z)   ,   :              f(tk)           .   I                  pkIo -H+k!1
(tk-Z)P'i(tk)  .k=1    (Zk-Z)Pn(Zk)  ' (7)

€V8a  Td  oT|ueta-tk   etval   at   n   ptEal   Too  Tto^ucovbuou        Pn(Z)
o6oaL`  dTtaoaL   iTpayuaTlwat   Mat   t{etuevai   ud^LOTa   €vT6S           TOO

6LaoThuaToe   6^oM^npd>oecos    (a,a)   waTd   Td  yva]oTd   €w   Tfi§     Seco-

ptae   T@v  6p9oya]vtcov  no^ucovbua]v.    `YTtoTts€Tai   6id  Thv     6p$6-
TTiTa   Tfis   €Mappdo€®§    (7)    6TL   ot   Tt6^oi    zk    (k    =    1,2 ,..., 1)    Tfi§

ouvapThoea]s   f (z)    €vT6§   Too  6icoThuaToe  6^ow^npdtoecos          6€v
OUuTttnTouv   u€   ob6eutav   T@v   plEd)v   tk    (k   =    1,2 ,..., n)            TOO

no^uovbuou   pn(z).    .ETttcme   f`   ueTaB^nTh   z   €te   Tfiv        5wappaoiv

(7)      SecopetTaL   uh   ouuTttTtTouou   u€   otJ6€va   TG)v   Tt6^coV   zk       (k    =
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=    1,2 ,..., in)    Tfic   ouvapThoecDe   f (z)    fi   T@v   un6evllt@V   tk       (k    =

=    1,2 ,..., n)    Too   Tto^u®VbuouPn(Z)  .

ALd   ouyMptoecoe   T@v   ox€oecov    (6)    Mat    (7)    ouvdyouev        Thv

ltdTosi   €Mtppaoiv   Tfis  Ttp6s   6^olt^fipooiv   ouvapTfioeoe   f (z)      €Ttt

Too   6LaoThuaTos   6^olt^npd>oecos   L   :

f (t)   -pn(t)

•±)

f (tk )

( t-tk ) p'n ( tk )

f (I ) dT-==L-
c `T-t) Pn (I)

Pk

1    (t-Zk)Pn(Zk)

(8)

Tfiv   €wappaoiv   TatJTTiv   Tfie   ouvapThoeco§   f(t)    eiodyovTes €v-

T6s   Too   6^olt^TipchuaTos    (2)    ^auBdvouev   :

1=
I:

nm
w(t)f (t)dt   =   k¥iAkf (tk)+k¥1

€VSa   €T€STioav    :

a  w(t) pn (t) dt
Ak

a ` t-tk ) p'n ( tk )
MaL:

En-±

==_=:-__      -':

j:w,t,pn,t, `c-dt.

w (t) pn `t) dt
t-zk En,

(9)

(10)

(11)

AL   oTasepat   Ak   etvai   Td  Ttponyouu€vcDs  lt^n8€vTa   Bdpn   Tfis

iTpooeyyLOT"fie   6^ow^Tipcho€oc   GAUSS,   T6   6€   u€¥esos   En   T6S  Itcl-

^obuevov  oapd^ua  Tfis  TtpooeyyioT"fi§  6^olt^npd>oeoe.      .AEi6on-

u€toTov   etvou   6Ti   T6oov  aL   TeTunu€vaL   tk   ltat   Td  Bdpn          Ale
(k   =    1,2 ,..., n)    6oov   "at   T6   oapd^ua   En   Tfis   ITPooeyyloTLItfis
MaTd   GAUSS   6^o"^npchoeos   6€v   €EapT@vTou   €M   T@v   Tt6^ov           Tfie

6^olt^ripouu€vr|s   ouvapThoecoc   f (z)    €Ttt   Tot}   et)t}Uypduuou   Tufiua-

ToS   L,   6Ttep   oT|uatvel   6Tl   at   yvooTat   Tluat   Tov   €It   T@v     6la-

ap6pcov   TTepiTtTchoecov   TtpooeyyioTiltot}   ItaTd   GAUSS   bTto^o¥ iouoo   d-
Tt^@v   6^olt^T|pa)udTcov,   yvooTat   dTt6   Tto^^@v   €T@v,   kas.a  dveq)€p-

STioav   eLe   T6   Tufiij,a   rl,    toxtiouv   €E   CoQu   Ma^@§   "at   6id        T6v

lTpoo€yyioT"6v   MaTd  GAUSS   t)Tto^oyiou6v   t6iou6p(pa)v   ltaTd  CAU-

CHY  6^olt^npcoudTov  dpltet   vd  eioaxsfi   6  Ttp6oseTos.  6id  Tot}     a-
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SpotouaToe  dTt6   I   €a>e  in   €MtppaE6uevoe   6po§   Too   TbTtou    (9)  ,   60-

Tie     kaTd  Td  d^^a   etvou   6   yva]oT6s   TbTtoe   npooE:yyLOTiMfie  6^o-
tt^Tipd>oea]§   kaTd   GAUSS.

T6  otpd^ua  En   6bvaTai   vd  ypaapfi  dTt^oboTepov   MaTd  T6v   eEfi§
Tp6Ttov   :    'AVTioTp€tpouev   Thv   oeLpdv   6^ow^Tipd>oe®e   ets   T6   6^o-

w^hpa)ua   Too   TbTtou    (11)  ,    TobTou   €TtLTpeTtou€vou      {WOODS,1971,

§1.9}    ,   Itas.6oov,   &v  wac   h   6^ow^npouu€vn   ouvdpTnois€nt  Tfie
ttauT[b^ns   C   €tvaL   t6i6uopq]oe   waTd  CAUCHY,   ^6yap  Too   6pou  (I-t)

E:1§  T6v  napovouaoThv,   6v   TobToie   fi   ouvdpTnoi§  w(t)pn(t)         f`
bTteioepxou€vn   ele  Thv  6^o]t^hpcooiv   €nt   Too  6LaoThuaTo§     6^o-
k^T|pchoea]e    (a,a)    6€v   TtapouoLdEeL    16Louopaptav   waTd  CAUCHY,    6-

n6Te   E:bptc"ouev   :

En - i )c# i l:
®€TOvTee   TtE:pcwT€pa]    :

qn`z)   =  -i

w(t) pn (t) dt
I-t

a w(t) pn (t)
t-z dt

(12)

(13)

wac   Ma^o0vTe§   Thv   ouvdpTT|ouv   qn(z)   ouvdpTT|ouv   6euT€pou     ec-

6ouS  dvTtoTolxov  Too  Tto^ua)vbuou  pn(z)   ^auBdvou€v   Bdoel     Too
6euT€pou   TbTtou   Too   PLEMELJ   €nt   Too   6LaoTfiuaToe   6^ow^npchoecoe

(cL,B)       :

qn+,I,+qn-(I,   =  -
1

a w(t) pn (t)
t-I     dta

(14)

`OptEovTee  dMo^obs®s   €Ttt   Too   6LaoThuaTos    (a,a)    d)e   5wappa-

olv   Tfie   ouvapTfioe®e   qn(z),   f|TLs   waTd   T6v   Tbnov    (13)         E:tvai

TUTiuaTiM@§   6^6uopapoe   €Ttt   Too   €niTt€6ou   €Eaipouu€vou   Too  6ia-

oThuaTos    (a,a),   Thv   :

qn(I)   =  i  [qn+(I)+qn-(I)I   I

ebptc"ouE:v   Bdo€L   ttat   Too   TbTtou    (14)    :

qn,I, --i`:-t,

(15)

(16)
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6Tt6T€   f`   €kappaoLe    (12)    Too   oapd^uaTo§   En   Tfis   TtpooevyioTLwfis

6^olt^npchoeos   GAUSS  u€   n  oTiueta  ttastoTaTai   :

En  =  ±j c::i=+f(I)dT.                                                               (17)

A€v   Sd   €1Tluetvouev   €Ttt   Tfic   €ktppdoeoc    (17)  ,   Itas.6oov, d)S

Ttpoaveap€pSTi,   ob66^a]e   €Ttnp€dEeTaL   €w   Tfie   ttndpEeaJe   fi   uh   t6l-

ouoptpl@v   TbTtou  dTt^C}v   Tt6^ov   Tfis  Ttp6s   6^olt^hpooiv   ouvapTtioe-
coe   f (z)  .   Auvduesa  6€   vd  TtapaTnphcouev   TtepaiT€pco  6Ti   oL   Tb-
noi    (13)    Mat    (16)    ot   6ptEovTes   Thv   ouvdpTTioLv   6euT€pou   ec-

6oue   qn(z)    €MT6e   wac   €Ttt   Too   6iaoTfiuaT8e   6^ow^npd>oe®s     dv-

TLOTotxcoe   66nyoov   wac   ete  dn^ouoT5pav   €ttappaoiv   TfiewaTd T6v

TtJTtov    (9)   TtpooeyyioT"fi§   Tiufis   Too   Ttp6s   t)Tto^oyiou6v        6^o-
M^Tipd>uaToe   d>e   MdTcOSL     :

I-):w(t)f (t)dt  =   k¥iAkf (tk)-2k¥|
n                                 in   pkqn(Zk)

pn (zk)
+En.           (18)

OL   6bo   Ttp@Toi   6poi   Too   6eEicfi  u€^oue   Tfie   to6TnToe      (18)

dTtoTe^ot}v   Thv   TtpooeyyioTilthv   ltaTd  GAUSS   5Itappaoiv   Too     6^o-

M^npchuaTos   I,   €v$  6  TptToc  6poe  En   T6  otpd^ua  ltaTdT6v Ttpoo-
eyyioTilt6v   tJTto^oyiou6v   Too   6^olt^npd>uaTos.    'Ett   T@v   6bo  Ttpd>-

Ta]v   6pcov   Too   6eEu)Ou€^oue   Tfie   to6TTiToe    (18),   6   u€v      np@To§

etvai   6   uovtucoe   t)Ttdpx®v   dveEapThTcoe   T@v   t6iouopapi@v     TbTtou

dTt^@v  Tt6^a]v   Tfis  ouvapTtioeos   f (z)  ,   €v¢  6   6ebTepos   6apet^eTal
ete   Tote  dn^ooe  Tt6^oue   Tfie   ouvapThoecoe   f (z)T6oov   €Ttt        Too
6laoThuaTos  6^olt^npd>oea]s  L  6oov  wat   €MT6s  at)Too  d^^.   €vT6s
Tfis   ItauTttJ^T|s   C,   i|Tis   €v   Ttdon   TtepiTtTd>oei   etvai   ltaT.dpxhvch-

SatpeToc   €k^e.you€vn  6uos  oOTos,   dote   T6  oapd^ua  En  vd  ltast-
oTaTai   6oov   T6   6uvaT6v   uLMp6Tepov.

EnueLoOu€v   d>oattTcoe   6TL   €MappdEovTee   Thv   ouvdpTTioiv   f (z)

ouvapTfioei   uLde  v€ae   ouvapTfioeos   g(z) ,   iiTis  Tt^€ov   6€v   5xel
Tt6^ouc   €vT6s   Tfie   ltauTttt^ne   C,d]e   eEfis    :

in

f (Z)    =   g(Z)/k¥i(Z-Zk) (19)

Mat   ^auBdvovTE:e   bii'6Uiv   6Ti   6id    |z|    +   co      toxbei   f`   ox€ois   :
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qn (z)

pn ` z )
=  a(   z   -2n-1,, (20)

6uvau€vr`   ox€TLMd}e   ebM6^cos   vd  dno6cixsfi      {MCNAMEE,       1964}    ,

TtpoMbnTei    Bdo€L   Tfis   €Mappdo€coe    (17)    Too   oapd^uaToe      6Ti            f\

iipoo€yyLOTLMfi   u€So6oe   6^oM^Tipchoccos   MaTd   GAUSS   etvaL      dwpi-

Bhe   6Ld   ouvapTho€Le   f (z)    TOLabTae,   d>oTe   f`   dvTtoTOLxoe   ouv-
dpTnoLe   g(z)    vd   €.tvaL   Tto^uchvuuov   u€xpi    (2n+in-l)    Basuoo,€v-

Sa  n   6   dplsu6e   T@v   xpTioiuonoLouu€vcDv   6id   Thv     Ttpoocyyi,oTL-

Mhv   6^ow^hpa)oLv   onu€tcov   Too   6iaoThuaTos   6^oM^npchoeco§        Mat

in  6   dpisu6s   T@v   dTt^@v   n6^cov   Tfi§   ouvapTfioe®s   f (z)    €vT6e   Tfie

waunb^ne   C   9ecopouu€vTie   T€ivoboTie   vd   ouuTt€oT\   u€   T6v  dTteipov

MbM^oV .
•Edv   MaTd   ot)uTtTCDOLv   dTt^ot}e   Ti,s   Tt6^oe   Tfis            ouvapTTloecoc

f (z)    €vT6e   Too   6LaoThuaTos   6^ori^npcho€a]e    (a,B)    ouuTttTtTTi      uE
®

utav   PtEav   tk    (k    =    1,2 ,..., n)    Tot}   Tto^Uovbuou   Pn(Z)  ,Td   TTPo-

avaap€pS€vTa  6€v   toxbouv,   Mas'6oov   T6Te   f`   6^ow^npouu€vn  ouv-
dpTTioue   Too   6^oM^npchuaToe    (6)    iiapouoidEei   ets   T6     SecDpns€v

onuetov   6iTt^o0v   Tt6^ov.   Etc   Thv   iTeptTTTooLv   Tat)Tnv     6uvduesa

vd  u€TaBd^couev   T6v  dpLSu6v   n,   6Tt6T€   i   Ttpoavaap€p9etoa     obu-
TtT®OLe   lil,SavchTaTa   Sd   €M^€tun.

I:XETIKAI   EprAZ}IAI   -rlAPATHPHZ}EIZ : `H   TtpayuaTOTtoin8etoa

ets   T6   Tufiua   ToOTo   €n€MTaoLs   Tfi§   ue$66ou  dpLSuTiTittfie     6^o-

M^npchoecoe   GAUSS   €1e   T6v   ttiio^oyLcmu6v    t6Lou6pq]a]v   6^ott^npcoud-

TCDv  dTtoTe^€t   yevtweuoiv   Tfis   dwo^ousnsetone   ttTt6   Too     HUNTER

{1972}    Mat    T@v   CHATi`rLA   and   RAMAKRISHNAN    {1974A}    ue$66ou,    €M

Td)v   6notcov   6   np@Toe   €TteE€T€Lve   Ti'iv   u€9o6ov   GAUSS-LEGENDRE,

ol   6'   d^^oi   Thv   u€So6ov   GALISS-JACOBI,   Mat   a)§   eL6LMfiv   TtE:pt-

TtTCDOLv   TabTne   Tfiv   u5So6ov   GAUSS-CHEBYSHEV,    eie   T6v      t>Tto^o-

y Lc"6v    £6 Lou6ptp®v   6^oM^T|pa]udTCDv.I

`H   €Tt€]tTaois   Tfie   ue$66ou   dpisuTiTiMfis   6^ott^npd>o€coe   GAUSS

e[e   T6v   bno^oyiqu6v   t6iou6papcDv   6^o7t^npcDudTcov   6apet^€Tou   Ba-

oiw@s   Sis   T6v  HUNTER,   6oTie   ete   Thv   Ttpoava(pepsE:toav      €pya-

otav   Iou  dTt€6eiE€v   6Ti   Tux6v   tjapLOTduevoL   dn^ot   Tt6^oi        Tfie
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np6e  6^o"^hp®oLv  ouvapTfioecos   €vT6e   Too  6iaoTfiuaToe  6^ott^n-

pd>oecoe   6bvavTou   vd  dvTiueTcoTttEcovTaL   7taTd   T6v   atjT6v     Tp6Ttov

u€   Tote   €bpioMou€voue   €MT6e   Too  6iaoTfiuaToe   6^ow^ncxboca]ed-
Tt^o0e   n6^oue   Tfi§   ouvapTfioeti]e   TcrdTne. `H   neptiiTcooue   bndpEecos

dii^@v   n6^cDv   Tfie   np6e   6^oM^fipcooLv   ouvapTfio€cos   €MT6e   Too   6i-

aoTfiuaToe   6^oM^npd>o€coe   €xeL   ue^eTTisfi   Tt^hpcoe   bTt6   Tto^^@v      €-

pcuvTiT@v,   ueTaEb   Tdiv 6TtoL®v 6uvdu€Sa  vd  dvaap€pa>uev   T6v     Mc-
NAMEE   {1964},    Tote   TAKAHASI   and   MORI    {1970,1971}  d>§  %at  Tote

DONALDSON   and   ELLIOTT   {1972}.

Hp€TteL   vd  iTapaTnpnsfi   ete   T6   onu€tov   ToOTo   6Ti   eLe     Tfiv

neptnT®oLv   T@v   et§   Tfiv  ue^€Tnv   TabTnv  SE®pouu€vcov   t6iou6p-

apcov,   MaTd  CAUCHY,   6^oM^npcoudTcov   fi   np6§   6^ow^hpa]oLv     ouvdp-
TnoLe  TtapouoLdEei   €va  u6vov  dTt^o0v  Tt6^ov   €vT6§   Too  6iaoTfi-

uaTos   6^olt^npdtoecos,   ItatToi   6   HUNTER   {1972}   cos   Mat   oL   CHA?,.J-
LA   and   RAPIA+ KRISHNAN   {1974A}    €Scd>pnoav   6TL   fi   np6e   6^ott^fipcD-

oi,v  ouvdpTTiou§  6bvaTaL   vd   8xm noMob§dn^o0s  Tt6^oue        €vT6e
Too  6icoTfiuaTos   6^oM^npd>oe®§.

Auvduesa  T€^oe  vd  dvapep®u€v  6Ti   6Ld  T6v  tjTto^oyLou6v  i-
6 Lou6ptpcov   6^oM^npcoudTcov  dvcnTbxsn   Tt5pav   Tfie   iipoavaapeps€[one

ue$66ou   Too   GAUSS   Mat   eT€pa  dpM€Td  ouyvcvhe   MaTd  Td  dTtoT€-
^€o,uaTd   TTi§   u€So6oe   ttTt6   Tdiv   PAGET   and  ELLIOTT    (t6.         PAGET

and   ELLIOTT   {1972},   ELLIOTT   and   PAGET   {1975}).`H        u€So6oe

cLbTn   oTnptE€Tai   ete   Tfiv  dvdnTUEiv   Tfis   np6s   6^oM^hpcoouv ouv-

oipTfioecoe   ete   ocipdv   6psoycovtcov  no^ucovbtunv   Mat   €v     ouv€xetq
bTto^oy iou6v   Tot}   6^oM^npd>uaToe.


