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Al.    I.ENIKH   M.E®OAOE    EIIIAYEEQZ]    TOY   HPOBAH.MATOE    THZ]

AHAHz   AEIAz:   pQrMHz]   ENTOz:   AHElpoy   Iz]oTpoHo¥

MEZ]OY

KaTCDT€pco   6t6€TaL   uta   yevLwfi   u€So6oe   €ni^boea)e   Too     npo-

B^iuaTos   Tfie   dil^iie   ^etas   €v   y5v€L   waunu^oypduuou   pa)yufie   €v-
T6§     dnetpou   tooTp6nou   €^aoTl,Moo   uEoou   6Ld   Tiv        n€ptnTa)OLV

Too   npchTou   Seu€^Lcb6oue   npoB^fiuaToe. `H   uESo6oe   abTn           €tvaL

cbx€p@e   y€vLM€boiuoe   €te   Tiv   nE;otnTa]oiv   pcoyuiie   €vT6e     n€Tte-

oaou6vou   tooTp6nou   u€oou  d]e   wac   ete   Tiv  ngptnTa]oLv        Tto^^@v
pcoyu@v,    die   Sd   L'6cou€v   nepaLT€pco.

I:iiueLoOTaL   6Ti   f`   MdTcoSL   u€So6oe   wptv€Tai   d)e   f`      MaTa^^n-

^oTEpa   6id   Tiv   €nt^uoLv   TtpoB^TiudTcov   p®yu@v   o6oa  dvcEdpTnToe

iidone   dva^6you   ue966ou   y€vLMfie   €ni^bo€aje   Too   €nLii€6ou     €^a-
oTLMoO   nooB^TiuaTo§   €te   Tt€ptnTa)oLv   od)uaToe   &veu   paJyud)v,BcoL-

Eou€vn   65   u6vov   €te   Tde   ycviwd§   €ELotboeLe   Tfie   €nLn€6ou   €^a-
oT"6TnToc   ltat   ete   Td§   t6i6TnTac   T@v   6^ow^npa>udTajv        CAUCHY

Mat    T@v    t6Lou6ptpa]v   6^oM^iipcoTLw@v   €ELotbo€cov.    T6   no6B^nua   Tfie

pcDyufie   dvdy€Tai   Te^iw@e   ete   utav   t6L6uopapov   uiya6iwfiv     6^o-
w^npcDTLwiv   €Eto®oLv   6uvau€vnv   €bM6^coe   vd   €ni^usfi   npoocyyL   -

oT I W@e .

®€copoouev ot)Tco Tfiv   dn^fiv,   ^€tav

pcoyufiv    (&v€u   yajvlaw@v   onu€ta]v)    €v-

T6e     dn€tpou  u€oou,   d>e   €te   T6  napa-          a
ll^€bpcD§   Z]xfiua   I,   u€   &Itpa   Td     ol|ueca

a   Mat   8.

--    -:_,

Z]xfiua   i

Ete   Thv   neptThTcooLv   Too   npchTou

SE;u€^Lch6oue   npoB^huaToe   6t6ovTai   f`   MdseToe   wac   f`      €apcmTou€-

v"h   ouvLOTatoa   T@v   Tdo€a)v,   on   Mat   ot   dvTlc}Totxa>e,   €n'   duapo-
T€pa]v   T@v   n^€up@v   Tfie   pa)yuiie   L,    (+)    Mat    (-),    6ld   Td     onu€ta

t   abTfie.    ZnToOvTou   at   uLya6lwat   ouvapTho€Le   ®o(z)    Mat   q'o(Z)

Tfie   €nLn€6ou   Se®ptae   Tfie   €^aoTiw6TriToe,   a€TLv€e   6Ld    |z|    +   co

^quBdvouv   Tiv  uopapiv:
®o ( z ) =r+® ( z )  , (|a)
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uro  ( Z ) =1. ' +ur ( z )  ,

5vsct  i
r=E(Ni+N2)+#  i

r'=-i(Ni-N2)e-2±°,

(18)

(2a)

(28)

u€   Ni   ltat   N2   Tds   wuptae   Tdoel§   ete   Thv  Ttepioxfiv   Too  diTetoou,
a   Tfiv   ya)vtav   u€TaEb   Tfie   Ni   Wac   Too   &EoVo§   OX   Wac   eco   Thv   Tl-

ufiv   Tfie   n€oLOTpoapfi§   E:te   Tfiv   nepLoxhv   Too   d"etpou         {MuSKHE-
LISHVILI    ,       1953A,    §    120}.   At   uLya6lwqt   ouvapTfioeLs   @(z)    Wac

P(z)    Tetvouv   gte   T6   un6€v   6Ld   z   +   co.
"H6n   €xouev   €nt   T@v   6bo  n^cup@v   Tii§   pa]yufie   Tde   wdTa)Sl   6-

pLowde  ouvsfiwae.
`                _                      __          .                 _           -+

++++++
a:-ioI-a;(t,+a;,t,+#[E®;-,t,+g;(t,]'                                  ,3,

atTivec   6i.dSpotoe®e  lta[   dq>aip€o?a]e  waTd  u€^n,   ^auBavou€vaJv
bn.6ulLv   wac   T@v   ox5oea]v    (I)  ,   6t6ouv   dvTLOTotxa]e:

[®+,t,+a-(t,]+I;IIIT+J=ltT]+#(E[®,+(t,+a,-,t,]+

+[p+(t,+p-,t,])=2FT

Mat:

[®+(t,-a-,t,]+[:ITIT-:=itT]+#(E[®.+,t,-a,-(t,,+

+ [qu+ (t) -y-(t) ]
)
=2giv,

6nou   €T€Srioav:
___

2p (t) = (o±+o=) +i (of+ot) -2 (I+i) -2F'§E   ,

2q (t) = (o=-o=) +i (of-o=)  .

(48)

Ae6ouEvou   6Ti   fi   ouvdpTTioue   a(z)    e[vaL   6^6uopapoe   €q>'6^ou

Too   €nLn€6ou   n^iv   Tfie   pajyufie,   fiTOL   TunuaT"@e          6^6uopapoc,
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ets   6€   Tfiv   TtepLoxTivToO   dnetpou   €X€Lt   d]§      Ttpocrveap€psn,   6T[a)e

wac-f`   P(z)    Tfiv   ouun€pi(ooodv:

a(z,   =  a,i,'     ¥(z,   =  a(i,' (6)

9ecDpobuev   6Ti   fi   ®(z)   naptoTaTaL   bn6   Too   6^ow^T|pd>uaToe   CAU-

CHY:

a(z,  = 2± `L#T,                                                  ,7,

xcDote   vd   €xn   Tt6^Oue   ecT€   ete   OuyMeMPLuevov   TL   OTiuecov      TOo

eTtin€6ou,   ecTe   ele   T6  &neipov,   was'6oov   bnoTtseTai   6Ti   6€v
baptoTovTai   ouyw€vTpou€vaL   6uvdueie   ete   oTiuec6v   Ti   Too   6ni-
n€6ou,   at   6€   TdoeLe   €1e   T6   &n€Lpov   6€v   €ni6poOv      €n[        Tfie
a(z)    €Tti6€iwvuobone   Tfiv   ouunepLq>opdv    (6)    ^6yap  wac   T@v   ox€-

o€cDv    (i)    kat     (2).

Aex6uesoi  d]oabTcoc   6Ti   aL   ouvapTfioeie  a:(t) ,   a:(t)  wac at
€E   deT@v   TtpoMbTtTouoou   p(t)   Mat   q(t)    6id   T@v   ox€oea]v    (5)    t-

wavonoioov   Tfiv   ouv9Tiwnv   II0LDER    (fi   u€   eMS€Tnv   I  Tfivouv9fiwTiv

LIPSCHITZ)  ,   T6   abT6   6€   Sea]petTai    toxoov   6Ld   Tfiv     Ttultv6TnTa

ap(t)    Too   6^ow^TipduaToe   CAUCH¥    (7)  .
'Ek   T@v   TbTta]v   Too   PLEMELJ   fi6Ti   ^6vq>   Tfie    (7)    gxou€V:

a+(t)-®-(t)    =   ap(t)'

a+,t,+a-,t,  = i `L#dT

wac    6e6ou€vou   6TL   {GAKIIOV,1966,    §44}'  :

z+t±[®,(z,,    =    [®±(t,],'
|im

noowbTtTouv   &]oabT®e   €tt   T@v    (8)    aL   MdTCD9i   ox€oeLe:

a,+(t)-a,-(t)    =   (D,(t)'

(8a)

(88)

(9)

( loo)
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®'+,t,+a,-(t,  = = )L#dT.

A6yq]   T@v    (8)    Mat     (10)    f`    (48)    6t6ci:

v+tt)-v-tt7=¥{2ETE7-ptt7-arE7}-E"7.

(lop)

(11)

'Ew   Tfie   ox€o€cos    (11)   ouvdy€Tai   6Ti      fi     ouvd,pTnoie   ¥(z),

TunuaTitt@e   6^6uopapos   €®'6^ou   Too   €Tun€6ou  Tt^fiv      Tfie   pa)vufie
L,   a)e  .wat   fi   a(z),   ttat   u€   ouunepitoopdv   MaTd  Thv  ox€oiv      (6)
ete   Thv  nepioxfiv   Too  &Ttetpou  6bvaTai   vd  €wtopaosfi     ouvapTfr
Gel   Tfis   nuwv6TnTo§   ap(t)    Too   6^ow^npchuaToe   CAUCIIY    (7)d>e   wo.I

Tfi§   6e6ou€vne,   BdoeL   Tfie   ox6oe®e    (58)  ,   ouvapTfioecDe   q(t)    d]e

wdTa)S| :

Vtz)  = i /LEEiaT-±/LE±aF-±,'L-i:j=+dT       tl27

^auBavou€Vav  bn'6uiv  kat   T@v   Tbnav   Too  PLEMELJ   d>§     Mat   Too

yeyov6Toe   6Ti :

tap,t,]  ,=  E¢p,(t,+gap,t,.                                                                (13,

T6  Ttp6B^nud  uae   fi6n   dvdyeTai   etc   T6v  Ttpoo6Lopiou6v   Tfi§

ouvapTfioecoe   ap(t)    €Ttt   Tfie   pcoyufie   L   wac,6e6ou€vou   6Ti      al   6-

piawat   ouvsfiwaL    (3)    dvfixsnoav   ele   Tde    (4),   €F   @v   fi    (48)    €-
na^nsebeTai   €tt   TauT6TnToe   de   €w   Tfie   €w^oyfie    (12)    Tfi§     uoP-

q]fie   Tfie   ouvapTfio€a>s   T(z)  ,   dnou€vei   f`   Tt^hpcoc}ie   Tfie      6pioutfie
ouvShJtT|s    (4a)  ,   fiTie,   ^auBavou€vav   bn.6iuiv   T@v   TbTtov      (88)  ,

(loo)    de   wac   T@v   Tbna]v   Too   PLEMELJ,   otTivee   ^6yap Tfic€wappd-
oecoe    (12)   Tt€pav   Tfie   ox€oea]s    (11)    6t6ouv:

v+ tt) +v-tt>  = i }LE=aF-i ,(L=aT-

-=`L#dT'       . (14)
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^auBdvei   Te^Lw@e   Thv   eEfie   uopchv:

±jL#dT-±,'L=aT-={±/L=aT+

+±jLap(I)f*dT}=  2If)-±= jLEBdi.        (15)

`H  ox€oie    (15)   droTe^et   utov   16i6uopapov  6^ow^npa>Tuthv€E'-

tocooiv     u€   &yvcoTov   ouvdpTnoLv   Thv   ®(t)  .   Hpoo6Lopiou6e   Tfic
ouvapThoea]e   TabTne   enLTpeTteL   Ttpoo6iopiou6v  wac   T@v     ouvap-
Tfio€cov   a(z)    Mat   T(z),    BdoeL   T@v   ox€oeav    (7)   Hat    (12),      t4at

nepaLT€PaJ   T@V   ®o(Z)    wac   nyo(Z)    Bdoei    T@v   ox€oecov    (I).    'En[-

^uoLs   w^eLOTfie   uopapfie   Tfie    16Lou6papou   6^ot{^npcoTiwfie      €ELoch-

oea>e    (15)    6€v   ervaL   6tjvaTh      n^fiv   d>piou€va]v  et6iM@vTtepiTtTd>-

oecov.'Ev   TobToie   grvai   6uvaTfi   fi   TtpooeyyioTiwfi   €Ttt^uote   TTie

6L.dvaycoyfis   TTie   ele   €v  oboTTiua  6bo  npayuaTiM@v      16Lou6p®cov

6^olt^npcoTLtt@v   €ELod]oeav,   d>s   S€^ei   ekTesfi   t4aTa]T€p®.

Hp€Ttei   vd  onueicDffi   d]ocrdTCDe   6Ti   6id  Tde     ueTaToittoeie   u

wac   v  ttaTd  ufiwos   Tfis   pcoyufie   L  6q>et^ei   vd   toxbn   f`   ox€oie:

jLd(u+-u-)+i/Ld(V++V-)   =   0    ,                                                            (|6)

fiToi   vd  €xa>uev   uovooTludvToue   ueTaTOTttoeis   waTd  ufiMoe,       Tfie

paJyufi§   L.   AauBdvovTee   bTt'6ULv   6Ti :

2u[-utzltivtz7 ]   =  -w/5FTaz+Z®otz7+)vo tz>dz                ti7J

6id  Tux6v   cmuetov   z   Too   €Ttin€6ou   €xouev   €Ttt   Tfie   oa>yufie   L:

2u[-u± ttt +iv± tti ]   =   -„ [/6TTEtaE] ±+E®: tti +

+[`nyo,t,dt]±

wac   Ttapaya]ytEovTee   che  Ttp6§  I  ^auBdvouev:

(18)
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2u(-*+idy=)=®:(t,-"SIT,+

+=(E®6±,t,+ny:(t,), (19)

fiTLe   ox€oLe   ervai   dvd^oyoe   Tfie    (3)    toxuobone   6LdTdeTdoeie.
"H6n   ^6yap  Too   Tbnou    (19)   f`   ouv9fiwn    (16)    6uvauevn   vd  €k-

appcrodii   Mat    de§:

2u `L{-al=Eul+±d[v+tt=v-tt]])aE=  0         t20,

ypdap€Tai    ^6yin  Mat    T@v   Ox€O€cOv    (I)  :

/L[®+ttt-a-ttj]aE"/L[6TTEJ-a=lIJ]at+jLE[®'+tti-

-a , _ (t) ] dt+
)L [v+(t)-v-(t)]dt  =   o   , (21)

^auBdvovTee   6€   bn'6Uiv   Tots   TbTtoue    (8a),    (loo)   wac    (11)    €-

xou€v   Te^iM@s   Tfiv   ouvsfiwnv:

tM+i]}Ldr>aE  =   2/LFT7aE  ,

fiTLe   yodapeTaL    Mat    che:

/ILO(TidT  =  +1  jLq(TidT   .

HapaTnpoouev   €ntone     6Ti,
€&v   ecg   TL   OT\ue€Ov   I   Maunb^Tie

L     on   Wac   ot   e{val   fi     t4dseToe
wac   fi   etpaTtToueviwfi   ouvioT@oai

T@v   €Ecrowouu€vcov      Tdoea]v      t4a[

X     wac   Y     at   waTd  Tote   &Eovaenn
Ox  t{at   Oy   €Eac"obuevaL   apopTt-
oeue,    Ttpoo€Ti   6€   S(I)    fi   ya}vta

(22)

(23)

Exfiua   2
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ucTaEb   Too   &Eovoe   Ox  Ma[   Tfis   €®cmTouEvne   Tfie  Maunb^neL   ete
T6  oTiuetov   I   abTfie,   d]e   ete   T6   &va]T€pco   I:xfiua   2,   T6T€   8d     €-

xa)uev   €Tt[   oTOLxeid>6oue   T6F,ou   ds:

dT   =   ds   e±S(I)    ,                                                                                                (24a)
/

aF  =   ds   e-±9(I)                                                                                              (248)

wac   €ntgne:

On+iot   =    (Xn+iYn)e-±[S(I)-T]    =   +i(Xn+i¥n)e-±9(T}(25a)

fi   d^^cos:

Xn+±Yn   =   -i(On+lot)e±S(I), (258)

6Tt6T€,    ^quBavou€vTie   ttTt'6uLv   Mat   Tfie   ox€o€cDc    (58)  ,    ^6yap  wac

TT~i§    (24a)    6LonioToOTaL    6TL    €nt    Tfie   pcDyufie   L:

X+iY   =   /L{`X=-X:)+i(Y:-Y=)}ds   =   -2i/Lq(I)dT    t                  (26)

fiTOL   fi   ouvo^ilt@s   6Eac"ouu€vn   €nt   Tfie   pcoyufis   L   6bvauie  (X+iY)
ervai   dvd^oyoe   Too   6eEioo   u€^oue   Tfie   ouvshwTie    (23)  .

HapaTTipoou€v   npoo€TL   6TL,    edv   9€ocDuev:

ap(t)    =   f(t)+g(t),
€v8a:

f (t)  -2qJ|  'x+i

(27)

(28)

T6T€   fi   ouvsfiMTi    (23)    i   €Eaoapa^tEouoa  T6   uovoohuovTov  T@vue-

TaTontoecov   dTt^oTtoL€tTaL   ^auBdvolJoa   Thv   uoptDfiv :
+

'L9(I)dT   =    O~                                                                                                                       (29)

f`   6€    i6L6uopapoe   6^ow^Tipa]TLwfi   €ECocooie    (15)    6bvaTaL   vd   9eco=

pTisfi   die   €xouoa  &yvcoTov   ouvdpTnoLv   Tfiv   g(t)  ,   Tfie   f (t)6i6o-

u€vne   bTt6   Tfie   ox€oecoe    (28)  ,    ^auBdvouoa   obTco   Tfiv   uoptofiv:
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i/L#dT-±/L=aT-={±/LEEaF+

+±jLg(I)f#T}=2FT)-i,lLEgdT+

+i;L=aF-={"i)LEEaT-

-±;Lf(I, (30)

Auvduesa  fi6Ti   vd   6decDuev   apuoiMfiv   epunv€tov   T@v   ouvapTh-

oeav   f(t),    g(t)    wac   ap(t)    T@v   €u®ovLEouevav   dvcDT€pco        BdoeL

oToix€icD6aiv   ow€iLiecov   dva^bovTee   Tfiv   pcDyulv,   Tfiv   6notov      u€-

^€T@uev,    ete   oeipdv   dTteipooT@v   t4at   &Tt€tpcDe   n^notov     M€iu€-

vav   ouyMevTpcou€vav   6uvduecov   Mat   ueTcoT&oecov.

®€a]poouev   obTCD   6TL    gLe   Tux6v   oTi-

uetov   zo   Too   dTT€tpou   6niTt€6ou,dje   ete
T6   I:Xfiua   3   napaTt^€bpcoe,      i(Dapu6EeTaL

ouyJtevTocou€vn   6bvauLe     u5   ouvioTtfoae

(X,¥)    waTd  Tde   6i€usbvoeLe   T@v     dE6-    o
van   Ox  wac   Oy   dvTioTotxcoe.Ele  TfivTt€-

ptnTcooiv   TabTT|v   ai   uiya6LttCh[      ouvao-
Exfiua   3

TfioeLe'   a(z)    Mat    ¥(z)    T[ap€xovTai    bTt6   T@v      Tt)Ttcov         {  ENGLAND,

1971A,  §  3.  2   }  :

®(z)    -- X+iY          i
2n(M+i)   Z-Zo    '

I         x+iy             zo" = # zlo-zrfuTIT =  '
( 3 |a)

(31B)

ebk6^cos   6€   €na^Ti8€b€TaL   6TL   fi   ouvioTau€vn   6t)vauLe   i      €v€p-

yoooa   €TTt   Tivoc   ltauTtb^ne   L,   6x[   dvayltatcoe   oToix€Lch6ouc,d^-
^d  iiepiBa^^oboTie   T6   oTiu€Cov   zo,    Too   u€oou   S€cooouu€vou      eM-

TeLvouevou   €Eco   Tfie   L,    ioooTai    u€    (X,Y).
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KaT.dvd^oyov   Tp6Ttov,   €dv   Seopnap   6Ti   ete   T6  onuetov   zo
ttaptoTaTai   ueTdoTcoLc   u€   6idvuoua   BURGERS    (BL,   82)    waTd   Tdc

6ieusbvoeie   T@v   dF,6vcov   Ox  Mat   Oy   dvTioTotxoc,   at   uiya6Lwat

ouvaoTfioeie   ®(z)    Mat    xp(z)    Ttap€xovTai   ttTt6   T@v      eFfic      Tt)Ttcov,

OcTLv€e   €[vOu    €vTe^@e   dvd^OyoL    T@v    (31)  :

a(z)    =

V(z)    =-

u(B1+i82)         i
lli (M+i)       Z-Z

u(B1-i82)        i
Tti(M+i)        Z-Zo

u(Bi+i82)          Zo

z-zo,2    ,

(32a)

(32B)

e6w6^aJs   66   €Tta^nseberou      6Ti      fi      ueTaBo^fi   T@v   ueTaTOTtLc}eav

waTd  ufiMoe   Tfie  Ttpovatpeps€tone   ltauTtb^ne   L   6€v   toooTai  u€ uTi-
6€V   ueTd  utav   Tt^fipn   oTpoofv,   d^^d  6t6eL   6iaapopdv   u€TaTOTtt-

o€cov   Conv   np6e    (Bit    82)  .

A€ov   €Ttt6ne   vd  onueLcoofT   6Ti   6id   T@v   TbTtov    (31)    €Eaoqu-

^tEeTou   T6   uovooTiuovTov   T@v   ueTaTOTttoeav   6id   Thv     TteptTtTo-

oiv   Tfie   ouyltevTpcou€vns   6uvdu€ajc,   u€   un6eviwTiv  ueTaBo^hv T@v

ueTaTOTttoecov   ueTd   utav   Tt^fipTi   oTpoq)T|v   Ttept   T6   onuecov  Zo tta-

Td     iiflwoe   Tfie   ltauTtb^nc   L,   dioauToc   6€   6id   T@v   TbTtov    (32)€E-

aotj]a^tceTai      6TL   fi   ouvioTau€vn   T@v   6Ttt   Tfis   "auTtT)^nc   L   €Ea-
owouu€vav   6uvdueav,   Too   u€oou   Oecopouu€vou   dne[pou  Mat  €wT6C
Tfie   L   "eLu€vou,    toooTaL   Ttp6e   un6€v.

®eopoouev   Td]pa   Tfiv   pcDyufiv   Too   ExfiuaTos   I   a)c   ouvTlseu€-

vTiv   €E   dnetpa>v, &neipooTG)v   wac   dr€tpcos   Tt^Tiotov  weiu€vavouy-

wevTpcou€vav   6uvdueav   u€   Ttuwv6TnTa   [Xn(t)+iYn(t)]   dc   Mat   6-
Tttone   dTtetpa)v,   dTteipooT@v   Mat   dne[p®e   n^notov   Meiu6v®v   uE:-

TaoTdoeav   u€   Ttukv6TnTa   [8[ (t) +i82 (t) ] .
Auvdue9a   T6Te   vd   6MappdocDuev   Tde   ouvapThoeLe   a(z)         wac

¥(z)    T@v   TbTtcov    (I)    6id   Tfiv   pcoyutiv   ^quBdvovTes   I)Tt.6Ulv      Ma[     1

Tote   TbTtoue    (31)    wac     (32)    d]e   wdTco8u

"  =  i  jLf (T±±Z(I)dT, ( 3 3a)



20

vtz>  =     ±jLItEE±=ffilaT-±;Lf-::::2ttiFdT,       t33B>

5vsa   €xpTioiuonoLfisTioav  Ttp6e   6ieuw6^uvcJiv   Too  ouuBo^Louot} at
ouvapTfioeLe   f (t)    wac   g(t)  ,   dvd^oyoL   T@v   TTuwvoTtiTCDv   ouytt€v-

TPcDu€VcoV   6uvduea)V    [Xn(t)+iYn(t)]    t{at       u€TcOTdo€CDV       [BL(t)+

i82 (t) ]    dvTLOTotxcDe   Mat   ouv6e6uevou   u€Td   T@v  Te^euT'a,tov6Ld

T@V   Ox€Oea)V:

f (t)   =+

g(t)   =-

i [xn (t) +iyn (t) ]
7t+|

2u[Bi (t) +±82 (t) ]

7t+i

(34a)

(34B)

Tde   ouvapTfioeie   f (t)   wac   g(t)    6uvdu€Sa  lta,Td   Td  dvcDT€pco
vd  6voudocouev   ouvapTfio€ ie   6uvduecov  wac   u€TaoTdoE:cov        dvTL-

oTotxco§.    ETiu€ioouev   €ntone   6Ti   fi      nuwv6TTic:      ouywevTpcDu€vcov

6uvdu€cov   6Ld   Tfiv   neptTtTcooiv   Tfie  pcoyufie  toooTa,i  u€  [-2iq(t) ]  ,

^6yap  Tfie   ox€o€coe    (58)  ,   6Te   f`   ox€oLe    (34a)    ^auBdvei  Tivt6t-

ov   uopapfiv   u5   Tfiv    (28)  ,   d]oabTa]e   6€,€dv   6otoa]uev   Tfiv     ouvdp-
TTioiv   q>(t)    6id   Tbiiou  dva^6you   Too    (27),  napaTTipoouev   6TI   ot

TbnoL    (33)    ucTontnTouv   et§   Tote(7)    Mat       (12),   ^auBcivou€vne

bn'6ULv   Mat   Tile   ox€o€coe    (28)  ,   Tote   xpnoiuonoins€vTas     waTd
Tfiv   Ttponyouu€vTiv   dvdrTUEiv.   HepLTTeb€i   obTco  vd     €Tta^Tiseusfi

6TL   Bdoei   T@v   €wappdoea]v   (33)    6uvduesa   ebxep@e   vd  waTa^tiF,co-

uev   ete   Tfiv   t6i6uop(pov   6^ow^TipcoTLwhv   €Etoa]oiv    (30)   u€&yvco-
oTov   ouvdpTTioiv     Thv   ouvdpTTioiv   ueTcoTdo€av   g(t)  ,   Tfic   ouV-
cxpTfio€coe   6uvdu€cov   f (t)    6L6ouevne,d]e   npoava®€pSTi,bTt6  Too Tb-

iiou    (28)  ,   fi   ete   Thv   t6i6uopapov   6^ow^npcoTiwhv   €EtocooLv    (15)

u€   &yvcooTov   ouvdpTTioLv   Tfiv   nuwv6TnTa  tp(t)    Too      6^ow^Tipd>ua-
Toe   CAUCHY    (7)    Too   6MappdEovToe      Thv      uLya6iwfiv      ouvdpTTioLv

®(z)  ,   fiTie   nuwv6Tne   ltaTd   Td  dvcoT€p®   €wT€SevTa  toooTai  u6   T6

&SpoLoua   T@v   ouvapThoea)v   6uvdu€cov   ltat   ueTaoTdoecov   f (t)   Mat

g(t)    dvTioTotxcDe   toxuoboTis   Tfie   ox€oecDe    (27)    wac   TauTiEou€-
vcov    T@v   Tbncov    (7)    wac     (33a)    d]e   wac    T@v     (12)    wac     (338).
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Etc   fiv   TteptiiTti)ouv   ai   €Eaowouuevou   toopTtoelc    €Ttt         T@v

Tt^eupa>v   Tfis   pcoyufie   eJvai   dvTtseToi,   fi   ox€oLe    (58)    6Ti^ot   6-

Ti   €xouev   T6Te,   ^6yap  ltat    Tfie    (28):

f (t)   -q(t)   -0   , (35)

fiTOL   un6evtEeTai   fi   ouvdpTnoic   6uvduea]v,   6€v   ttTtdpxouv   6Ti^a-
6fi   ltaTd  ufilto§   Tfis   pcoyufie   ouyltevTpcouEvai   6uvdueic,   dJ§   eJvai

Ttpoapav€s,   Ttpoo€Ti    6€   fi   Ttuwv6Tns   tD(t)    TauTtEeTai   u€  Ttivouv-

dpTnoLv   g(t),^6w   T@v   ox€oecov    (27)    wac     (35),   fiTOL:

g(t)    -ap(t), (36)

aL    6€    i6i6uopq)oi   6^ott^npcDTiwat   €Fiocbo€ic    (15)    Itcit    (30)    ^6-

yo  wac   Tfis   ox€oeoc    (35)    ^auBdvouv   Ttiv   eEfic        fiTt^oTtoinu5vnv

uopapfiv   kaT6Ttiv   dTta^oiq]fis   6pav   T@v   6euT€pcov   ue^@v   at)TG}v :

±jL#dT-±/L=aF-={±£E=a=+

+ini =  2If ) . (37)

Hp€Ttei   TtdvTcos   vd  oTiueicosfi   6TL   fi   epuTiveta   T@v   €IttDpdoeav

Ta>iv   ouvapTfioecov   a(z)    wac   ¥(z)    chc   ltat    T@v   TtpokuTtTouo@v    16i-

ou6pq>ov   6^olt^npoTilt@v   €Eiod]oeav   6Ld   xphoecoe   T@v  €woirty T@v

ouyltevTpa]u€vav   6uvduecov   itat   T@v   ueTaoTdoecov   ervai  a,Tt^@s ep-

unveta  Ttp6s   ttaTav6Tioiv   Tot)Tcov,    6Ld   ToOTo   6€   Itat   fi      dTt66E:i<+

Ete   Tav   6€v   €oTnptxt}n   ets   TT|v   epunve[av   TauTTiv.
AL    16i6uopapoi    6^ow^npcoTLi{at    €Eiodx]eLc    (15),        (30)       Mat

(37)    ervai   dltpiBa>§   Tfis   16tac   uoptpfic   ufi   6iaapepouoai,   et      uti
waTd  T6   6euTepov   u€^oc   TobTav,   T6   6Ttocov   ervaL   yvcoTh   ouv-
dpTnol§   waTd  ufiwos   Tfis   pajyufic.   .M.5   T6v   ouuBo^Lou6v        ^oiTt6v

Tfis    (37)    Sd  dvaydya3uev   Tat)Tag   ets   ot)oTnua   6Uo     TtpayuaTLw@v

t6iou6papav   6^ok^npcoTiwa)v   €Eiodx]eav  u€. dyvdx]T6us   ouvapTfioeis
Tds   hL(S)    quat   h2(S)    u€   ueTaB^TITTiv   s    T6   t!filtos      Tfie   pcoyufi§   L
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JtaTd  ufiwoe   TabTnc  ltasopiEou€vas   Bdoei   Tfie  ox5oea)e:

h(s)    =  h[(s)+ih2(S)   =   g(t)g  =   g(t)e±S(t).

t  =  t(s) (38a)

(^6yap  ltat    Tfie   ox€oecos    (24a))  ,   fiTic   €Tti^uou€vTi   die   iTp6s   g(t)

6t 6e 1 :

g(t)    =   h(S)/g  =    [hL(S)+ih2(S)]e-±S(t).                              (388)

-H6n   f`    i6i6uoptpoe   6^ott^npa>Tiwh   eEtocoLe    (37)         ^auBdv€L

Tfiv   uopapfiv:

:Ee`L#S+
+ ie2is(a ) '
nJL

=  pTfi, ,

h2 (S ) rm [T (S ) -t (a)  ] +h 1 (s ) f?e  [ I (s ) -t (a)  ]

[T (S ) -t (a)  ] 2

(39)

5vsa   €xpncJiuoTtoih8noav   f\   ueTaB^nTfi   s,   ufiwoe   T6F,ou   ltaTd   ufi-
woc   Tfic   pcoyufie,   dvTt   Tfie   ueTaB^TiTfis   I,   Ita8'6oov   fi   ucTaB^T|-

Th   s   eJvai   TtpayuaTiMTL   €v¢  fi   I   uiya6iltrfu   wac   6uotcoe   f\      ue-

TaB^TiTT|   a,   Tto6e   6LdltpioLv   dTt6   Tfiv   s,   TtapioT@oa   6ucos      Ttd^iv

T6   ufilto§   T6Eou   ltaTd   ufiwoe   Tfie   pa)yufic,dvTt  TficueTaB^nTfie   t.
'Edv   Secopfiocouev   fi6r\   Tde   Ttapau€TPLwde   €EiodxJ€Le   Tfie      p®-

y ufi e :
x   =   x(S),    y   =y(S)t    Si    <    S    <    S2     J

6T€      6uvdu€Sa  vd  ypducou€v:

I   =   X(S)+iy(S)     ,

t   =   x(cJ)+iy(a)    '

wac    €TttoTie   S€OcOu€v:

sl    <    S    <    S2        ,

(40a)

(408)



p(a)   =   pl(a)+ip2(a)  '

^dBcouev   6€   bn'6Uiv   6TL:

tans,a, -ra  ,
6Te   npowbiiTeL :

e2±S(a)   =   cos2S(a)+i  sin2S(a)    =

x , 2 ,a, -y , 2 ,a) 2x'  (a)y '  (a)

x'2(a)+y'2(a)     .+x'2(a)+y'2(a)

(42)

(43)

6uvdu€Sa  vd  dva^boa]uev   Tfiv   t6i6uopapov   6^oM^npcDTilthv   €E[ocD-

oLv    (39)    elc   6bo  TtpayuaTiwde   t6iou6ptDouc   6^olt^npcoTutde  6E-

Lod>Oeis   ,    aDs    €TteTai,:

X*  (S ) h2  (S ) -Y* (S ) hi (S )

x*2  (s ) +v*2  (s )

-:/L y*  (S)h2  (S) +x* (s)h[ (s)

[x*2  (s) +y*2  (s)  ] 2

-y*2  (s) ] 2x '  (a)

x , 2  (a) +y , 2  (a,

-2x* (s)y* (s) x , 2  ,a) -y , 2

x , 2  ,a, +y , 2 (a)

(s ) +x*  (S ) hL  (S )

[x*2  (s) +y*2  (s)  ] 2

-y * 2  ( s ,]
x , 2  (a, +y , 2  (a)

+2x* (s ) y* (s )

[x*2  ,s, -

-pl (a)

[x*2  (s) -

2x'  (a)y '  (a)

x , 2 ,a, +y , 2 ,a)

(44a)

=   -p2`O)     ,                        (448)
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5vsa   €T€Sn:

I(S)-t(a)    =    [X(S)-X(a)]+i[y(S)-y(a)J    =

=   x*(s)+iy*(s,    .
(45)

rlp€Ttei   vd  tjTtevsuutocDuev   €vTat}8a   6Ti   T6   oboTTiua   T@v      6-

^ok^T|poTilt@v   €Eiod>oecov    (39)    €Eowo^ousec   vd   eJvaL       t6L6uop-

(POV,   ToOTo   6€   et)St)s   tDatveTai,   Itas'6oov   6id  a  =   s     at      ouv-

CroTfioels   x*(s)    Itat   y*(s)    d]§   €It   Too   6piouoo   Tov    (45)       uri6e-

vtEovTaL   Ita[    Td   6^ok^npd>uaTa   T@v   6^ow^TipcoTLw@v         €ELodeecov

(44)    €xouv   ouvTe^eoTds   T@v   dyvdeTov   ouvapTtioeov     h[(s)   Mat
h2(s)    dnelpLEou€voue,    6e6ou€vou   6€   6Ti   fi   pcoyufi   L      €Secopisn

€`E   dpxfie   ^€[a,    6Te   baptoTovTai   TtE:Tt€paou€vaL      TtapdycoyoL       T@v

ouvapTTioeav   x(s)    Itat   y(s)    Mas'6^ov   T6   ufiMoc   Tfie      pcDyufie   L,

toxb€i          6n^a6i   6id  s   +  cI:

lip  +  a(

=|im

x (s ) -x (a)
S-a +irfu)-=_yJ_-9JS-a

x* (s ) +iy* (s ) =   x,(s)+iy'(s)     , (46)

€TteTai   6TL   Td  6^ow^r`pchuaTa   T@v    t6iou6papav   6^ow^npcDTLw@V  €E-

Lod>oecov       (44).   ervai    Tt}Ttou   CAUCHY.    ALd   Too.Ta   tta[    at       €Eiod>-

oeLe   abTaL,    6id  vd   €Tu^uSoOv   dpL8unTLM@e,   Sd  Ttp€nn   fi   vd  d-

vaxsoov   E:£e   €ELod]oeLe   FREDHOLM,   npdyij.a   &wpa]e   €Tttnovov   ^6yap

T@v   Tto^uTt^6wcDv   nupfivav   T@v   6^ow^T|p®udTCDv,    fi   vd         €TtL^uSoOv

dr'eb8€tae   6i'ct6Lwfie   u€$66ou   dpisunTiwfic   eTti^bo€®s,   €ap'fie
8d   6Ttcrv€^Sa)u€v.

•Aedva{p€pcouev   T€^oe   6TL   uLya6LWTi   c}uvsiwTi   Tfie   uoptofie:

)L g(I)dT   =   AL+iA2    t                                                                                              (47)

d>e   i    (23)    €Tta^nseuou€vTi   t)n6   Tfie   ap(t)    fi      fi       (29)   €Tta^n8euo-

uEVTi       tjn6   Tfis   g(t)    ^6yq>   T@v   ox€oE:cov    (38)    &va^beTaL    E:1e   Tde

eEfie   6bo  npayuaTiwde   ouvST|Itae:



`L

`L

hL(S)ds   =   Ai    t

h2(S)ds   =   A2    t (478)

cx[Tivce   ouun^Tipoov   T6   o\)oTnua   T@v   TtpayuaTiM@v  t6iou6papcov6-

^ow^npcoTLw@v   €Eiotboecov    (44)  .
"Af,   €apapu6oa]uev   fi6n   Tfiv   6^ott^npcoTiwtiv   €EtocooLv    (15)    €1e

Thv   neptTtTcooLv   dn^fie   €b8uypduuou   pcoyufie   €MTeLvou€vTie      MaTd

ufiTtoe   Tot}   TtpayuaTLwoO   &Eovo€   u€:

a   <   t   <   a.

T6T€   €Xou€V:

t  =  I  ,  dt  =  aE

(48)

(49)

wac   fi   €EtocooLe    (15)    ^auBdv€i   Tfiv   ttdTcosi   uoptotiv   S€copouu€vTie

ud^LOTa   Tfie   ouEuyooe   TabTne:

i /L#dT = a(t,+=`L#T,
fiTie   ypaapou€vTi   d>e:

±  /Lap(T±=E(I)dT   =  p(t)

6t6ei   de   ^boLv   Tns   Tfiv   {MusKHELlsHvlLI,    ig53B,§88}:

ap(t)    =   q(t)+

€vfro   €T€Sn:

X(z)    =       (z-a)(z-a)     ,

¥dT+# '

(50)

(51)

(52)

(53)

wac   C   oTas€pd,    6n6Te   ^auBavouEvcov   bTt'6ULv      T@v      TbTtcov      Too

PLEMELJ    (8)       d]e   wac    T@v   6Ld   ouvdpTnoLv   Ttpoo6LopLEou€vTiv    €M

Too   Tbnou:
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„ = ri }LngdT+ rfu (54)

ioxuouo@v,    BdoeL   T@v   TbiTcov   Tot}   PLEMELJ,   ox€oecov      dvTioTot-

xOv   T@v    (8)    ueTaF,b   Ta>v   6piow@v   Tiu@v   TTie:

®+(t)+a-(t)    =   v(t,,

a+,t,-a-(t, -± `L¥d,.#
npoJtbnT€L   6Ti,    ioxuouo@v   T@v   ox€o€av    (7)    Mat    (52)       6id   Thv

6E€TaEou€vnv   TteptTtTcooiv   Tfie   eb9uypduuou   pcoyufie,   Sd  Ttp€Ttn   f`

crovdpTnoie   ®(z)    vd   6t6eTai   ttTt6  Tot}   TbTtou:

®tzi  =  ±  jLq±+dT+zHinfL¥Ji±=prdT+gtT   .     t56t

`H   ouvdpTnoic   ®(z)       Tetvei    ets   T6   un6€v   6id   z   +   co,d>s   d>-

q,c 1 ^ev .

Aid  T6v  Ttp006iopiou6v   Tfie   OTasepde   c   Sd     xpnoiuoTtoinen

fi   ouvch"n    (23)    Tot}   uovoonudvTou   T@v   ueTaTOTttoecDv,   fiTie   6i,d

ueTas€oeoc   Tfie   "auTtb^ne   L   Tot}   6^o"^npdjuaToe   Toi3  Ttpd]Tou   u€-
^oue   u€xpL    Too   dTtetpou   wtm^ou   ouuapd>vcoc   Ttp6c   T6   Sed>pnua   Tot)

CAUCHY   ttat   ^auBavou€vn§   t)Tt'6Uiv   Tfis   ox€oecoc    (56)    6[6el:

/Lq(I)dT+2nic  =  ±  jLq(I)dTt                                                   (57)

dIT6   6iTou   €TteTai   6Ti:

C  =  ±  E=£  //Lq(I)dT.                                                                      (58)

`H   ouvdpTT|ois   ¥(z)    6t6eTai   ttTt6   Tot)   TbTtou    (12),      5v8a     f\

ouvdpTnoie   q>(t)    6t6eTou   tjTt6   TOO   TbTtou    (52)  .Euvns€oTepov   6-

tjcos   dvTt   Tfie   ouvapThoeaje   uJ(z)    etc   Thv   Ttep[TtTcooiv   etJSuypdu-

uou   pcoyufic   xpnoLuoTtoietTai   fi   ouvdpTnoie   a(z)      6piEou€vn   ale
{..MUSKHEHSHVILI,19 5 3A , § 12 0}  :



a(z)  =  6(z)+z6'  (z)+5(z)  ,

fi,    Gap.    6oov   S€a)phocouev   Mat   Thv   €ts   T6   dTteLpov   ap6pTLoiv,      f`

ouvdpTTioue   Qo(z)    6piEou€vn   d>e:

Qo(Z)     =   ®o(z)+z®6(z)+¥o(z),                                                                            (6o)

^auBchvou€vcov   6€   t>n'   6Uiv   Mat   T@v   TbncDv    (I)    ebptc"ouev:

Qo(z)    -Il+Il,+a(z)  . (61)

`H   ouvdpTnoLc   a(z)    Tetvei   ripoapov@s        ete     T6     un6€v   6i.

I  z  I  +co  .

A6yap   T@v   ox€o€cDv    (8),     (10)    wac     (11)    fit   Tfte    (59)    ^quBd-

VOuE:V :

a+(t)-a-(t)   =   ap(t,-2q(t,, (62)

€vsa   €^hapsn   d>oat)TCDs   tTt.6Uiv   6Ti,    €dv   ulya6iltfi        ouvdpTnoic

®(z)    6t6eTai    tjTt6   Tot)   Tt)iTou:

a(Z)  =  i  jL#dT/                                                         (63)

i   ouEuyfie   abTfie   6(z)    6t6€TaL   tjn6   Tot)   TbTtou:

6(z)

L

(64)

'H6n   f\   ouvdpTnois   a(z)  ,    ^auBavou€vou   tJTt.6Uiv   ltat  ToOTt}-

nou   (52)   ,   npoo6ioptEeTai   bn6   Too   TbTtou:

Qtz]  =  -±jrLFj=LdT+ z±FT}L fl=#dT+ fa .   (65)

OL   TbnoL    (56)    wac    (65)    ouuapcovot)v   u€   Tote   ebpiowou€voue

6i 'dvaya]yfie   Too  TtpoB^huaToe   Tfie   €bsuypduuou  pcoyufie €ie   Ttp6-

B^T|ua   RIEMANN   {MUSKHELISHVILI,1953A  ,    §120}    u€    Thv   6La(oopdv

6TL   €1e   Tote   Te^euTatous   €utpavtEeTai   cJatp@e   wac   i      ap6pTLOLe

ets   T6  dTteLpov,   was'6oov   dapopoov   ete   Tde   ouvapThoele   ®o(Z)

wac   Qo(z)  .ulva   C6ouev   wa^UTepov   Ttiv   dTt6^uTov   TauTioiv      T@v
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6id T@v6boua-as6ovl6Lou6ptpc^>v   6^ow^TipcoTilt@v   €ELot,toe:cov  wac Ttpo-

B^huaTos   RIEMANN,   ^auBavou€vcov   diioTe^€oudTcov   dplt€t   vd   xpri-
oluoTtolfiocouev   dvT[   Too   TbTtou    (5a)    T6v   Tt)Ttov:

2P*(t)    =    (a:+On)+i(O=+Ot)t

fiTol   vd  S€oa]uev:

p(t)   -p*(t,-(r+i,-I.,#

itat   vd  8ecophocouev   Tat)Toxp6voe   6TL :

r=F'

6Te   ^auBdvovTce   bTt.6ULv   ltat

owouev   dvTt    T@v   TbTTcov    (56)

®o  `z)

+,

2Tti ;L
qfldT+
I-Z

L2Eifec_±F,,
2X ( z )

z,  = -±;L#dT+

+   (2Z±F!:))Z+2C+  ±F.    ,

Qo(z)  =  -rij.=

(66)

(67)

(68)

Tds   oxEoeLs    (I)    Ita.I    (61)    etJp[-

Mat     (65)    Tobc   €Efie:

2nix ( z )

2Ttix ( z )

x (I) P* (I) dT+
I_Z

x (I) P* (I) dT+
I_Z

8vsa   €^fi(pST|   bn'6ullv   6Ti :

)L/#T  =  tti(X,z,-z, ,
tENGLAND,1971A,    §1.8},    6Te   €xouev   TtepaLT€pco:

2Tti.X ( z ) /L #dT = i -zfa ,

(69a)

(698)

(70)

(71)

Tfie   oTchsepae   C  npoo6LopiEouEvns   nd^iv   Bdo€i   Too   Tt)Ttou    (58).

EXETIKAI   EprAEIAI   -HAPATHPHZ}EIZ::    T6   ue^eTTisEv   ets        T6

Tij,fiua   ToOTo   Ttp@`Tov   S€u€^idi6€s   np6B^nua   6Ld   Tfiv   drii^fiv    ^cto.v

Pcoyufiv   €vT6e  dn€tpou   tooTp6iiou   u€crou   €xei   dvTLueTconiosfi u€-
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xpi   ofiuepov   bTt6   iio^^G}v   €peuvnTG5v   T6oov   eis   €vTe^@c   et6iltds
6oov   ltat   ets   yevutcoT€pac   Tt€piTtTd)oeis   Too,   otJxt   6ucos  ei§ Thv

yeviltfiv   TteptTtTcootv   Iou.

Ot}Tos  aL   u6vai   €pyaotai,    Sis   Tde   6TTotas  dvTiueTOTt[EeTai
f|   TteptTtTcools   ltauTtu^oypduuou   pcoyufis   etvaL   al   TG;v  GOL'DSHTEYN

and   SALGANIK   {1970},    GOLD'SHTEIN   and   SAVOVA   {1972}    Itat  GOL'-

DSTEIN   and   SALGANIK    {1974}.    Ot}Toi    €t}echpT|oav   BaolltG5s            Tfiv

tpopTIEou€vT|v   ltaTd   T6v   attT6v   Tp6Ttov   €Tt.   du(DOT€pov   T@v   Tt^eu-

pd)v.   TT|s   MauTtu^6ypauuov   pcoyuT|v,   etpydosr|oav   6ld  xpfioecos   Tfis

ue$66ou   T@v   ueTaoTdoecDv   ltat   o6xt   Tfie   ue066ou   TG5v   uLya6ilt@v
6uvauLM@v   ltat   MChT5^nEav   Te^ilt@c   eis   €v   oboTnua   6bo   Ttpayua-

TiltG5v    i6iou6papcov   6^oM^TipcDTiltdiv   €Eied>oeov,    T6   6Ttotov      6Uva-

Tai   vd  dTto6eixsfi   6Ti   etvai    too6tJvauov   Tot}   eLc   T6 TufiucHot}-
To   etJpes€vTos   ouoTfiuaTos    (44)  ,   d^^d  TtapouoidEeTai   tJTt6        a-
Itpoc   Tto^tiTt^Oltov   uopapfiv.

"O^ai   aL   &^^aL   €pyaotai   €Ttt   pcoyti@v   €vT6c   dTtetoou         Loo-

Tp6Ttou   u€oou   dtpopot}v   ets   ouylt€"piu€vas   u6vov   Ll.optpds   pcoyu@V

Itat   ltuptcoe   etJSuypduuou§.   Ot)To   6id   Tfiv   €iTt^uoiv   T@v   TtpoB^Ti-

udTcov   Tfie   etJSuypduuou   pcoyufi§   fi   Tfis   oxfiuaTos   T6Eou        ltt"^ou
Pcoyufis   6.ld   Tfis   ue$66ou   T@v   uiya6ilt@v   6uvauiltG}v   ltat. 6i'dva-

Y®Yfis   Too   TtpoB^fiuaToe   els   Ttp6B^Tiua   6picma}v   ouvSTilt@v      TbTtou

RIEMANN-HILBERT   TtapaTt€uTtouev   e ic   Td   ouyypduuaTa TG}v M.USKHE-

LISHVILI    {1953A,    §120,124,124a},    GREEN   and   ZERNA             {1968,

§8.15-17},    MILNE-THOM.SON    {1968,     §4.12-14,5.4}    Itat       ENGLAND

{1971A,§3.10,4.7}.    Z]xeTLMd   etvai   €ntoTie   ltat   Td   dpspa         Too

TmasTERGRARD    {1939},    Tot}   SHARFUDDIN    {1968},    Too   HAHN    {197o}

d>e   wac   f`   €pvaota   Too   InAKEIMIAH   {1973}.

Ald  ue$66ou  dva^6you  Ttp6s   Tfiv   eis   T6   Tufiua  Tot}To     dva-
TtTuxS€toav   etpydosnoav   ol   DATSYSHIN   and  SAVRUK   {1974} n€ph

opios€vTee   6ucos   ets   €bsuypduuouc   pcoyude. ``PoabT®e   ol   BUECK-
NER   and   GIAEVER    (BUECKNE.R   and   GIAEVER   {1966},BUECKNER  {1970,

1971,1973})    dv€TtTUEav   utav   eto€Ti   u€So6ov   TtapaTt^notav      Tfis

€vTaosa  xpnoiuoTtoiouu€vns   6id  Thv   €Ttt^uoiv  iTpoB^TiudTa]v   eo-
Suypduucov   u6voV   Poyu@V..ET€pac  ue$66ou§   oTT|plEou€vac        ei§
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Tfiv   xpfioLv   uLya6LM@v   ouvapTfioecov   6Ld   Thv   €Ttt^uoi,v   TtpoB^nud-

Tcov   et)Suypduucov  pcoyu@V\dv€iTTUEav   Mat   oL   ENC-LAND     and          GREEN

{1963}   d]e   ltat    6   WILLIAMS    {1963}.

IIo^^d  TtpoB^fiuaTa   etJSuypduuov   pcoyu@v   6EeTdEovTai      €Tttons

ete   T6   BiB^tov   T@v   SNEDDON   and   LOWENGRUB   {1969},    6nou      xpTi-

oiuoTtoietTou   ete   Tde   Tt^etoTac   TtepLiTTd>oei§   f\   u€So6oe   T@v     6-

^olt^npcoTiltG;v   ueTaoxnuaTiou@v,   f|Tie  dvonTbooeTai   Mat   eLs     Td

dpspa   Tot}   SNEDDON   {1969,1973}..ETttonc   6   ISIDA   {1973}   6idTfiv

€Ttt^uoiv   6Laap6pcov   TtpoB^nudTcov   €tJSuypduu®v   pcoyu@v      €xpTloLuo-

iTotno€   Tfiv   u€So6ov   Tfie   dvouTbEecDs   T@v   dyvchcTTcov uiya6ilt@v 6u-

vauLMdiv   eLe   o€Lpde   dTtetpcov   6pcov.

IIepaiT€pco,   f\   u€So6oe   T@v   ueTaoTdoea]v   €xpnoiuoTtoifisn   tJTt6

Too   LARDNER   {1972}   6Ld   Tfiv   €nt^uoLv   Too   TtpoB^fiuaToe   Too     &-

veu   pcoytifis   €^aoTiwoo   u€oou.`O  LARDNER  dvfiyaye   T6        1Tp6B^nua

ToOTo   &v€u   Tfie   xpho€coe   T@v   uLya6Lw@v   6uvauLM@v   .ete   €v      dTto-
\

^bTcoe   dvd^oyov   Too    (44)    oboTnua   t6Lou6p(Da]v   6^o"^npcoTiw@v  €E-

iod>oecov.   T6   €vTaTiM6v   Tte6tov   uLd§   ueTaoTdoeos  Tt^notov        Tot)

eT.JSuypduuou   6ptou   6bo   LooTp6T[cDv   u€cov   ueTd  pcoyu@v      €ue^€Tn-

oav   oi   TAMATE   and   KURIHARA   {1970},    €v¢   oL   BILBY   and   ESHELBY

{1968}   €Tt€^uoav   T6   Ttp6B^nua   Tfie   e6Suypduuou   paJyufis   Old  Seco-

pfioed>e   Tne  d>e   o€ipde   ueTaoTdoecDv   dv€u   Tfie   xpfioe®e   T@v   uLya-
6i,It@v   6uvau"@v..AVTis€Taie   6   RICE   {1968}   6Tt€^uoe   T6           at)T6

Ttp6B^Tiua  6id  ouv6uaouoo   Tfie   u€$66ou   T@v   u€TaoTdoecov   wcht   Tfi§

ue$66ou   T@v   ulva6Lt4@v   6uvauiMtbv.
T€^oesd  f\S€^auev   vd  iTapaTTipfiou]uev   6Ti   fi   ets   T6        T|JLtwa

ToOTo 6oS€toa  u€So6oe   6ni^boecoe   Too  iipoB^fiuaToe   Tfie       dn^fi§
^etas pcoyufi§   €vT6e  dTtetpou   LooTp6Ttou  u€oou   6bvaTai   vd     Seco-

pT1Sfi  €Tt€ItTaois   Tfie   dtto^ousnsetons   tjTt6   Too  MIKHLIN   {1957}  ue-
$66ou 6Ld   Thv   €Ttt^uoi,v   Too   iTpoB^fiuaToe   Tfie   €TtLTt€6ou   pofie   d-

ouuTti€oTou p€uoToO  Ttept   oTep€6v   ^etov   T6Eov,   6Ttou     xpT|cJLuo-

TToietTou  h   €vvoia   Tfie   ouvapTfioe®e   6iv@v,   dvd^ovo§   T@v        €v-

Vol@v T@v   ouvapTfioecov   ouykevTpou€vcov   6uvduecDv   Mat      ueTaoTd-

oecov,  Mat   T6   6^ov  Ttp6B^Tiua  dvdyeTai   ete` utav   t6i6uoptpov     6-
^oM^np®Tittfiv   6EtocooLv.
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A2.    ETEPA      ME®OAOZ}    EHIAYZ:EQE    TOY   HPOBAHMATOZ:    THE

AHAHz:   AEIAz   pQrMHz   ENToz:   AHElpo¥   IEOTpoHo¥

MEEOY

KaTa]T€pco   6t6eTaL   uta   eT€pa     u€So6oe   €TTL^boecoe   Too   npo-

B^huaToe   Tfie   dTt^fi£   ^€tae   pcoyufie    €vT6s     tooTp6Ttou   u€oou.    `H

u€So6oe   at)TTi   6uapovtE€i   6^tyov  no^un^6"oue   Tote   xpTioiuoTToi-
ouu€voue   TbTtoue,   d^^'oboLcoTLw@e   i   €iit^uoLe   Too     npoB^fiua-

Toe   €CT€   6id   Tfis   €te   T6  npoTiyobu€vov   Tuiiua  Al     dvouTuxset-
oTie   u€S66ou   ecT€   6id   Tfi€   €vTaosa  napouoiaEou€vne        &naiTec
Thv   abTfiv   Tteptnou   €pyao[av.   ®d   €EeTdo®u€v   €v  ouvex€tqu6vov

Thv   n€ptTtTa]oLv   Too   TTpchTou   Seue^id]6oue   npoB^fiuaToe,   ttas'    6-

oov   f`   €E€TcoLe   T@v   n€pLnTttoea]v      Too      6€uT€pou      S€u€^id>6oue

TtpoB^huaToe   die   wac    Too   uLWToO   Seu€^Lch6ouc  TtpoB^fiuaToe 6t)va-

Tai   vd  ytvn   waT'dvd^oyov   Tp6nov.
'EVTao@a   Sea)poOuE:V   d>s   &yvcooTov   Mat   npoo6iopLOT€av      ouv-

dpTTioLv   €nt   Tfie   pcoyufie   L   6xL    Thv   ouvdpTTioLv   ®(t)    Too      6^o-

w^Tipd]TmToe   CAUCHY     (I.7),    fiTLe    toooTaL    u€   Thv   6ia®opdv      T@v

6pLowa>v   TLu@v   Tfie   ouvapTfio€cDs   ®(z)    6Ttt    Tfis   pcoyufie   L,       waTd

TT|v   ox€oLv    (i.8a)  ,   d^^d   Tfiv   oijvdpTTioiv:

o(t, = =iJL# dT,                                    (i,

fiTLe   loooTaL   u€   T6   dspoioua   T@v   6pLou@v   Tiu@v   Tfie   ouvapTT+

o€coe   ®(z)    €iit    Tfie   pcDyufie   L   waTd   Tfiv   ox€oLv    (i.88)  .        'AVTL-`

oTp€apovTee   T6   6^ow^iocoua   CAUCHY    (i)    ebptot{ou€v:

ap(.t)    - TTix ( t) ` LngT+fa'
€v9a :

1

X(Z)     =              Z-CL       Z-i     ,

(2a)

(28)

6€6ou€vou   6TL   f`   ouvdpTTioie   ®(z)    Tetvei   ete      T6     uTi6Ev      6i'

|z|    +   cO.`H   OTa8epd   cL   Sd  Ttp006iopLoen   ttaT®T€pco.-H6n   Ot   Tt)-

noi    (I.8)    ^6yap   T@v   ox€oecov    (I)    wac    (2)    ^auBdvobv      Thv   Hop-



®+ (t)+a-(t)    -co(t)  ,

®+(t)-a-(t)   = TTi X ( t )
X ( I ) co ( I )

I-t dT+
2CI

x(t)     ,

(3a)

(38)

fi   6€   ouvdpTTioLe   a(z)    €MappdEetaL,   dvTt  6idTfi§  ox€oe®e  (i.7)  ,

ouvapTio€L   Tfie   o`jvapTfio€coe   co(t)    d)e   €F,fie:

a(z)    = 2lTi X ( z )
X ( I ) co ( I )

(4)

Ete   Tfiv   ox€oiv    (4),    €dv   €apapu6ocouev      Tot}e      Tt)Ttou§      Too

PLEMELJ   ,      ^auBdvouev   Tde   to6TnTae    (3).
AL'  |z|    +   cO   ^6yap   Tfi§   OxEOE:cos     (4)     €xOu€v:

--i+o(+,'Z
Z

(5a)

dM.€Tttone  yvoptEouev6Ti  6i.|z|    +   co   {MuSKHELISHVILI,1953A,

§120)  :

a(z)    =   - X+iY
2TT  (M+i )

•|+o(+,'
Z

Z

^6yap  wac   Tfie   ox€oea]e    (I.Ia)  ,   6n6T€   ebptot4ouev   ebsbe:

C1=- 2n (t{+I )

fi,^auBdvovT€e   tJTt'6ulLv   wac   T6v   Tbnov    (i.26)  ,    €xouev:

C1 n (It+i )

(58)

(6)

(7)

Tfie   ouvapTTio€®e   q(t)    6pLEou€vne   Bdo€L    Tfie   ox€oc®e       (I.58).
`H   TLufi   auuTn   Tfie   oTas€pae   CL   e[vai   ot)uocovoc   Ttp6e   Thv      Guv-
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chwT|v    (i.23)    Too   uovooT|udvTou   T@v   u€TaTOTttoea]v,   €"      Tfi§   6-
notae   MaTd  BdoLv  noo€px€Tai   ltat   T6   dvdrTuyua   (58)   Tfie   ouv-

apTfioeoe   a(z)    eis   Tfiv  Ttepioxtiv     Too     &Tte[pou,   ^auBowou€vav
tjTt.6¢iv   ltat   T@v   eltappdoeov    (I.7)    Itat    (4)       Tfi§         oijvapTfioecoc

a(z)  .

rl€paLT€o®  6id  napaycoytoea]§   T@v   ox€oecov    (3)      ^auBdvouev

Tds   dlto^oUSous   ox€oeis   dvTioTo[xoue   T@v    (I.10)  ,^6yaplta,I  Too
Tbnou    (1.9):

®'+,t,+@'-(t,    =   a),(t)'

a, + (t) -a, -(t)

X'  (t)

L=dT-
` fl-dT_±

iijx2(t)J]L     T-t        -'-x2(t)

(8a)

(88)

Oi   TbiioL    (8)    6bvavTaL   vd  dno6eixsoov  "a[   d>e   eEfic:       'EIt
Too   Tbnou    (4)    €xouev:

x(z)in  = i jL¥£¥dT+ci'

TTapayaJytEovTee   6€  d>e   Ttp6e   z   ^auBdvouev  :

X' (Z)a(Z)+X(Z)®' (Z)   =  ±  ,lL#dT

(9)

(10)

Itat    €tpapu6EovTee   T6v   TTp@Tov   TbTtov   Tot}   PLE.n4ELJ   ete   Tfiv   ox€-

oi,v    (10)    ebptowouev:

[x'  (t, a ,t, +x (t) a,  (t) ] +-[x,  (t) @ (t) +x (t) a ,  (t) ]

-[X(t)cD(t)],

A€6ou€Vou   6€   6TL:

x+(t,+x-,t,   =   o,        x(t,    =   x+(t,,

(11)

(12a)
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x'+(t)+x'-(t)   =   o,         x',t,    =   x'+,t,,

€w   Tfie   ox€oecoe    (11)    €Tt€Tou    ^6yap   Mat    Tfic    (3a)    6TL:

x'  (t)o(t)+x(t)  [®'+(t,+a,-,t,,   =

=   x,  (t)co(t)+x(t)o'  (t)  .

(128)

(13)

•Ew   Tfie   ox€o€coe    (13)    €neTai    €bsbe   fi    (8a)  .    HE:paiT€pco   Bd-

oei   Too   6euT€pou   TttTtou   Too   PLEMELJ   fi   ox€oie    (10)    6t6ei:

[x,  (t) ® (t) +x (t) ® ,  (t)  ] ++[x,  (t) ® (t) +x (t) a '  (t, ]

=  i  `L¥JiifEfidT'                                                      t]3i,

6e6ou€vcov   6€   T@v   ox€oeav    (12)    €TteTou   ^6yap  ttat   Tfie      ox€oeoc

(3B)    6Tl:        .

x,(t,[-`L-dT+£]+
+x(t, ,a,+(t,-a,-(t"  =  i  `L¥i:::ifldt.               (14,

'E"   Tfie   ox€o€coe    (14)    €TteTai    ebsbe   f`    (88)  .

rlpoxa)ooOu€v   fi6n   ete   Tfiv   €nt^uoiv   Too  npchTouseu€^ich6oue

npoB^fiuaToe   6i'dn^fiv   ^etav   pcoyufiv   evT6e   dnetpou      looTp6Ttou

u€oou..Ioxbouv   doapa^@e ,d>e   ttat   np6Tepov,   ai   6pLawat      ouv9fi-
wai     (i.4).'EIt   TobTcov   f\   npd]Tn   ^6yap   T@v   TbTtcov       (3a)    Mat     (8a)

6t 6e 1 :

ny+(t)+qu-(t)   =  §E[2SltT-®(t)-6ltT]ioTt).                       (15)

'Ett   Tfie   ox€oecoe   TabTTie   ouvdyeTai   6TL   f`   ouvdpTnoie   P(z)  ,

TunuaTLw@e   6^6uopapos   €ap'6^ou   Too   €nin€6ou     n^hv   Tile   pcDvufie

L,   d>e   Mat   f`   a(z)  ,    wac   u6   ouunepitDopdv   waTd   Tfiv  ox€oiv  (1.6)

€te   Tfiv   Ttepioxfiv   Too   diietpou,   6bvaTai   vd  €wappao3fi+   ouvapT`h-
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o€L    Tfie   ouvapTfioecoe   cD(t)    Too   Tbnou    (4)    d>e  wo,I  Tfie   6€6ou€vr`e

BdoeL    Tfis   ox€oecoe (I.5a)ouvapThoEIA]§  p (t)    die   ltdTcoSL :

`Ertz)=±`L¥aF-ri/L¥Ta=-
-ri`L#dT+# `L¥„
+ g:i-;Ziz+[C3(Z-Bl+C+(Z-GEL   C2  =CZ+C3+C+  ,     (16)

^auBavou€vcov   bn'6Ulv   ttat   T@v   ox€oecov    (3),    (4)    ttat    (8).       `H

oTasepd  C;   npoo6LoptE€TaL   €"   Tfie   ouunepi(oop&e   Tfie   ouvapTh-
o€coe   ¥(z)    6L'  lzl    +   co,    fiTLe   e[vai   d]c   yvco.T6vfieEfic    {MUSKHE-

LISHVILI ,1953A,§ 120} :

¥(z,  = !#ffT i+a,i, ,                                             (17a,

^6yap   Mat    Tfis   ox€oE:cog    (i.1B)  .
'Aq]'eT€pou   €w   Tfie   €wappdo€coe    (16)    Tfis   ouvapThoecDe      ny(z)

ouvdyouev   6i'  |z|    +   co:

- = i+a,+, '
Z

Z

6Tt6Te   ebotc"ouev   ebsbe:

c2 = #'
^auBdvovTee   6€   bT['6uiv   T6v   Tbnov    (i.26)    8xouev:

|W

c2
(Lapai

( 178 )

(18)

(19)

ALd  vd  iTpoo6ioptocDuev   TtepaLT€p®  Tde   oTasepds  C3 Wac   C4t

^auBdvouev   bn'6ULv   T6v   TbTtov    {ENGLAND,197lA,    §2.5}:
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Ox-Oy-2iTxy   =   -2[Z®'  (Z)+V(z)] (20)

T6v   ouv6€ovTa   T6.e   Tdoeie   u€   Tde   ouvapTho€ie   ®'  (z)Mat   P(z)  .
AL   TdoE:Le   6ucoe   Too   iipdTou   uE^oue   Too   dva]T€pou  Tbnou6€v   6b-

vovTai   vd  TtapouoLdEouv   t6iouopaptae   TdEecDe    (-3/2)      Ttapd     Td

&Mpa  a  Mat   8   Tfie   pcoyufie,   d]e   TtapouoLdEouv     at        ouvapTfioeie

®'  (z)    Mat    T(z)    ^6yap   Mat    T@v   ox€oecov     (28)  ,     {4)  ,  (10)J{at  (16)  .

Hp6e   ToOTo   at   oTasepat   C3   Ma.I   C4   Ttp€n€i   vd  Tt^T|poOv,   d)e   eb-

w6^coe   6bvaTai   vd   6LonioTcoof+iL,    Thv   eEfie   ouvSTiwTiv:

/LX(I)==ZO(I)dT-2ITi[CLZ+C3(Z-a)+C+(Z-a)]    =   0 (21)

6id   z   =   a  Mat   z   =   a,   6ii6Te   iipoMbTtTouv   at   wdTcosi      €It(Dpdoeic

Ta>v   OTas€pa>v   c3   Mat   c4:

c3-±

c+-±
[±  /LxtT>=O(T7dT-cLa] ,

[±/LX(I)E=o(I)dT-CLF],

( 2 2 ch )

(228)

Tfie   oTasepae   C[   6L6ou€vne   bTt6   Too   TbTtou    (7)  .
"H6n   €tpapu6EovTee   T6v   6ebT€pov   TbTtov   Too   PLEMELJ  €teThv

a){€oiv    (16)    ebptc"ouev   6Ld   Tfiv   6iatpopdv   T@v   6pLaw@v      Tlu@v
JI

Tfie   ouvapTfioecoe   T(z)    €nt    Tfi§   pcoyufie   L   T6v   TbTtov:

v+(t,-ry-(t, = ri ,L¥a=-

--,L¥5F--,L=T+
+#jLxp-±'±LdT+#-Z±{C3(t-B)+C+(t-a)}.

x2,t,                                  ,23,

A€v   u€vei   n^€ov   iiapd  vd  ^dB®u€v     bTt'6Uiv     Tde     ox€oele

(38),     (88)    Jtat    (23)    Mat   vd     ypddycou€v   Thv      6piawfiv   ouvsfiJtnv

(i.48)  ,   Tfiv   6Ttotav   6€v   €xpnoiuonoifioQuev     u€xpi   To06e,   bTt6
Tfiv   wdTa]SL    uopapfiv:
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i xp_coLEri+I                  -_ _     -T[ix(t)    /]L     I-t        uu'X(t)      TTigTtTJL     I-I
2Cl

i  x(I)a)(I)dT+ --

2El      dt+---
FT)    aE

Tti X ( t )

X'  (t)

Ttix2 ,t,

(ri `L-aF+
== I      i  _:

-,|=-t--i-cO-(-I-,-dT-
L        (I-t)

I/LanJ=ELF.)(I,I_EL°|iLdT-

-2Tti [CLt+C3 (t-a) +C+ (t-a) ]

=  2FT)-±
aE Tti X ( t ) `Lng' (24)

6Te   ^auBdvouev   utov    t6L6uopapov   6^oM^TipcDTLwhv      €Etoa]oLv   €Ttt

Tfie   pa]yufie   L   u€   &yvcooTov   ouvdpTnoiv   TT|v   co(t)  .    .ETtL^uou€vne

TabTne   wac   ebpLc"ou€vne   Tfic   ouvapTioea]e   co(t)    €w   T@v      TbTtcDv

(4)    wac    (16)    6bvovTaL   vd  Ttpoo6iopLoSoOv   c[t  uLya6Lttat ouvao-
TfioeLe   a(z)    Mat   xp(Z)    T@v   oTa9ep@v   CL   wac    C2    616ou€VcoV      tJn6

T@v  TbTtcDv   (7)   Mat   (16,19)  dvTioTotxa]e.  `OTtcoo6fiTtoTe  BeBata>e Ttp€-

Tt€i   vd  Tt^npooTai   wac   fi   ouvshwTi   uovooTiudvTou   Tdiv      ueTaTOTtt-

oeav    (i.23)  ,   fiTLe   ^6yap  Tfic   ox€oecoe  (2a) 6bva,Tat vd  ypa®fiouv-

apTfioei   Tfie   dyvdeTou   ouvapThoecoc   a(t)    Tfie   t6Lou6oapou     6^o-
w^r`pco+LIt fie    €ELotbo€coe     (24)    d>e    EEiie:

jLX(t)co(t)jL#t+2C|/L#=

Itfl  /.q,t,dt  .

1--
ni

(25)'v    _    'L

AauBdvovT€e   bn'6ULv   Tde   ox€o€i§    (i)   Itat    (2)   6uvdu€Savd
napouoLdocoucv   Tfiv   t6i6uopapov   6^oM^TipcoTLMfiv   6Etocooiv    (i.15)

tiTt6   Tfiv   eEfic   uOpofiv:



ae

co (t) +rfe) -g±
aE "ilf)JL     T'-I

I    x_i_I_'.I cot_I_'laF.+
I

1   ¥-(--+ )'-cD-(LtldT , +Ttix(I)    J'L        T'-I

=  2FT7-=± /LE?aF. (26)

`H   6^ow^npcoTiwh   €F,tocooie    (26)  ,    TtatToi    6utDavtEeTaL   d)e    t-

6L6uopapoe   6^ow^nocDTiwfi   €Etocooie   Mat   ud^LOTa  Tto^uTt^6Mou   6o-

ufie,    ev   TobToie   €rvaL    too6bvauoe   u€   6^ow^nptoTLwfiv   €Etot^x]iv
FREDHOLM   6€uT€pou   €C6oue.ulva   6ianioTdecouev   ToOTo   dpwet   vd

^dBouev   bTt.6Ulv   6Ti   Bdoei   T@v   ox€o€cov    (I)    ttat    (2)    €xouev:

=[=J,L=a=+=`L
I-I (D (I) dT

I

==L+)L=(=-E)dr7FT+

+±j'L±(=-=)ap(I)dT]+±jL¥aF+

• i)L#dT -=

+ini `L I-t

i ,L =(-= -E).
--     2CI
x tT ' i cD tT ' ) a= . + -

L       I,-I                 =T=)

I(
•#]dl

-=-Ii-I   aE
I-t

dr) +co (t) +

=¥LTL:_),__9_£T_')--dT'+
I_I

di
LIT) (i-I)

(27)
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6Tt6TE:   ^auBdvovTee   bn'6Uiv   Mat   Tfiv    t6i6uoptoov   6^ow^TipcoTiwhv

€EtocoLv    (I.15)    6uvduesa  vd  dTt^oTtoiTioouev  Ttiv6^ow^npoTuthv
€Etocooiv    (26)    dje   €Efie:

FT+=.[±jLIT)IT)i)L
If) (I-I) (F'-I)

_¥)aFaF'-±)LxtT')cotT'7±}L

I-t
iiiii

x(I)  (I-t)  (T'-I)  .

.(=-¥)dTdT']=FTE>-=±}Lq=aT+

+=F1=`L a= (I-I) dT
F{F}(I-t)      -[TtL   JL   x(I)(I-t)

(28)

6Te   npowbTtT€i   n^€ov      6^ow^npcoTiwh   €F,toa]oLe   Tbnou      FREDHOLM

6euT€pou   ec6oue.`H   yevou€vr`   dvTLOTpotDT|   Tfie   o€ipde      6}ow^Ti-

pdx7ea]e   €te   Td   6bo   6Ln^a  6^ow^npchuaTa   Tfie   ox€o€coc    (27)    €TtL-
Tp€neTai,6e6ou€vou   6Ti   oL   Ttupfivee   MaTd   Tde  6€uT6pae6^ow^n-

pd]oeLe   de   no6e   Tfiv   u€TaB^nTfiv   I   6€v   ervaL      £6L6uoo{09L   waTd
CAUCHY .

KaT'dvd^oyov   Tp6nov   6uvdtiesa  vd  oxTiuaTtocou€v  wctt     6^o-
w^npa]Tiwfiv   €EtocoLv   Tbiiou   FREDHOLM   6euT5pou   ec6oue  u€ &yvco-

oTov   ouvdpTTioLv   ap(t)    €wwLvoovTee   €w   Tfic    t6iou6ptDou   6^oM^Ti-

paJTikfis   €EiodxJecoe    (24),    fiTie   ^6yap   T@v   ox€oecov       (I)    wac     (2)

6bvaTaL   vd   ypaapfi   d>e   eF,fie:

ap(t)+If)-={-±jL¥±)L¥dT+

+-,L#=`L-I-
_      X,(t)`-

Ttix2  (t, jLng±jL#'dT+#[cLE+
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2C2
+C3(t-a)+C+(t-a)]-FT

)

=   2q(t)-

-="Trfu /L¥a= . (29)

`H   6^ow^Tipa]Tiwfi   €.Etocooie    (29)  ,   watToi    €uapovtEeTaL   a)e    1-

6i6uop{poe   6^oM^npcoTLwh   €EtocooLe   wac   ud^LOTa Tto^un^6wou uop-

che,    €v   TobToie   ervai    too6bvauo§   u€   6^ow}Tir.®TiMfiv   6Ftoco.Lv
FREDHOLM   6euT€pou   €C6oue.ulva  6ionioTtboa]uev   ToOTo,dpwet   vd

^dBcouev   bTt'6ULv   6Ti   Bdoei   T@v   ox€oeav    (I)    Itat    (2)    €xouev:

=[Hha/Lffa=+±/L#T-
X'  (t)

Ttix2 (t,

BiiiH

i-dT] =
`L=(EE=-¥)dr]aF+

x tT)  t±=.ELefldT

/L#(=-¥)cO(TidT-

X'  (t)

Ttix2 ,t,

Tti X ( t )

i+ Hffl

X '  (t)
-                                 _        ___

nix2 ,t,
2C1_rm1

/LX(I)=To(Tit+

X(I)co(I)dT   =   g±.
_I

dt

an a ± _
X(t)   I-t

X--(-i)--ap-(--i-)a=+

I-I

=)=,L=dT+

L=(-=-=)=,L-dT-
n/LxtT)¥±/L#+rfej+aptttife-

(30)
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6Tt6Te   ^auBdvovTec   tJTt.6iLiiv   ltac   Thv   t6i6uopoov   6^olt^T|pcoTLWT|v

€Etotix7iv    (24)    6uvdu€Sa  vd  dTt^oTtoLhoqu€v   Thv      6^olt^npcoTLwiv

€Etocooiv    (29)    dJc   €Efic:

____FT_
(I-I) (I,-I)(

anEiE-
X(I) X(t)  I-t

aE_aE

aE_aE

aF ail       I2nix(t)

dTdT ' + x '  (t)
2Ttix2 (t,

/LapIT)i)LTffi(-=-

/Lap(TJ±  /L# =dTdT']  =

=FT)-=EinjLnga=+={2#[cLE+

2C2
+C3'(t-B) +C+ (t-a)I -Tin

)

+i-i.in    X(t) (31)

KaT.atiT6v   T6v   Tp6Ttov   €oxnuaTtosrioav   T€ooapee   ouVo^ilt@e
6^olt^npcoTiwat    €ELot:]o€ie   6Ld   Tiv   €iit^uoiv   Tot)   TtpchTou      `9eij,€-

^id)6oue   TtpoB^huaToe   Tfis   dT[^fi§   ^elas   pcoyufis      €vT6e      dTtetpou

u€oou..EE   atiT@v   at    (I.15)    wac    (24)    ervai   t6i6uop®oi6^ow^Tr

pa}Tiltat   €Eiodx]eie   u€   dyvdeToue   ouvapTfioeLe     Tde   Ttultv6TnTac
ap(t)    wac    co(t)    T@v   6^ott^npcoudTa]v   CAUCHY       (L7)    wac     (4)    dvTi-

oTotxo§,   €v¢  ai    (28)   Itat    (31)   eJvai   6^olt^npoT"at        €Elod>-
oeie   FREDHOLM   6€uT€pou   €C6oue,   T@v   6Ttotcov   ot      nupfivee      6€v

TtaoouoidEouv   16iouopq)tag  ItaTd  CAUCHY,   u€   dyvdxJTou§     ouvap-

Tho€ie   nd^iv   Tds   ap(t)   wac   a(t)   dvTioTotxa]e.   At   TtapouoLaE6-

uevou   oTasepat  CL  Itat  C2  6t60VTou  Oft6  TGiv  TUTttDv   (7)  Itat   (16,19)

dvTioTQtxo§,   fi   6€   ouvofiltn   I+``ovoonudvTou  T@v ueTo.TOTttoeav   eI-

vaL   fi    (I.23)    fi   fi    (25)    dva^6ycoe   Too   €dv   &yva]oTos   ouvdpTnoie

eJvai   fi   ap(t)    fi   fi   cD(t)  .   Ai   ouvapTfioeic   ap(t)    Itat   co(t)    ouv6€-

ovTai   ueTaEt)   Ta)V   6ld  T@v   ox€oeav    (I)   Itat    (2)  ,   a:TIvec   ^au-

Bavou€vav   6Tt.6Ulv   wat   T@v   ox€oeav    (I.7)    Itctt    (4)6t)vovTal   vd
S€copiisoov   d]c   €Jtq)pdEouoai   Tote   Tbnoue   Too   PLEMELJ.    'AvcoT€oa)

€6€txen   6Ti   at   6^ow^TipcoTiwat    €Eiodx]eLe    (i.15)    ]{at    (28)       d]c
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wac   at    (24)   wac    (31)    ervai   dno^bTcoe   loo6t)vauoi      ueTaEb   Tow

wa8'6oov,    d>e   dvcoT€pco   €EeT€STi,aL   (28)  wac   (31)    TtooMbTtTouv      €M

T@v    (I.15)    ttat    (24)    dvTioTotxa)e.

EXETIKAI   EprAEIAI   -HAPATHPHEEIE:   Al   €wT€Setoai   ete   T6

Tufiua   ToOTo   u€So6oL   €TtL^bo€co§   Too   npcbTou   Seu€^Ld]6oue     Ttpo-

B^fiuaToe   6L.   dTt^fiv   ^€tav   pcoyufiv   €vT6e  dnetpou           Loo.Tp6nou

u€oou  dTtoTe^o0v   €va^^aMTiltde  ue$66oue  dvTiucTa]iitoecoe        Too
npoB^fiuaToe   TobTou  n€pav   Tfie  dvanTuxsetoTie   ete   T6   Tufiua  A1,
Tt^fiv  dptteTd  6uota§  waTd  T6v   Tp6nov   €pyaotae   €w€tvTie.   Hpoo-
€Ti   €1s   Td   €Tt6ueva  TufiuaTa  A2-A5   Sd  6oSoOv   Tp€te  dM6un   u€-
So6oL   dvTiu€T®Tttoe®e   Too  at)Too   TtpoB^fiuaToe.

KatTOL   €v   y5vcL   6€ov   6iTcoe   h   dvouTux9etoa   ele   T6     Tufiua

Al   u€So6oe  dvTiueTconto€a]e   Too  TtpoB^fiuaToe   Tfie  dTt^fie     ^€tae

Pcoyufis   €vT6e  dlletpou   iooTp6nou  u€oou  TtpoTLudTai   T@v     napo-
uotcov   TTie   €Le   T6   nap6v   Tufiua  ttat   eie   Td   €Tt6ueva  TufiudTa  A2
€co§  A5   dvanTuooou€vcDv   u€$66cDv,   €v   TobTOLe   aL   Te^euTatou  a6-

Tcw   u€So6oi   dTto6eLJtvbouv   MaTd   T6v   Ma^bTepov   Tp6Ttov   6TL      €v

np6B^nua  pcoyufie   6bvaTai   vd  dvTiueT®iTiosfi   6Ld  Tto^^@v   Tp6ncDv

waTd   BdoLv   BeBat®e  dptteTd  dva^6vcov.
•ETteL6fi   T6   Ttp6B^Tiua   Tfie   dn^fie   ^etae   pcoyufie   €vT6s     dTtet-

pou   looTb6nou  u€oou   €[vaL   T6   Ttp@Tov   eEeTaE6u€vov   ete        Thv

ue^€TTiv   TabTnv,   6id   ToOTo   ltat   6t6ovTai   6i'   abT6             Tto^^ot
Tp6noi   dvTLueTcontoecDe,   otTives  Sd  f`6bvavTo   6id     Ma.Ta^^h^cov

TpoTtonolfioecov   vd  xpT|oiuoTtoiT|SoOv   wac   6L '   d^^a  Tt€palT€pco €E-

eTaE6ueva  npoB^fiuaTa.   Ei6"d>Tepov  al   €ie   T6  Ttap6v   Tufiua  d-
vaTtTuoo6uevai   uESo6oL   xpnoiuoTtoioovTai   utav   eio€Ti        apopdv
ets   T6   Tufiua  A9   6id   Tfiv   €Ttt^uoiv   Too   npchTou           Seu€^Ld>6oue

npoB^huaToe   Tfi§  dTt^fie   ^€ta§   pcoyufie   €vT6e  dTtetpou  dviooTp6-
Ttou   u€OOu.



"
A3.    EHIAyEIE   Toy   HpOBAHRATOz:   THE:   AITAHz   AEIAE   pQrM.HE

ENTOE   AHEIPOY    IZ]OTPOHOY   M.EEOY   AIA   HPOEAIOPIZ:.M.OY

TQN   MlrAAIKf}N   A¥NAI1.IKQN   apo(z)     KAI   dyo(Z)

Aid Tfiv  €nt^uoLv   Tdiv   TtpoB^TiudTCDv   Tfie   €^aoTiw6TnToe     6b-

v,avTaL   vd   xpiioiTj,onoLTi8ot}v   dvTt   T@v   xpTioLuonoins€vTcov  €te Td

TufiuaTa   AI   Mat   A2   uLya6lM@V   6uvaulMciv   ®o(Z)    Mat   To(Z)          Td

ulya6LMd   6uvauLMd   tpo(Z)    t{at   ulo(Z)  .    MeTaE,b   T@V  uLya6lw@v6U-

vauLM@v   TobTCDv   btptoTavTaL   al   ox€ocLe   6pLouoO      {MUSKHELISH-

VILI,1953A,    §32}:

®o(z)     =ap;(z)         ~       ¥o(z)     =U6(z) (1)

Euvhsco§   MaTd   Tfiv   €nt^uoiv   6Laap6pcov   TtpoB^nudTa]v   Tfie   €^aoTi-

M6TnToe   npoTiu&Tai   h   xpfiois   T@v   uLya6iw@v   6uvauLM@V      tpo(Z)

Mat   ulo (Z)    TT^fiv   Tdiv   TtpoB^nudTcov   pcoyu@v,    6Ttou   xpTioiuoTtoioov-

Tai   iidvTOT€   Td   uLya6iMd   6uvctuiwd   ®o(Z)    wac   ¥    (Z)  .`H   Xpfiolea
T@v   uLya6LM@v   6uvauLk@v   too(Z)    Mat    luo(Z)     gxeL    T6   Tt^€OV€MTn-

ua   6Ti   fi   ouvshttTi   uovooT|udvTou   T@v   u€TaTontoE:cDv   6€v  e[vai  d-
vdywn   vd  ^auBdveTai    t6iaiT€pa]e   I)Tt.   6ulLv,   d^^'    8xeL   Hat      T6

ueiov€wTTiua   6Ti,    €v   fi   n€piTtTcho€i   f\   ouvioTau€vTi   6bvauLe   Tfie
€Eaowouu€vTis   €Ttt   uLds   6nfie   fi   pcDvufie   (popTtoecoe   6€v  €tvai  uT1-

6€vLwfi,   TdoTa  6Ev   6ptEovTou   uovooT|udvTco§   u€   dTtoT€^eouaf`  €-

n[^uoie   €v6e   €^aoTi,Moo  npoB^huaTos  vd  Ma9toTaTai   6uox€pfie,
t6t®e   ud^Lom   6dv   np6MeLTdL   n€pt   npoB^huaTos   pa>yufis,   d>e   Sd

ytvn   dvTL^TiTtT6v   Mat    €,M   Tfie   t4aTCDT€p®   dvaTtTbEecDe.

®€cDpot)u€v  .obTCD,   d)s   wac    €t§   T6   Tufiua   Al,    Tfiv   P®yufiv   Too

ExhuaToe   i.1   u€   dwpa  Td  oTiueta  a  ttat   a   €vT6e  dTtctpou      too-
+

Tp6Ttou   u€oou.`H   Md9eToe   ®6pTiois   o=(t)    Mat       h       6iaTunTLMh
+

ap6pTioie   o=(t)    waTd   ufiwoe   T@v   Tt^eup@v   Tfis   pcoyufis      Secopoov-

TaL   yvcocJTat   d]s   €ntoTie   Mat   aL   oTasepat   r   Mat   r',atTLvee   wa-

Td   Tote   Tbnou§    (I.2)    xapaMTTiptEouv   Thv   tp6pTLoiv   wac  ThvTte-

pLOTpo(pfiv   ele   Tfiv   TtepLoxfiv   Tot}   dTtetpou.    ®d     Ttpoo6iopto®uev

waTcoT€p®   Td   uL'ya6iMd   6uvauiMd   (o    (Z)    wac   luo(Z)    was.    6^oV   T6a
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to6Tponov   €TTtiT€6ov.
'Edv  SecopTisfi   f`   ouvLOTau€vn   6bvauie    (X,Y)    Tfie   €EaoMouu€-

vTie   €Ttt    Tfie   pa]yufic;   cDopTto€coe   f`   6L6ouEVTi   tjTt6   Too   Tbnou   (I.26)

ouvapTfioeL   Tfie   6i6ou€vTie   bTt6   Too   Tbnou    (i.58)      ouvapTfioccoe

q(t)  ,    T6Te   eta   Tfiv   TtepLoxfiv   Too   dTtetpou   at   ouvapTf|oeLeapo(Z)
Mat   luo(Z)    9d   gxouv   Tfiv   uopapfiv    {MUSKHELISHVILI,1953A,   §36}:

apo(Z)   =.rz-#1nz+tp(z)   ,

Uo(z)  =  r'z+#lnz+utr)   ,

(2a)

(2B)

€vSa  aL   ouvapTfio€Ls   ap(z)    Mat   iLJ(z)    T€tvouv   np6soTChscpd'sTi-

ude,   atTLvee   6bvavTai   vd  Se®pTisoov   Mat   un65v,   €Le   Thv     ne-
PLOxfiv   Too   dTtctpou.

Aid   napaycoytoeco§   Tdsv   €wappdoecov    (2)    T@v   uiya6iM@v   6uva-

ulM@V   tpo(Z)    Mert   uo(Z)    6bvavTai   vd   ^Ti(pSoOv   aL    €Mt.DpdoeLe    (I)

T@V   uiya6lwdiv   6uvauLM@v   ®    (z)    Mat   ¥    (z)  ,    €dv   SecopT|Sfi   6TL:00

®(z)    =_      X+±Y      i+(p'(z)     ,    uLy(z)    =   "(X-±Y)   i+uj'(z)     .     (3)
2Tt(M+I)    Z                                                           2Tt(M+I)    Z

A6yap   T@v   €Mq>pdo€cov    (2)    dpMct   €Ttou€vcoe vdnpoo6LoptocDu€v

Tde   uLya6LM.de   ouvapTfioeie   tp(z)    Mat   U(z)  .    ®d   t>Ttos€ocDu€vwaT'

dpxfiv   6Ti   h   ouvioTau€vTi   6bvauLc    (X,Y)    Tfie   €EaoMouu€vn§   €Ttt

Tfie   pcoyufie   q>ooTtoecoe   etvai   uTi6€v,    6T€,    ^6yap   Mat   T@v      Tbncov

(i.58)    Mat    (I.26),   Sd   8xcoucv:

X+iY=O      t         jLq(TidT=°       .

jL  [°= (I) +±°= (I)I  dT   =   jL  [O= (I) +io= (I)]  dT   ,
(4)

Td  6€   ulya6LMd   6uvauLwd  apo(Z)    Mat   Uo(Z)    Sd   €tval         uoVooTl-

udvTcoe  d>piou€va  ets  6^6It^npov   T6   €ntiie6ov.
-H6Ti   T6   €E€`TaE6uevov   iip@Tov   9eue^L@6ee   np6B^T|ua  61,'      d-

n^fiv   ^etav  pa)yufiv   €vT6e  dnetpou   tooTp6Ttou  u€oou       dvdveTai
eta   Tde   eEfis   6piawd§   ouvshMae   €Ttt   T@v   6bo  Tt^cup@v   Tfie     p®-

yufis   {MUSKHELISHVILI,1953A,    §98}:
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5E|tT+  Eq>'±(t)+ly±(t)    =  -f-±ltT   ,

€vsa   €T€Sn   ^6yap   t4a[   Tfie   TptTne   T@v   Ox€O€cOv    (4)  :

f±(t)   =  jCit[O:(I)+io=(I)]dT--(I+i)t-Fi

(5)

(6)

Tfi§  6^ow^ripchoecoe  SecopouuEvne   dii6   Tot)  dMpou  a  u€xpi   Too   Tu-

x6vToe   onu€tou   t   Tfie   pcoyufie   ttat   ltaTd  ufiMoe   Tfis   pcoyufie.
'EM   Tfi§   ox€o€a]e    (6)    6piouoo   T@v   ouvapTho€a]v   f±(t)  ,   ^6yq)

Mat   Tfi§   bTtoT€S€toTie   d]§   toxuobone   ox€oecos    (4)  ,    €TteTai   6Ti:

f+(a)    =f-(a)        ,       f+(B)    =f-(B)     .                                                      (7)

®e®poouev   fi6n,   dva^6ycDs   np6e   6,TL   €iTpdEauev   €ie T6 Tufi-

ua  Al,    Thv   uLya6L7tfiv   ouvdpTnoLv   tp(z)  ,   fiTie,   d>e   ]{at   fi   U(z)  ,
etvai   dva^uTiwfi   €¢p'   6^ou   Too   €nLTt€6ou   Tt^fiv   Tfi§   pcovufis     Mat

6bva+aL   vd  SecopT|Sfi   uT|6evLEou€vTi   €te   Tfiv   nepLoxhv   Too  dnet-

pou,    €MappaEou€vTiv   t>Tt6   Tfiv   uopq>fiv   6^ot4^TipdtuaToe   CAUCHY   fiTOL:

=`Lap(z)   =  ffi =gdT ,                                                     ,8,
Too  6notou  h   Ttuttv6TTie  co(t)    etvai   dyva]oTos  np6e   T6  nap6v.

A6yap   T@v   TbTta]v   Too   PLEMELJ,    €M   Tfie   €Mtppdoecos    (8)          Tfis

ouvapTfioccoe  ap(Z)   ouvdyouev   Tde   €Efie   ox€oeLe   6id  Tds     6pia-
Mds   Tiud§   TTie   €nt   Tfie   pcDyufis   L:

ap+(t)   -(p-(t)    =  o(t)    ,                                                                                   (9a)

ap+(t)  +ap-(t)   =  ±L#dT.                                                   (98)

`Ouot®e   oL   TbnoL   ToOPLE.MELJ6t6ouv   6Ld   Tds   6piawd§      TL-

ude   Tfie   ouvapTfioea)e   iLi(z)    €nt   Tfie   pcoyufi§:

JJ+,t,  +,J,-,t,  =  i)L±|==fl=ldT.                             ,1o,

H€paiT€pco  dspotEovTee  ttat   d(paipoovTes  ttaTd  u€^n   Tde  6-

piaMde   ouvshwas   (5)    €ttptottouev:

t\
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ul+ (t) ±ul-(t)   =  ETIET±f=ltT-[5TTET±5=ltT]-

i[ap,+,t,±ap,-,t,I    , (11)

6Tt6Te   6   Tbiioe    (10)  ,    ^6yap   Mat    Tdiv    (9)  ,    ypdapcTaL:

ETFT+fTh+±jL=aF-=jL#dT=

=±jL~ap=dT-±jL=dT_i,rE±:=±=idT,tL2,

€vsa   6^htpsnoav   bit.    6Uiv   wCht   oL   TtpowbITTovTes   €It   T@v         TbiTcov

(9)    ^6yap   Mat    Tfie   ox€oe®e    (1.9)    TbTtoL:

(p,+(t,-,p,-(t,    -co,(t)     ' ( 13a)

ap'+(t)+t°")  =   ±jLT#dT=±jL°L#dT.        (13B)

Aid   T6v   T€^€uTatov   Tot}Tov   Tbiiov    (138)    €^fitpsT|   tJTt.      6`l/lv

6Ti   eLs   TddMpaaMat   8   Tfic   p®yufis  al   6Plawat   Tluat           Tfic

ouvapThoecoe   (p(z)    un6€vtEovTai,   6Tt6Te,   ^6ycp   Mat   Too        Tbnou

(9a)    un6evtEovTaL   Mat   al   Tiuat   Tfie   ouvapTfioecoe   co(t)  ,   fiTOL:

.co(cL)     =   o(a)     =    0     .
(14)

-A^^coe   h   ycvou€vn   eLe   T6v   Tbnov    (138)    6^oM^hpcooLs   wciTd  u€-

^ii   65v   Sd   fiTo   €TtiTpeTtTfi.
'Edv   dMo^obscoe   Tesii:

h(t)  =  -[fTl=i+=T=i]+±jL"±==EHdT  ,             (15)

fi   ox€oie    (12)  ,   fiTie   waTd   Bdoiv   dTtoTc^et   utav   L6L6uoptpov   6-
^ow^npoTLIttiv   €F,tocooLv   u€   &yv®oTov   ouvdpTnoiv   Tfiv   a](t),  ^au-

Bdv€i   Thv   uoptphv:

±jLal=T[==   +=E]+±jLO|T]-=dT=htt]                ti67

u€   Tfiv   ouvdpTnoiv   h(t)    6uvau€vnv   vd  tjTto}oyiosfi   BdoeL        T@v
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TbTtcov    (6)    ttat     (15).
'Ev   ouv€x€tq,   6i'   6^oM^npchoecA]e   ]taTd  u€^n   Too 6euT€pou6-

pou   Too  dpioTepot)   u€^oue   Tfie   €Eiodtoeco'e    (16)    J4at   ^auBavou€-
vcov   tJTt'    6uiv   T@v   ox€o€cov    (14)    ilpowbnTeL   f`   MdTCDsi       too6bva-

uoe   Hop(pfi    Tfi§   €ELod>o€coe    (16)  :

±jLdr[=+=]-±jLotT]d==htt]
®€TOvT€e   Tt€paLT€pcO:

I-t -  re is

ebptc"ouev   ebw6^coe   6TL:

===+ids   ,   =E==-id9
Mat    €ntoTie   6TL:

d=  =  -2ie-2±9d9  ,

€vsa:

ds  =  £iJILdT   =   S' (I)dT   .dT

(17)

(18)

(19)

(20)

(21)

AauBavou€vcov   bTt'    6iLJiv   TGiv   ox€oecov    (18)    Ewe    (21),    t`       t-

6L6uootpoe  `6^oM^TipcoTLMfi   €EtocDoie    (17)    6bvctTaL   vd   yporpfi      ka-

^bTepov   che   €Efie:

±jL¥dT+±jL{:TIT+co(I)e-2±S}S'(I)dT  =   £h(t).         (22)
`H   uLya6iwfi    t6L6uopapoe   6^oM^TipcDTLwfi    €F,tocDois    (22)    6bva-

TaL   ncpaiT€pcD   vd  dva^usfi   ete   6bo   i6Lou6ptpoue   6^oM^npcoTLJtde

€EiocboeLe   ue   dyvchoToue   ouvapTfiocie   T6   TtpayuaTLw6v      Mat      T6

apavTaoTLw6v   u5poe   Tfie   dyvd>OTOu   TtuMv6TTiToe   a(I)    Too   6^OM^Ti-

pchuaToe   CAUCHY    (8)  ."A^^cDe,    6bvaTai   vd   SecopTisii   Mat   t`      ouEu-

yfie    t6i6uoptpoe   6^oM^iipcoTLMfi   €EtocooLs   Tfie    (22)  ,    6Te      5xou€v

nd^Lv   6bo    t6Lou6papoue   6^oM^TipcoTLMde   €ELochoeie   u6   dyvcboToue
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ouvapTfio€Ls   Td§  co(I)   Jtat   ;lit.   AL    i6L6uop(POL   abTai   6^ow^T|-

pcoTiltat   €Eiod>oeis   6€v  6bvavTai   €v   y€vei   vd  TtJxouv        ^toecoe
k^eloTfie  uoptofis,   dM'   fiuTtopoov  vd  €ni^uSoOv  6id  T@v       dva-
nTuooou€vcov   €i§   T6   K€¢pd^aiov   I-ue$66cov.

Etjsb§  d>s   Ttpoo6iopiosfi   f`   dyvcooToe   ouvdpTnoie   cD(I)  ,f`   En-

Touu€vri   uiya6iltfi   ouvdpTnoie  tp(z)    6bvaTai   vd  Ttpo"bun   €It   Too

6^oM^TipduaToe   CAUCHY    (8)  ,   fi   6€   uiya6iltfi   ouvdpTnoie   U(z)    €tt

Too   Tbnou:

u tr)   =  ±jL ETTFT-E=T=T=5::H=ico' (I)  dT                             t23t

eopic"ou€vou   €w   T@v   6pLaM6;v   ouvST"@v    (5)  ,    €dv   ^Titpsoov     Uii.

6dyiv   MCht   oL    TbTtoi    (9a)    wat    (13a)  .    AbvaTai   d>oabTcoevdonuE:L-

cosfi   6Ti   duap6T€pou   at   ouvapTho€Le   ap(z)    Mat   U(z)         6ptEovTou

kaTd  Ttpoo€yyioiv  oTasepde,   ueTaBo^fi   Tfie  6Ttotae   6€v       ueTa-

Bd^^eL   T6   Tte6tov   Tdiv   Tdoecov.
•Edv   fi6T|   napay®ytcouev   T6v   Tbnov    (8)    Mat   ^dB®uev   tJTt'   6-

iuiv   Tde   ox€oE:ie    (3),    (4)    Mat    (14)    etjptc"ouev   6id   Tfiv     ouv-

dpTT|olv   ®(Z)  :

®(z)  -i2Tti `L
9-ifldT  '

I-Z (24)

•0   Tt)Tto§    (24)    ouuntTtTeL   uE:Td   Too    (i.7)    dpMet   vd   SccopTisii

6T1:

(P(I)     =co'(I)      .                                                                                                                          (25)

'ESccopfisTi   6Ti^a6fi   €te   T6   Tufiua   ToOTo   che   &yvcooTos      ouvdp-

TTioie   co(I)    €iTt   Tfie   pcoyufie   T6   6^oM^hpcoua   Tiis   ouvapThoE:cos qxT),

fiTi§   fiTo   f\   &yvcooTos   ouvdpTTioLe   eis   Tfiv   €ttTesetoav   eLs         T6

Tufiua  Al   u5So6ov.   T6   yeyov6s   Tor)To   6UvaTai   vd  tpavfi   wa^UT€-

pov,   €dv  iTapaycoyiosfi   d]s   Ttp6s  i  f`   i6i6uopapoe        6^olt^np(`)T"fi
eEtocooL§    (17)    fi   ud^^ov   i   too6bvauos   TabTne    (16)  ,   6T€     Ttpo-
',

MbTtTC 1  :

=±jLJTh==+±{LJTh=-±jLO'(I)=+=.
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1L
co'  (I)

I-I
(I-t)2

dT  --2FT+=±I #a=,      (26,
5vsa   €^fi(p9T|oav   tJn'    6iuiv   al   ox€oeLe    (i.5),     (6)    wac    (15),       €M

T@v   6no[cov   €T[ovTai   at:

2p(t)    =   f '+(t)+f'-(t)       ,       2cT(t)    =   f'+(t)-f '-(t)     .       (27)

`H    t6L6uoptpoe   6^OM^TipcoTLMh    €EtocDoie    (26)    OuuTTtTtT€i  u€  Thv

etJp€Setoav   ei§   T6   Tufiua  Al    t6i6uop(pov   6^ott^T|pcoTIMfiv      €F,toco-

oLv    (I.15)  ,   dpM€t   vd   ^Titp8fi   tjTt'    6iuLv   Mat   h   ox€oie    (25)  .       'Ev

TobTOLe   fi    t6L6uoptpoe   6^oM^TipcDTLMfi    6Etocooie    (i.15)    e[vai   y€-

vLMcoT5pa   Tfie    (17),    Mas'    6oov    Loxb€L   Mat   6id   Thv      ii€ptTtTcooiv

uh   uTi6€viwfie   ouvLOTau€vTie   6uvdu€coe   €Ttt   Tfie   p®yufie,    fiTLe   €E-

mpESTi   MaTd   Tfiv   u€xpi   Tot)6e   yevou€vTiv   dvdTtTUF,iv   eie   T6   Ttap6v
Tuft ua .

ALd   vd  dvTtu€Ta]Tttocou€v   Mat   Tfiv   n€ptTtTcooLv   TabTnv,   6uvd-

u€Sa  vd   €pyaos@uev   waTd   T6v   €Efie   Tp6Ttov:   ®€copoou€v   Td  uiya-
6lltd   6Uvaulltd   tpo(Z)    Mat   Uo(Z)    6166ueva   bTt6   T@v   TUTtcov:

apo(z)     =   rz+ap*(z)+tp(z)     ,

Uo(z)    =r'z+U*(z)+u(z)     ,

( 28a)

(288)

€vsa  al   ouvapThoeie   tp*(z)    Mat   U*(z)   SecopoovTou   €xouoai      Tde

€Eiie   €M(DpdoeLe:

ap*(z,    --Tti (M+1  )

u*(z)    =-Itni (M+1  )

j'La(I)1n(Z-I)dT    ,                                              (29a)

1L
anin t z -I > aF - ni (It+1 ) I-dT.(29B)I-Z

Al   €M(ppdoeL§   asTaL   npoMbTtTouv   6M   Tfie   S€®pfioeco§ oeipde d-

TtcipooT6v   ttat   dTtctpcos   Tt^T|otov   lteiu€vcov   ouyM€vTpcou€vcDv   6uvd-

u€cov   waTd  ufiwoe`  Tfie   pcoyufie   ^auBavou€vcov   tjTt.    6ULv   T@v        dva-
tp€pS€vTcov   ei§   T6   Tufiua   AI   Mat    €t6iwd>Tcpov   Tdiv   TbTtcov       (i.28)

wac    (i.31)  .   Etvai   Ttepc"T€pco   ebMo^ov   vd   €Tta^nseusfi   6TL  at  Tta-

\
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pdya)you   ®*(Z)    Mat   ¥*(z)    T@v   ouvapTfio€a)v   tp*(Z)    wac  U*(Z)  dv-

TLOTotxcoe   6L66ucvai,    ^6yap   T@v   ox6oe®v    (29),  bTt6   T@v   TbTtcov:

®*  (z)

¥* (z)

TTi  (Jt+1  )

ni(
1` #dT

€Tta^Tis€bouv   Tfiv   6pLa]tfiv   ouvsfiMnv    (I.48)  ,    too6bvauov        np6e
Tfiv   MaTd   u€^Ti   6Laq)opdv   T@v   6piaw@v   ouvST"@v    (5)  .       `QoabTcoe

aL   uiya6Lwat   ouvapTfioeLe   t.D*(Z)    Mat   U*(Z)    ete   Tfiv      Tt€pioxfiv

Too   dTTetpou   ^auBdvouv,   d>e   6bvaTou   vd   6LanLOT®Sfi   €M   T@v   €M-

appdo€cov    (29)    Mat   ^6yap   Tfis   ox€oe®e    (i.26)  ,    Tde   Hop(Ode:

ap*(Z)   =  -zF#¥[Tlnz   ,  U*(z)   =  ¥'#lnz   ,                  (31)

atTLvee   dvTLOToixot}v   ets   Tote   6€uT€poue   6poue   Tdiv        6€Ei@v

u€^@v   T@v   ox€o€cov    (2)  .   AL   ouvapTfioeLe   a6Tou   ap*(z)   wac  iu*(z)

al   6i66u€vaL   tjn6   T@v   6Mappdoecov    (29)   dnoTe^o0v   lobe  ufi     uo-

voonudv,Tcoe   6pLEou6vou§   6pou§   T@v   ouvapTho€®v   t.Do(Z)  Mat  Uo(Z)

T@v   ox€oecov    (28)    ^6yq>   T@v   ^oyapLSuiM@v    t6Louop(pL@v,    Tde   6-

notae  napouoLdEouv.
"H6n   Ma9toTaTcw   6uvaT6e  6  Ttpoo6Lopiou6s   Tdiv     uovoonudv-

TCA]e   Ma9'    6^ov   T6   €ntn€6ov   6piEou€vcov   ouvapTho€cov   tp(z)       Mat

U(z)    MaTd   Td   npoTiyouu€vcoe   dvap€pS€vTa,   che   €dv   fiTo   un6evLMh

h   ouvLOTauEVTi   6bvauis   Tfie   €Ttt   Tfie   pcoyufie   €Ectottouu€vne   apop-
Tto€cos.    Hp5TteL   u6vov   dn6   T@v   ouvLOTcoo@v   o± (t)    Mat  o=(t)   Tfien
€Ttt   Tfie   pcoyufie   €Eac"ouu€vTi§  tpopTtoea]s   vd  dtpaLoesoov at  ouv-

i,oTdioaL   a:±(t)   Mat   a:±(t)   at   6tp€L^6uevou   ete   Td§  uiych6"de
ouvapTfioeL§   ap-*(z)    Mat   U*(z)  ,    fi   Tde    i-oo6uvduoue   TobTcov®*(z)

Mat   ¥*(z)    Tde   6i6ou€vae   tjii6   T@v   ox€o€cov    (30)  ,   atTivee     6b-

vChvTaL   vd   tJno^oyLoSoOv   Bdoei   Too   dva^6you   Too   TbTTou      (1.3)

Tunou :

a:± (t) -io:± (t)  = ®*± (t) +6EETIT+±[E®*'±(t) +`iJ*± (t) I   .   (32)
dt

'Ev  ouvexetq  €tvaL   6uvaT6e  6   ttTto^ovLou6e  MaTd  Tote     Tb-
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Ttoue    (6)    T@v   ouvapTfioecov   f±(t)    Mat   fi   TtepaiT€pco   dvay(oyfi   Tot)

iipoB^f`uaToe   cte   utav     dvTtoTOLxov   Tfie    (17)    t6i6uopapov   6^o-

It^T|pcoTiwfiv   €EtocooLv,   f|Tic   6tJvaTal   vd  dTto6elxsii      Loo6bvauos

Tfis   €ie   T6   Tufiua   AI   E:tjpesctoTie   t6iou6papou   6^oM^npcoTiMfie  €E-

Lochoecoe    (I.30)  ,    €dv   SccopTisfi   6TL:

g(t)    =co'(t)     .                                                                                                                  (33)

EXETIKAI   EprAZ}IAI   -HAPATHPHEEIZ]: `H   6osetoa   ets  T6  TufiT

ua   Tot}To   u€So6os   €Tti^boecos   Too   TtpdtTou   Seue^icb6ous     TtpoB^fi-

uaToe   Tfi§  dii^fie   ^ctae  pcoyufie   €vT6e  dnetpou   tooTp6nou  u€oou
6id   Ttpoo6iopiouot}   TG5v   ulya6lJt@V   6UvauLM@V   tpo(Z)    "at      luo(Z)

dTtoTe^et   ouuTt^fipooiv   Tfic  dva^6you  ue$66ou   6id     lTeTtepaou€va
&v€u   pcoyuG}v   u€oa,   fi   &TteLpa   ueT'    6ii@v   u€oa,   Tfic   €wTIseu€vne

t)Tt6   Too   MUSKHELISHVILI    {1953A,    Ch.17}.
`H   €Itet   €wTiseu5vTi   u€So6os,   uh   6uvau€vn   vd €tpapuoosfi  eLe

Ttep[TtTcooiv   tJTtdpEeoe   poyudiv   fi   onuetov   dvaltduuecoc   ets   Td     6-

pLa   Tdiv   Seopouu5vov   u€ocov,   dvdyel   d>oaUTcoc   T6   6^ov   Ttp6B^T|ua
€1e   Tfiv   €nt^uoiv   uLde    t6iou6papou   6^oM^np®TiMfie      €F,iod>o€co§,

f|Tls   6ucos   etvai   TbTtou   FREDHOLM.  Itat   6xl    L6i6uop(poe           TbTtou

CAUCHY,   d>e   fi   €te   T6   ncLp6v   Tufiua   6id   T6   np6B^Tiua   Tfie   pcoyufie

TtpoMbitJaoa.   Ot}Tco   ltat   fi   €Ttt^uote   Tiic   etvai   et)xep@e         6uvaTTL

ALd   Tfiv   €Ttt^uoiv    L6Lou6papcov   6^oM^npcoTi"@v   €Eiod>o€cov,    die      fi

€vTat)Sa   et)pesetoa,   Sd  6osot}v   etc   T6  Keapd^aiov  r  dTt^at     Mat
dMPLB€te   u€So6oi   Ma9LOT@baL   TabTae   €E    Coou   ebM6^oue  €L§  Tfiv

€iTt^uoiv   u6   Tde   6^OM^npoT"ds   €Eied>Oeie   TbTTOu   FREDHOLM..

rlepaiT€pco  dTtnTfisTi   etc   T6   Tufiua   Tot)To   fi   etoaycDyfi        6^o-

M^TipoudTov  u€   iTupfivae  TtapouoLdEovTae   ^oyapisuiltds   t6louop-

aptae   Ttp6e   €Ed^eLiLJLv   Too   ufi   uovoonudvTou   Too   MasopLouoO   T@v

ulya6lMG)V   6uvaullt@V   apo(Z)    Mat   uo(Z)  ,    Ttpdyua   T6   6Ttotov      6€v

c[vaL   dvayMatov   ete   TtpoB^huaTa  u€cov  dv€u   pcoyu@v.
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A4.    ErllA¥z:IE   Toy   HpoBAHMATOE   THE   AITAHF.   AEIAZ}   pQrMHz:

ENTOz:   AHElpoy   IEOTpOHoy   MEEoy   AI.     ANArQI-HE    Toy

EIE   To   IlpoBAHMA   Toy   EQMATOE   ANE¥   pQrM.Hr.

Mta   cLo5Ti   u€So6oe   €iiL^boecoe   Too        S2

iTpoB^fiuaTos   Tfie   dTt^fis   ^etae        pcDyufic

€vT6§  dTtetpou   iooTp6iiou  u€oou     ouvt-
/

oTaTai   ete   Tfiv  dvaycoyfiv   Too   etsT6d-       I\

__-
CL\

L,)

a         sl     ,,;

Tt6  Tto^^@v   €T@v   €Tti^uS€v   Ttp6B^nua   Tot}         ```_~~,'

dv€u  pa)yufi§  dnetpou   tooTp6Ttou     u€oou

{MUSKHELISHVILI,1953A,   Ch.17}.                                    Exfiua   I

®ecopoouev   obTco   Tfiv   dTt^fiv        ;\etav

pcoyufiv  L,   u€   &Mpa  Td  oT|ueta  a  Mat   8,   a)e   etc   T6   Exfiua   I,ttat
Sd  ue^eTficouev   T6   iip@Tov   Seuc^L@6ee   TTp6B^nua  6id Tfiv pcoyuhv

TabTriv  SecopoovTes  yva]oTds   Tds   ouvioTd)oae   Tfis  ttas€ToU     tpop-
Ttoe®§   o=(t)    Mat   Tfie   €(panTouev"fie   (popT[oea>e   o={t)           kaTd

ufiwoe    Mat     T@v   6bo   Tt^cup@v   Tfie   pa]yufie   d>e   wac   Td  uey€9n         r
J4at   I-'   Td  xapc"TT|ptEovTa  MaTd   Tots   Tbnouc    (i.2)    Tfiv     €vTa-
TLwfiv   kaTdoTaoiv   wat   Tfiv   nepioTpotphv   €Le   Tfiv   Tt€pLoxfiv      Too

dTtetpou. `YTtos€Touev  d]oabTcos   6Ti   f\   ouvioTau€vT|   6Uvauls  (X,Y)

fi   €Ttevepyot}oa   €Ttt   Tfis   pcDyufis   etvai   un6eviltfi,   fiTol   6TL         t-

oxbouv  al   gx€oeie   (3.4)  .'Edv   ToOTo  6€v   ctvai   d^ns€s,   nd^Lv
6uvduesa  vd  €pyaos@uev,   d>s   €dv  fiTo  d^n$5e,   dpMet   vd     ltdu(i>-

uev   xpfiolv   Mat   T@v   ulya6itt@v   ouvapTfioecov   tp*(z)    Mat      U*(Z.)  ,
dwpLBd)§   6Ttcoe   gxei   dvatpepsfi   eie   T6   Ttponyobu€vov   Tufiua        A3,

6Ld   Tfiv   g"tppaoLv,waTd   Tote   TbTtoue    (3.28)  ,    T@v         ETiTouu€vcov

uLya6lMdiv   6uvauLM@v   too(Z)    Mat   uJo(Z)  .   H€paiT€pco   6€   6uvduesa

vd  Seopficouev  d>e  dyvd>oToue  uiya6iltdc   ouvapTfioeis   Tds     tp(z)
Mat   iLJ(z)    ouv6eou€vae   ueTd   T@v   uiya6iM@v   6uvauLw@Vapo(Z)  Wac

uJo(Z)    6ld   TG;v   ox€oeov:

Gpo(z)     =    rz+q,(z)      ,

ul    (z)    =r'z+uj(z)     ,a

(|a)

(18)
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atTives   dTtoTe^o0v   fiTt^oTtoiTiu€vnv   uoptpfiv   T@v   ox€occov         (3. 2)

Ma[    (3.28)    eis   Tfiv   neptTtTcooLv,   Mas'   fiv   ti   otJvioTau€vn   €nev-

epyoooa   €nt   Tfie   pcoyufie   6bvauie    (X,Y)    etvai   uTi6evLJth,   che   €-

SecDpfisTi   €vTaosa.   I:riueL®T€ov   6Ti   aL   uiya6Lwat        ouvapTfioeLe

tp(Z)      Mat     lLJ(Z)    Tt^eovewToOv   Tdiv   tpo(Z)    Mat   ulo(Z),    "as'       600V

6bvavTai   vd  Secopnsoov   ,   d>e   due:ap€pt}n   t4at   €te   T6   Tufiua.       A3,

uT|6evLE6uevaL   ete   Tfiv   TtepLoxfiv   Too  dn€tpou.
-H6T|   T6   6^ov  np6B^Tiua  dvdyeTaL   el§   Tde  6pLaMds   ouvsfiwa§

(3.5)  ,   atTivee   6€ov   6Ttco±   n^Tip@vTaL   €Ttt   Tfie   pcoyufie   L.    Auvd-

uesa  dtto^obscoe  vd  (pavTaos@uev   Tfiv  pcoyufiv    L    ouun^npouu€vTlv
tJTt6   €T€pou   T6Eou   waunb^ns   L',   MaTd   Tp6T[ov  dioTe   vd        TtpoMb-

TtTn      Te^LM@e   uta  M^€ioTfi   ^€ta   Maunb^n   Lo=L+L'    8xouoa     Tfiv

Pcoyufiv   L   d>e   Tufiua  atJTfie,   d]e   gis   T6   I:xfiua   16eLMvbeTaL.   Ob-
Tco   T6   6^ov  dTt€ipov  u€oov   6bvaTai   vd  S€copT|Sii     dnoT€^obuevov

€w   Too  nenepac"€vou  u€oou   SL   Too  nepLw^eiou€vou   bTt6          Tfie
MauTtb^ne   Lo   wac   Too   due:tpou   u€Td   6Ttfie   u€oou   S2   Too     M€iu€-

vou   €EcoTepLw@e   Tfis   MauTtb^Tie   L

At   ouvapTho€ie   f±(t)  ,   aL   €w(ppdEouc7ai   MaTd   Tds     ox€oeLs

(3.6)    Tfiv   yvcooTfiv   ¢p6pTioiv   MaTd   ufiltoe   Tfie   pcoyufie   L  6Ld      Td

u€ou   S[   Mat   S2,   6bvavTaL   vd  S€cDPTisot}v   6Ti   €MappdEouv  Mat  Tfiv
dyv®oTov  ap6pTioiv   ttaTd  ufiMoe   Too  ab9aip€Tcoe   €M^ey€vToe   T6-

Eou   L'   nd^iv   6Ld   Td  u€oa   SL   J{at   S2."H6n   6Ld   T6   u€oov   S]   T6
Ttp@Tov   Seu€^L@6ee   Ttp6B^Tiua   dvdyeTai    €te   Tfiv   MdTCDSL          L6L6-

tiopapov   6^oM^npoTiltfiv   €Etocooiv   {MusKHELlsHvlLI,1953A,   §98} :

-aTTETt±jLO¥dT-ttptltt+±jLO¥dT=

=  -ETTET+±jLOE=dT.                                                     (2)

`QoabTcoe   6id   T6   u€oov   S2   T6   abT6   np6B^T"a  dvdy€TaL   €1s   Tfiv

dvd^oyov   Tfie    (2)     t6i6uop¢,Dov   6^oM^Tipa]Tiwfiv   €EtocDOLv:

'.     (0-(=t) f+-±IL:=o=(Dd'T-(t) +±'Lo-¥dT =_         __ ___       __

(3)
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AauBavou€vou   bTt'   6iLiiv   6Ti   waTd  ufiwoe   Too   T6Eou   L'   6€ov

6na]e   toxbouv  al   ox€oeLe:

ap+(t)    =ap-(t)        ,       (p'+(t)    =(p'-(t)        ,       f+(t)    =f_(t)'(4)

^6yap   Tfie   ouvexetae   Too  dpxiMoO   ueTd  Tfie   pa]yufie   L        dnetpou

LooTp6nou   u€oou,   d>e   t4at   aL   ox€ocis    (3.4),   6i.         dtpaip5oE:cos

MaTd  u€^n   Tfie   ox€oecoe    (3)    dn6   Tfie   ox€oea]e    (2)         npoMbnTCL,

^6yap   Mat   Tdiv   TbTtcDv   Too   PLEMELJ    (3.9)    ttat    (3.13)    ttat   Too   6-

pioubo    (3.15)    Tfie   ouvchpTfio€®e   h(t),f`    t6i6uoptpoe      6^oM^Tipo>-
TiMfi   €Etocooie    (3.16)  ,    eLs   Tfiv   6notav   ecxouev   waTa^fiEel,€p-

yaos€vTee   6uco§   MaTd  6Ldtpopov   Tp6nov   ,   wac   €ie   T6     Ttponyob-

uevov   Tufiua  A3 .
Ets   Thv   t6i6uoptpov   6^ow^np®Tiwhv   €Etocooiv    (3.16)    t\     &-

yvcooToe   ouvdpTnoie   cD(I)    ETiTetTaL   u6vov  ttaTd  ufiwoe   Tfie     pco-

Vufie   L   o6oa   u.n6evLMh,    ^6yq>   T@v   ox€oecov    (3.9a)    wac    (`4)    t{aTd

ufiltoe   Too   T6Eou   L'.   Aid   ToOTo,   d]e   Mat   6id   T6   yeyov6e   6Ti   fi
ouvdpTnoie   h(t)    etvaL   &yv®oTos   MaTd  ufiwoe  .Too   T6Eou  L'   ,    h
ox€ols    (3.16),   ets   Tfiv  6Ttotav   kaTe^fiEquev   ,   dTtoTe^et   L6i6-

uoptpov   6^oM^npcoTiwfiv   €Etcooiv  u¢vov   ttaTd  ufikos   Tfie     pcoyufie
L,   €v®  waTd  ufiwoe   Tot}   T6Eou   L'   dTtoTe^et   dn^@s Tbnov6t6ovTa

Tfiv  dyvcooTov   waTd  ufiwoe   Too   T6Eou   TobTou   ouvdpTnoiv     h(t)  ,

che  wac   6Ld  Ttdv  d^^o  oTiuetov   Too  dnetpou   tooTp6Ttou  u€oou.

Z]XETIKAI   EPI-AZ}IAI   -rIAPATHPHZ:EIZ::`0   €F,eTaosete   ete      T6

Tufiua   ToOTo   Tp6Ttoe   dvTiu€Tcontoea]e   Too   npdtTou        Seu€^Lch6ous

npoB^fiuaToe   Tfie  dn^fie   ^etae   pcDyufie   €vT6e  dTtetpou   tooTp6Ttou

u€oou  6€v   €x€L   €(papuoosfi   u6xpl   ofiuebov 6id Thv -€nt^uouv Ttpo-
B^nudTcov   pa]yTrfev,   u€   dnoTe^eoua  aL   yv®oTat   u€So6oi   6Tti^t)oe-
co§   T@v   yeviwd}v   TtpoB^nudTCDv   Tfie   Sea]ptas   Tfie         €^aoTiM6TnToe

6Ld  u€ou  dvcu  p®yu@v  vd  uh  6bvavTaL   vd  €tpapuoo3o0v   ets  u5-
oa  ueTd  pa)yu@u,   fi   Mat   onuetcov  dvawdulye®e,   €v¢  6bvavTal     vd
€apapuoosoov   ct§   u€oa  ueTd  ycDVLat4@v   onuetcov,   d>e     dvor`p€p€TaL

ttat   bn6   Too   MUSKHELISHVILI   {1953A,§99}.   revtMeuoie   Tfie   €v-

TaoSq  napouoiaoSetone  ue$66ou  etvai. Tt^fipcoe  6uvaTh.
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A5.    EHIAYEIZ   TOY   HPQTOY   ®EMEAIQAOYZ   HPOBAHMATOZ    THE:

AHAHz:   AEIAE   pal.MHE   ENTOz:   ArlElpoy  IEOTpoHoy M.EEO¥

TH   BOH®EIA   THE   AYE:EQz   Toy   AI'    AITAHN   E¥®¥rpAMMON

PQrMHN

ELe   Td  TufiuaTa  Al   wac   A2   napouoLdosno&v   6bo          Baoiwot

Tp6TtoL   dvTiueTcoiTLocco§   Too   nodtTou   S€ue^Ld>6oue        TtpoB^fiuaToe

Tfie  dii^fie   ^€ta§   pcoyufi§   €vT6e  dn€Lpou   tooTp6Ttou  u€oou.   KaTd
T6v    8vQ    d]e   &yvcooToe   ouvdpTTioLe   €nt   Tfie   pcoyufie   €SeaJpfisn      h

nuMv6Tne   ap(t)    Too   6^oM^TipchuaToe   CAUCHY    (1.7)    Too      6t6ovToe

Thv   uLya6iwfiv   ouvdpTr|oLv   a(Z)  ,   MaTd  6€   T6v   6€bTepov  h     nu-

Mv6TTie   co(t)    Too   6^oM^Tiod>uaToe   CAUCHY    (2.4)    Too   6t6ovTos   €-

TttoTis   Tfiv   uiya6ittfiv   ouvdpTnoiv   ®(Z)  . .Edv   6TtoTesfi   6Ti  ti ouv-

dpTTioL§   ¢p(t)    u€TaBdM€TaL   6ua^@e   €TTt   Tfie   pcDyufie        T€tvouoa

ete   TtcTtepaou€va  ufi   un6eviMd  6pLa  Ttapd   Td  dMpa  Tfi§     pcovufie,

T6T€   h   uLya6iwh   ouvdpTT|oL§  ®(z)   Sd  napouoidE"   ^oyapisulwde

L6Louopaptae   iiapd   Td   dMpa   Tfie   pa>yufie   {WOODS,1971,§1.10}..E-

dv  dvd^oyoe  ouun€pitpopd  tjTtoT€Sfi   wac   6Ld   Tfiv   ouvdpTnoiv a](t),
T6Te   fi   ouvdpTTioie   ®(z)    Bdoci   Too   TbTtou    (2.4)    Sd     iTapouoLd-

En    L6Louopq>tae   TdEecoe    (-I/2)    iTapd   Td  dMpa   Tfie   pcoyufie.
Ets   Tfiv   TteptTtTcooLv   et)Suypduuou   pcoyufis  napaTT|Po0uev   Ma-

Td  T6v   TbiTov    (i.56)   6Ti   h   ouvdpTnoie  ®(z)   6bvaTai   vd  napa-
oTaSfi   ttn6   Too  dSpotouaTos   6bo  6^oM^npcoudTcov   CAUCHY,         ev6s

Tfi§   uopapfie    (1.7)    wac   €v6§   Tfie   uopapfis    (2.4)    €xouou   obTco   Tfiv

€ wappao 1 v :

a(z,-=|Lf-PTEd-

gvScL   loxbeL:

2nix ( z )

ap(t)    =   q(t)       ,      a)(t)    =   p(t)

X ( I ) a) ( I )
_  _  _       __                    _

I-Z dT+i,      ,I,

(2)

HapaTT|pot`7uev   6n^a6h    (t)noTL9€u€vou   6TL   aL        ouvapThoei§

P(t)    wac   q(t)   ueTaBdMovTaL   6ua^@§   Mat   xa)pt§        t6Louopaptae
wc„d  ufiMoe   Tfie   p®yufi§  Ttapau€vouoaL   Tte"€paou€va.L   u€xpi     wac



56

Tdiv   dMpcov   Tfie   pcoyuiie,npdyua   T6   6iTotov   €v   y€vcL   ouuBatvei)  ,

6TL   h   ouvdpTTioLs   ®(z)    TtapouoLdE€L   napd   Td   &Jtpa   Tfie      pcoyufis

T6oov  ^oyapisuiltds   i6iouop(ptas,   €(p.   6oov  BeBatcoe  fi     ouvdp-
TTioi,s   q(t)    6€v   uTi6evtE€Tai   €te   Td  &Mpa   Tfie   pcoyufie,6oov   Mat

i6iouopaptas   TdEecoe    (-I/2)  ,   €(p.   6oov   BeBatcos   fi        ouvdpTnois

p(t)    6€v   uTi6€vtEeTai   €Le   Td  &Mpa   Tfie   pcoyufie..Avd^oyoe   ouiJ,-
n€pLapopd   Tfie   ouvapTfio€®e   a(z)    TtapaTT`petTai   Mat   Ttapd   Td     &-

Mpa   p®yuiie   oxfiuaToe   T6Eou   Mbw^ou   {MUSKHELISHVILI    ,1953A   ,

§124)  .

ELs   Tfiv   TteptT[Tcooiv   Tfis   et)Suypduuou   pcoyufie,    €vsa  toxuouv

aL   ox€oeie    (i)    Mat    (2),   6uvduesa  vd  nchpaTnphoa]u€v   6Ti         €M

T@v   6pialt@v   ouvST"@v    (1.4)  ,   atTivee   6€ov   6Ttos   Tt^Tip@vTai  wa-

Td   ufittoe   Tfis   poyufis   L,   f`   u€v   TtpdTn   Tt^TipooTai   dpwet   vd  Loxt)-

n   fi   Ttpd>TTi   T@v   ox€oeov    (2)    Mat   dveEapTfiToc   Tot}   Tt)Ttou   Tot)6t-
6ovToe   Thv   ouvdpTTioLv   co(t)  ,    €v¢  h   6euT€pa  n^TipooTai      dpMet

vd   loxb"   f\   6€uT€pa   Tdtv   ox€oc®v    (2)    Mat   dveF,apTfiTCDe   Too   Tb-

Ttou   Tot}   6t6ovTos   Tfiv   ouvdpTnoiv   tp(t)  ,    Gap.6oov   f\        uiya6iwfi

ouvdpTT|oLs   T(Z)    6t6€Tou   bTt6   Too   Tbllou:

"  = ±jL E=a=-±}L ¥aF-z±

nix ( z ) 1L

2TTix ( Z )

xpfl aF-
I-z         uu     2TTix(Z)

2
I(0(I) _  dT  +

(I-Z)

X ( I ) co ( I ) aF-

;T.¥dTf#L#dT+
+#-#{C3(Z-B)+CH(Z-a)}   i                              (3)

et)oes€vTos   Tp6TTov   TLvd   6i'dspoto€a>e   T@v   Tbncov    (I.12)         wac

(2.16)    Se®pouuEvcov-`toxuouchv   Mat   T@v   ox€oea]v    (2).uOoov     d-

apop¢   ets.  Tds   OTasepds  CL,C2,C3   Mat   C+,   a6Tai   6bvavTai        vd
npoo6Lopiosoov,   d]e   Sd   €ttT€Sfi   TtaTcoT€pco.

Hp6e  dn66eiELv   TG)v  dv®T€pco   toxupiou@v   6uvduesa  vd  ypd-
lLi®uev   Td§   ouvapTfio€is   a(z)    Mat   ny(z)   d]s  d9potouaTa  6bo   6pcov

de   wdTco9i :



®(z)     =    ®1(Z)+®2(Z)      '

€vsa   €T€8iioav   ^6yap   Mat   Tfie   eMtppdo€coe    (I)  :

®1(Z,  -=)L=dT  '

®2(Z)     -
2TTix ( z )

X ( I ) co ( I )
I-Z

i

¥(z)    =   ¥1(Z)+¥2(Z)     ,

Cl
dT+rfu  ,

(5a)

(58)

(6)

€vsa   €T€STioav   ^6vap   Mat   Tfie   €Mtppdo€coe    (3)  :

`±'itz>  = ±;L=aF-±jL¥aF-±|L#dT  ,    t7cLJ

V2(Z)     -
Ttix ( Z )

x(I,0(I)  aF-
I-Z        -.     2Ttix(Z)

dT+

`L
x t I t cO t I t  aF -

I-Z

X(I)TCD(I)    I_,         X'(Z)
2"ix(Z)jL       (I_z)2        -u'2Ttix2(z)

C2
+FT-"{C3(Z-B)+C+(z-a)}   .

x2  ,z,

I,

X ( I )  Too ( I )
I-Z dT+

(78)

AauBdvovTes   fi6T|   tJT['    6Ulv   Td   €"TLS€ueva   €is   T6   Tufiua  AI

ouvdyouev   6`Ti   al   uLya6iwaL   ouvapThoE:Le   ®L(Z)    Itat   vy[(Z)Tt^n-

poOv   €w   TauT6TTiToe   Tfiv   6pLaMfiv   ouv8filtnv    (I.48)  ,    d]oatJTos   6€

wac   Thv   6pLawfiv   ouvotiltT|v    (I.4a)  ,   f|Tis   Te^lw@c    ioo6uvauet  u€

TTlv    i6L6uopapov   6^oM^npcA]TLwhv    €EtocDoiv    (i.15)  ,    dpwE:I   vd   Se-

coPT|Sfi   6TL   fi   ouvdpTT|oLs   P(t)    €tvaL   uT|6€vilth   ltat   6Tl   fi      ouV-

dpTTioLe   ap(t)    6t6eTaL    bTt6   Tfie   iTpchTTie   TG)v   ox€occov    (2)    ufi   ^Ti-

ouovouu€vou   6TL   6EeTdEouev   €tJsbypauuov   waTd  ufiMos   Too  npa-

yuaTLMoO   &Eovoe   pcoyuT|v.    AauBdvovT€§   6uotcoe   tjTt'    6iLiLv   Td   €M-

TLO€ueva   €is   T6   Tufiua  A2   ouvdyouev   6TL   al   uLya6LItat   ouvap-

TtioeLS   ®2(Z)    Mat   u'2(Z)    Tt^r\pot)v    6It   TauT6TT|Tos   TTIV          6pialtfiv

ouvshwT|v    (I.4a)  ,   d)oat)Tcos   6€   Itat    Tfiv   6pLaltfiv   ouvsfiltT|v    (I.48)  ,

fiTic   Te^LM@e    Loo6uvau€t   u€   Ttiv    L6L6uopapov   6^olt^TipcoTiwhv  €E-
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toooiv    (2.24)  ,   dpitet   vd  t}ecopnsfi   6Ti   f\   ouvdpTnoie   q(t)    €t-
val   uT|6ev"fi,   6TL6Te  ttastoTavTai   uT|6evwtat   ltat   al   oTasepat
C[   Itat   C2   Bdoel   T@v   Tbllov    (2.7)    Itat    (2.19)  ,   Mat   6Ti  f\ouv-

dpTr|ous   o(t)    6t6eTai   tjTt6   Tfic   6euT€pas   T@v   ox€oeov    (2)  .uO-

ooV   dapop¢   eLS   Tds   oTasepds   C3   Mat   CH,Cut)Tal      tJTto^oytEoVTal

Bdoei    T@v   TbTTov    (2.22)  ,    otTives   6ucoc   dTt^oiTOLot}vTai         ^6yap

Tot}   un6eviouoo   T@V   OTasep@V   CL   Mat   C2.
-H6Ti,    €dv   fi   SecDpouu€vn   pcoyufi   6€v   etvaL   etJsbypauuos,Bd-

oeL   T@v   TtpoTiyouu€vcos   dvatpep8€vTov   TtpoltbTtTeL   6Ti   f\   u€v      &-

yvcooTos   ouvdpTnoie   ap(t)    iTp€Ttei   vd  Tt^npot   Thv   i6i6uop(pov 6-
^oM^npcoT"fiv   €Etocooiv    (1.15)    u€   un6evutfiv   Tfiv     ouvdpTnoiv

p(t)  ,   fi   6€   ouvdpTTioie   o(t)    Tfiv    (2.24)  ii€un6evLwtiv  Thvouv-
dpTnoiv   cI(t)  ."Ooov   dapop¢   eLs   T6v   Ttpoo6LopLou6v   T@v   oTase-

P@V   CL~C2tc3   Itat   C+    ioxbouv   Td  dvatpeps€vTa   6i,.      etisttypau-

uov   poyufiv.   00To   T6   ITp6B^T"a   Tfie   dTt^fie   ^etac   pcDyufis   €vT6s
dTtetpou   LooTp6Ttou   u€oou   dvdyeTou   eLc   €v   otioTnua  6t>o   161,o-

u6ptpcov   6^ow^npoTiw@v   €Eiochoecov   u€   6tto   dyvd>oTous      ouvapTfi-
O€Le   6Ttt    Tfis   pcDyufie.

Td  dvcoT€po   6bvavTaL   vd  ^exsot)v   wac   d]e   eEfis:    `H   tp6pTi-

ois   Tfie   pcoyufie   S€®p€tTai   d>e   €na^^Ti^ta   TC5v   tpopTto€cDv      p(t)

Mat   q(t)  .    Kat   aL   u€v   ouvapTfioeLe   ®L(Z)    Mat   TL(Z)       Secopo0V

tJapioTau€vnv   u6vov   Tfiv   tp6pTLoiv   g(t)  ,    €vS     ChL      ouvapTfioeLe

®2(Z)    Itat   ¥2(Z)    Tfiv   P(t)  .    TTepaiT5pco,    6id   u€v   Tfiv   TteptTtTco-

oLv   etJ8uypduuou   pcDyTJ,fie   aL   ouvapTfioeis   q)(t)    Mat   o(t)    etval

MaTd   Tds   ax€oeis    (2)    dltpiBC3c   Coal   u€   Tds   ltaTd   Td     dvoT€pco

dvTLOTotxoue   TCDv   apopTtoeie   q(t)    Mat   p(t)  ,    €v$   6Ld   Tfiv   n€-

ptiTTooiv   "auTtu^oypduuou   pcoyufie   6Latp€pouv   €v   y€v€i   Tot)Tcov.
HdvT®s,   Ttapd   Tfiv   obTco   €iTiTuyxavou€viiv   €TtoTT,T€tav   Tfie      ouu-

Ttepiapopds   TC5v   ouvapTfio€cDv   tp(t)    ttat   co(t)  ,    6€v   S€opot}u€v   6-

Ti   €v6etltvuTai   fi   xpfioLe   Tfie   eLe   T6   Tufiua   ToOTo      TTapouoi,a-

osetonc   ue$66ou   ltaTd  Tfiv   €T[t^uoiv   €v6e  TtpoB^huaToe   poyufis,
ttas.   6oov   dTtaLTetTai   waTd   Tfiv   u€So6ov   Tat)TT|v   f|   6Ttt^uols  €-

v6§   ouoTfiuQToc   6bo    t6iou6ptDcov   6^ow^npcDTLWGiv   €ELod>oecov   wac

6Xl   ulds,   d>s   Coxue   6id   Tde  Ttapouoiaos€toac   ets   Td       Ttpor\-
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yotJueva  TufiuaTa  ue$66oue.

EXETIKAI   EprAZ:IAI   -rTAPATHPHZ]EIZ: `H   Ttapouoiaosetoa   eLs

T6   Tufiua   ToOTo   u€So6oe   dvTLu€TOTttoecos   Too   TtpdTou      S€ue^Lch-

6ou§   TtpoB^fiuaTos   6L'   dTt^fiv   ^etav   poyufiv   €vT6e   dTT€tpou   too-

Tp6iiou   u€oou   etvai   dvd^oyos   Tfic   xpnoiuoTtoLns€tons   t)TT6     Tot)

MUSKHELISHVILI    {1953A,    §101}   ue$66ou   6Ld   Thv   dvTiueTd>lTlolv

Too   TTpoB^fiuaToe   Tot)   &v€u   poyufis   Tt€Tt€paou6vou    LooTp6Ttou   u5-

oou.    ALd   Thv   €TTt^uoi,v   Tot)   iipoB^fiuaToe   TobTou   6   MUSKHELISH-

VILI   eBaotosTi   €iTt   Tfic   w^eLOTfie   uoptpfis   ^tJo€os   Tot)   iipoB^fiua-

Toc   Tfie   €^aoTilt6TTiToc   Tot}   dtpop@vToe   €tc   T6    io6TpoTtov   f\uLe-

Tttiie6ov,   d]e   f\uets   €Bo.otosTiuev   6id   Tfiv   €TTt^uoiv   Tot)   TTpoB^fi-

uaToe   Tfie   poyufis   €TTt   Tfis   lt^eLOTfic   Hop(pfis   ^boeos   Tot)        Ttpo-

B^fiuaToe   Tfie   etJSuypduuou   poyufis   €vT6c   BeBatcos   dTtetpou   Loo-
Tp6TTou   ue'oou.    Z}TiueioT€ov   6TL   6   Tp6Ttoc   o6Tos   €pyaotac   6tpet-

^€TaL    €1§   T6v   FREDHOLM,    6oTL§,    d>e   dvatp€pE:TaL    tjTt6   Too      MUS-

KHELISHVILI,   T6v   €xpnoLuoTtotnoe   6id   Thv   €Ttt^uoLv   €v6e   Ttpo-

B^fiuaToe   Tfi§   Tpio6LaoTdTou   Secoptae   Tfie   €^ChoTLw6TTiToe.
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A6.    I.ENIKH   ME®OAoz:    EHIAyz]Enz]    Toy   AEyTEpoy   ®EMEAIQAoyz:

HPoBAHMAToz    AI'    AHAHN   AEIAN   PQrMHN   ENToz:      AHElpo¥

IEOTPOHOY   MEZ:OY

'Ava^6ycDc   Ttp6c   T6   iipa>Tov   Seue^L@6ec   Ttp6B^Tiua      6i.   dTt^fiv

^etav   poyufiv   €vT6c   tooTp6Ttou   u€oou   6bva.Tai   vd   €iTL^usfi     Mat

T6   6€bTepov   Seue^i@6es   Ttp6B^nua,   waTd   T6   6Ttotov  6t6ovTaiai

ueTaTOTttoeis   u±(t)    Mat   v±(t)    €Tt.duq)oT€pajv   T@v   Tt^euo@V      Tfie

pcoyufie   L   Tot)   TtooB^fiuaToe   Tot)    I:xhuCiToe    I.I           LwcxvoIToiot}oai

Tdc   €Efis   Ttpoapavece   ouvshwas:

u+(a)+iv+(a)   =   u-(a)+iv-(a),                                                           (la)

u+(a)+iv+(a)    =   u-(B)+iv-(B)                                                                     (18)

ete   Td  &Mpa   Tfie   pcoyufie.'ETttorie   9ecopoovTai   6c6ou€vai   at   Ti-

uat   Ta>v   ueyes@v   r   wac    r'T@v   TbTtov    (i.2)   €tcThv  iTeo'uoxhvToij
dTtetpou   "at   f\   ouvioTqu€vTi   6bvauic    (X,   Y)    T@v   €Tt.   du(ooT€pcov

T@v   iT^eupaiv   Tfis   pcoyufis   €F`ac"ouu€vov   toopTto€ov.

AL   6piowat   ouvsfiltaL   Tot}   TtpoB^hu.aT6s   uac,   dvd^ovol      T@V

(1.3)   (toxuouoa>v   6id   T6  TtpGiTovseue^iG)6ec   Ttp6B^nua)  ,  eJvai   at

(I.19)    dTtaiTouu€vT|e   Mat.dpxfiv   TtapaycDyto€cDc      T@v      6e6ou6vav

ouvaoTfioecov   u±(t)    Mat   v±(t)    ItaTd   ufiwo§   Tfie   pcoyufis  d>§Ttp6C   t.
"H6ri   S€TovTee:

2p(t, --2u([#+#]+i[
+  2(wr-i)-2F'#  ,

+-])+
(2a)

2q,t,  --2u([±=:i:i-±=;i:l]+i[±=:i=l-±=;f=l])      (28,
\

dva^6yajs   Ttp6e   Tds   ox€oeie    (I.5)   Mat   ^auBdvovTec  t)Tt.6Uiv   Tde

ox€o€ie    (i.I)   TtapaTTipoou€v   6Ti   at   6pLoua[      ouvsfiwai    (1.19)

6t6ouv   6L.dspotoecos   Mat   dapaip€oed>e   Tav   tto.Td  u€^n:
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[®+,t,+@-(t,,-"[6ilE,+6=lE)]+::(E[®,+,t,+a,-(t,]+

+ [ny+  (t) +I,_  (t) ]
)

=   2p(t)

[®+ (t) -®-(t) ] -7t[ 5TTE) -€=|E) ] + £E

+ [¥+  (t) -ny_  (t) ]
)

=   2q(t)    '

(3a)

I [® , + (t) -@ , -(t, ]  +

(38)

acTiv€e   6pLa"at   ouv8filtai   6€v   6ia(D€pouv   ltaTd   Tfiv   uopofiv   T@v
6piaw@v   ouvST"@v    (I.4)    Ta>v   6`®opcooa>v   ete   T6   Ttp@Tov   Seue^i@-

6€c   iTp6B^nua,   Ttapd.  u6vov   was'6oov   oi   6euT€poi   €vT6c     dyttt)-

^ne   6poi   eivou   TtoMon^aoiaou€voi   6iit   Thv   oTaseodv    (-")  .Ot)-
Toe   f\   6^n   6La6LItaota   €iTL^tioeoe      Too      6euT€pou      Seu€^Lts6ous

TTpoB^fiuaTos   6i 'dTt^fiv   ^etav   poyuhv   €vT6e   dTtetpou      looTp6Ttou

u€oou   ervou   fi   abTi   u€   Thv   €tpapuoos€Cc7a,v   6Ld   T6   TtpG5Tov      S€-

ue^ia>6ec   iTp6B^nua.   Z]nu€iot)uev   ^oiTt6v   u6vov   Tde   €uapaviEou€-
vae   6iaapopde.

Ot)Too,EvS  fi   ouvdpTnoie   @(z)    6t6eTaL   Ttd^Lv   bn6   Too   Tbnou

(I.7)  ,    f\   ouvdpTTioLe   ur(z)    6t6eTai    tjTt6   Too   Tt)Ttou:

Vtz)  =  ±jLEEaT+#jL=a=-±,'L-==:j=+dT         t47

6iaap€povToe   Too    (i.12)    ete   T6   6€tiT€pov   6^o]t^fipoua,  i,66Ttoc-

ov   5x€i   Tto^^on^aouaosii   €iit    (-M)  ,   n€paiT€pcD   6€   f`    t6L6uop®oe

6^ow^npoTiltfi   €Etocoic   f\   dvTtoToixoc   Tfie    (I.15)  ,    etc   Tfiv   6-

TTotav   Te^llt@e   waTa^hyou€v,    eJvai   f|   ltdTcot}L:

±)L#dT+#jL=a=-={#,lL=aF+

+±jLaptTtffrdT}  =  26TE)-`±=  jLEEaF.           t5t

AL   ouvsfiMaL    (i)    6Eaoapa^tEouv   T6   uovoohuovTov   T@v   |J,€Ta-

Tontoecov   6id   Thv   neptnTcooiv   Too   6€uT€pou   S€ue^Ld>6oue     TT.po-
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B^f`uaToe,    €vS  np€Tt€L   i   ouvioTau€vTi   6bvauie   f\  TtpoMbnTouc7a€M
Tfie   ouvo^LMfie   apopTtoecoe   €Ttt   Tfie   pcoyufie   vd   toooTai    u€    (X,Y)

TtpowuTtTobone   obTco   Tfie   dlto^o6Sou  ouvSTIItns a,va^6you  Tfie  (I.16):

1 [ (a:  -On   )-i (a:  -Ot) ]a=  =  -i (x-iy) (6)

^T|oselo@v   tTt.6ulv   ttat   T@v   ox€oeav    (1.258)   wac    (I.26)  .
•H   ouvSfiMTi    (6)    BdoeL    Too   Tbnou    (i.3)    ^auBdvei    Thv      ±Efie

uopapfiv   dvTtoToixov   Tfie    (i.21)  :

jL[®+tT)-a-tT)]a=+jL[6Fl=J-6=T=)]a=+jL=[ct'+tT)-

-®'-(I)  ]dT+,lL  [¥+ (I) -xp-(I) ]dT   =   -i  (X-iY)  ,

fiTLe,    6e6ou€vou   6Ti    €v   Ttpoweiu€vap   loxt)ei   fi   ouvSTlwn:

/L q(I)dT   =   0

(7)

(8)

^6yap   Too   uovoonudvTou   Ta>v   ueTaTOTttoeov   Mat   Too   6piouoo(2BI

Tfie   ouvaoTTioeoc  q(t)   Mat   ^auBavou€vav   I)Tt.6iuiv   T@v     ox€oeov

(7)    wac    (38),    ^quBdvei   Te^i"ais   TTiv   dvd^oyov      Tfic      ouvSTiltns

(i.22)    uopaphv:

(M+I) )L ap(I)dT   =   +i(X+i¥)  . (9)

•Edv   9e^T|ocDuev,   dva^6yoe   Ttp6e   Ttiv   TteptTtTcoiv   Too   Ttpd>Tou

9eue^Ld>6oue   TtooB^huaToe,   vd   SecDphocouev   Thv   pco.yulv  d>e ouvTe-

Selu€VT|V   €k   ouyttevTpcou€vav   6uvdu8cov   ttat   ueTaoTdoecov  u€ Ouv-

apTfioeie   f (t)   Ma[   g(t)   dvTioTotxoe,   6id  ouyltptoeoc   T@v   Tt)-
Ttajv    (I.33a)    Mat     (I.7)    itat    €TttoTie   Ta>v    (I.338)    "at     (4)    etJpt-

c"ouev   Tfiv   Ttooapavfi   ox€oiv    (I.27)   wac   dtoabToe     Tfiv         ttdTosi

ox€oiv   TTiv   6t6ouoav   Thv   EnTouu€vTiv   ouvdpTnoiv   g(t)ouvapTfi-
o€L   Tfi§   yvcoTfis   ouvapTfioe®e   q(t)  :

q(t)   ---3E!fL.                                                                                  (Lo,w+I

AauBdvovTee   I)Tt.6Uiv   Tots   TUTtoue    (I.348)    ttat    (28)    Ttapa-
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TTipoouev   n€paLT€pcD   6Ti   h   ox€oie    (10)    €rvctL    loo6bvauoe   Ttp6e

Tde   eEfie   6bo:

B1(t)    =   - §___!p_I_i___(_i___)_=__¥_I_(±|Jdt 82(t)    =   - a__[___v I__  ( t_)  _I_V_I__ ___(_t_)  _I

dt ( 11 )

atTLvee   Tp6Ttov   TLvd   Sd   fi6bvavTo   vd   Sea]pTisoov   d>e      TTpo(ocrvE:[e

fi   Hat   vd   ^Tiapsoov   die   Bdoie   TTo6e   dr66eLELv   Tfie      ox€oecoe    (10)

u€   Ttopetav   &vTtoTpo®ov   Tfi§   €vTao9a  dt{o^ouSTisetoTie.
'H6Ti   fi    16i6uopapoe   6^.ow^npcoTiwfi   €Etocooie    (5)       ^auBavou€-

vcov   bTt'6iuiv   T@v   ax€o€cov    (i.27)    Mat     (10)    6bvaTaL   vd   Secopnsii

a)S   5xouoa  n^€ov   &yva)oTov   ouvdpTT|oiv   Tiv   ouvdpTT|oiv   6uvdu€-
a)v   f (t)  ,   6Te   9d   ^dB"   Tfiv   MdTCDSL   uopapfiv   6^tyov      6La(o€pouoav

Tfie    (i.30),    fiTLc    loxbE:L    6id   Thv   neptTtTa]oLv  Tot)TtpcbTou   S€ue-

^ld>6oue   npoB^iuaToe   "at   €xeL   &yvcooTov   ouvdpTricILv  TTiv ouvdp-

TT|oLv   u€TaoTdoea)v   g(t)    Mat   6xi   Tf`V  ouvdpTTioLv 6uvdu€tov   f (t)
\

d>e    €v   TtpowcLu€vap:

±j'LELT+n+;L¥a=-={n=jLE?a=+

+i/Lf(I)T#T}=2if)-±jL#T-

-#jL%aT+={"+)LE?aF+

•  +i;Lg(I,T#T)
(12)

Tfie   ouvapTfioea]e   g(t)    6L6ou€vne   bTt6   Tfie   ox€o€coc    (10)  .\uooov   dappp¢   e£§   Tfiv   dvaycoyfiv   Tfie    £6Lou6ptDou   6^oM^npcoTi-

t4fie   €ELod>oea)e    (5)    fi     (12)    ete   oboTTiua   6bo   TtpChyucnL]t@v    16Lo-

u6papcov   6^ow^npcDTL]{@v   €ELotbo€av,   fi   6pyaota   €rvaL    €vTe^@s   d-

Vd^oyoe   Tfi'e   dMo^ouSTisetoTis   6Ld   Tfiv   n€ptTtTcooiv      Too      TtocbTou

S€ue^id]6oue   TtpoB^iucLTo§   Mat   6€v   Sd   €iiova^napsfi   €vTctosa.

ETiueLoOu€v   T€^oe   6TL,    6Ttcoe   fi   ouvdpTr\oie   ap(t)    Tt€pav   Tfie
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t6Lou6papou   6^ok^ripoTLwfie   €ELod]oecoe    (5)    6€ov   6Ttoc   €Tta^nseu-

m   wac   Thv   ouvsfiMnv    (9)  ,   ot)TCD  wac   h   ouvdpTnoie  6uvdueav f (t)
Tt€pav   Tfie    i6iou6papou   6^ow^r\pcoTLwfie   €F,Lotfoecoe    (12)  ,      TTpowu-

nToboTi§   €M   Tfie    (5),    ^6yap   Tfie   oxEoecoe    (i.27),    6Eov   6ncoe      6-

na^nsebn   d]oabTCDe   wac   Tfiv   ouvshMnv:

f (I)dT -+i¥ (13)

TtpoMUTtTouoav   €w   Tfie    (9)    ^6yq>   Tfis   ox€oecoc    (I.27)    ttat    eTtLOTie

Tfis   ox€oea)s    (8)  ,    fiTLc   ^6yap  Mat    Tfie    (10)    ypdapeTaL   Mat    ale   €-

Efie :

g(I)dT   =   0  . (14)

I:XETIKAI   EprAEIAI   -nAPATHPHEEIZ::    Etc   T6   Tufiua        Tot)To

€5nTdosn   T6   6ebTepov   Setie^ic~o6ec   TTp6B^nua  6i,d   Thv   dTt^fiv  ^et-

av   ocDyuhv   €vT6e   dTtetpou   iooTp6TT,ou   u€oou.`O   Tp6Ttoe      d,vTLuc-

TCDITtoecoc   Too   TtpoB^fiuaToc   Tot)Too   etvaL,   d>c,   ec6ouev,      dptteTd

dvd^oyoe   Tot)   €tpctptioos€vToc   etc   T6   Tufiua  Al   6id   T6        iTpt~oTov

8eue^i@6es   Ttp6B^Tiua   Tfic,   dTt^fic   ^€tac   pcoyufic,   €vT6e   dTt€Lpou  C-

ooTo6TTou   u€oou.    KaTd   Tat)Ta   eLc   Td   €EeTao8nrT6iLewi   €Lc   TCL   e-

lT6ueva   TtLhucl"  TtpoB^fiuaTa  poyu@v6€v   Sd  dcJxo^T|So~)uev   u€      Tfiv

TteptTtTooiv   Too   6euT€pou  Seue^io'j6ous   Ttpoo^fiuaTof„   T6   6Ttotov

Sd  Secop@uev   6uvduevov   vd   €Tti^usfi,   €dv  nchpouoiqosfi        dvdyttT|
ei§   ouylteltpiu€vov   Ti   Ttp6B^nuch,   MaTd   Tp6Tto\j   dvd^oyov   Tot}   €-
tpapuoos€vToc   6id   Tfiv   TteptTtTooiv   Tc>O   Ttpd>Tou   S€ue^id>6ouc TT.po-

B^fiuaTos. .QoattTos   6uvduesa  vd  TtapaTnphocouev   6Ti   6^aL   c`L   d-
VaTtTuxsetoai   eie   Td   TufiuciTCL  Al   €cDc   A5   u€So6oi      dvTiij.eTOTtt-

o€cDc   Too   TtpcbTou   Seuc^Lch6oue   Ttpoo^fiuaToe   6i,.   dn^fiv           ^etav

poyufiv   €vT6e  dTte tpou   LooTp6irouu€c7ou   6t)vavTai           MaTa^^h^cos
TpoTtoTtoiobuevai   vd  xpr\oiueboouv   Mat   cLe   Thv   €iTt^uoLv        Too

dvTLOTotxou  6euT€pou  Seue^ich6ouc   TtpoB^huaToe.   Tdf,  dvaywat-
ae   TpononoihoeLe   TabTae   9€copoOu€v   npo(pav€te   wcit   6€v        SE:co-

poOu€v   c"6Ttiuov   vd  6chocDuev   €vTGOsa.
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Auvduesa   vd  dvaap€p®u€v   T€^oe   6TL   ti   yE:viwT|   ^bois           Too

6euT5pou  SE:uc^id>6oue   TtpoB^huaToe   Tfie   €bsuypduuou   p®yuiie  €v-

T6s   dTtetpou   LooTp6iTou   u€oou,    T6   6Ttotov   Ttp6B^r|ua        dTT.oTe^et

et6"hv   TteptTtTooiv   Tot)   ets   T6   Tufiua   Tot}To   ue^€TT|S€vToC,   €-

668Ti   tjTt6   Tot}   MUSKHELISHVILI    {1953A,§120}    d]e   ltat    bTt6            Too

M_ILNE-THOMSON    {1968,  §4.15}.-'E(pctpuoyfi    Tfie   TTChpouoia.osetonc

6vTaosa   y€vLMfie   ues66ou   €t§   T6   ct6LM6v   ToOTo   np6B^nua     €t-

vcii    €t]xcp@e   6uvaTT|,    d]e   €y€vE:To   fi6Ti   E:Lc   T6   Tufiua   Al   6i,d   Thv

Tt€ptTtTCDOLv   Tot}   npd>Tou   S€ue^Ltb6oue   TtpoB^TluaToe.
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A7.    rENIKH   ME®oAOE   Er[IA¥zEQr,   Toy   MIKTo¥   ®EMEAIQ-

Ao¥z:   IIpoBAHMATOE    AI'    ArlAHN   AEIAN  PQITM_HN  ENTOE

AITEIPOY   IEOTPOHOY   MEZ:dY

•Ava^6ycos   Ttp6s   T6   Ttpc}Tov   ltat   T6   6ebTepov seue^i@6ec Ttp6-

B^Tiua  6bvaTou   vd   €Tu^usfi   Mat   T6   uiwT6v   S€u€^Ldi6€e   Ttp6B^nua
6L'   dTT.^fiv   ^etav   poyufiv   6vT6c   dTtetpou   iooTp6Ttou   ti€oou.         ®d

€E€TdocDuev   iTPGiTov   Tfiv   et6iMfiv   TteptTtTcooiv   Tot}   uiMTot}      Seue-

^Lch6oue   iTpoB^fiuaTos,   was.    fiv   6t6ovTou   €TTt   Tfie   uLde   Tt^eupde

Tfis   Poyufis   L   Too   Z:xfiuaTos   I.I,    €oTco   Tfie   Tt^eup&s    (+)  ,   aL   €-

TtLBa^^6uevou   €EOTepLIt@e   Tdoei§   o±(t)    Itat   o±(t)  ,    6iit   6€   Tfi§

€T€pae   Tt^eupds   Tfie   pa>yufi§,   fiToi   Tfis   Tt^eupds    (-)  ,   aL         btoi-

oTduevou   ueTaTOTttoeie   u-(t)    Mat   v-(t)  .`QoattTCDe   6t6ovTaL   Td

uey€STi   I   Mat   IT'   Td  oxeT"d  u€   Thv   tp6pTioiv   eLe   T6     dTteipov
MCht   6piE6ueva   Bdoel    TG5v   Tt)TTov    (I.2)    a)s   Mat   aL         oi)vioT@oai

(X,Y)    Tfic   ouvo^LM@s   €F,ac"ouu€vns   €Ttt    Tfis   pcoyufis   €EOTepiM@e

6uvduecos,   ecTe   diT'    e6Setas   e'JT€   u€oap   Tfis   ouvioTau5vns     6u-
vduecos    (X-,Y-)    T@v   fDopTtoecov   €Ttt    Tfis   iT^eupde    (-)    Tfis         pco-

yufis,   6Ttou   6t6ovTai   d)e   6piaMat   ouvsfiltai   aL   ueTaTOTttoeie,6-
Te   ^6yap   Mat    T@v   Tt>Ttov    (I.258)    Itat     (I.26)    €xouev:

X+i¥   =   (X-+i¥-)-iL[o:(I)+io=(I)]dT.                                      (I)

Euu(pd>voe   Ttp6s   Td   €MT€S€vTCi   ete   Td   TufiuaTa   Al   wac  A6  6Ld

Tde   Tt€pLTLTchoeie   Too   TtpchTou   Mat    Too   6euTEpou            S€ti€^Lch6oue

npoB^huaToe,   6uvducsa  vd  ypdiLJcou€v   Tde   6pLaMds   ouvshMae   Tfie
€vTaosa   €EeTaEou€vnc   el6LItfie   TtepiTtTd>o€cDe   Too   uLMTot)     Seue-

^Lch6oue   iipoB^huaToe   BdoeL    T@v   TbTtcov    (1.3)    wac    (i.19)    d]e   i-

Efi s :

a:(t,-iof (t,   -a:,t,+a:ltT+::(E®;+,t,+¥:(t,)   ,

2u(-¥+i=
+v,:(t,).

_-+i-
aEaE

+v,-(t) \  .

=®:(t,-"FT+=(E®:-(t,+

(2a)

(28)



67

HpooS€TovTE:e   Mat   dtpaipoovTee   MaTd  u€^Ti   Td§ 6pLaMde ouv-

ShMae    (2)    €bptoMou€v,^6yap   Mat    T@v   ox€o€cov    (1.1)   6pLouot}T@v

uLya6LJ{@v   ouvapThoe®v   ®(z)    Mat   ¥(z)  ,6TL:

[®+ ( t) +a-( t)] + [5ilT7 -„5-|ti] +±±

+ [u,+ ( t ) +up-( t) I
)

=   2p(t)    ,

[®+(t)-®-(t)I+[aTltj+"alEi]+±±=(

E[® , + (t) +@ , -(t)I  +

I [® , + (t) -® , -(t)]  +

+,¥+,t,-I,-(t,])   -2ap   ,

€vsa   €T€STioav:

2[,tt)   =  o=(t)+io±(t)-2u{£#±L+i£¥=f±L}+

+[(It-1)r-2F]-2F'#   ,

2qttj   =  o=tti+io±ttj+2u{£¥fi±L+i£¥f±±L}-

-(It+1)r    ,

(3a)

(3B)

(4a)

(48)

At   6pLawat   ouvsfiwaL    (3)    €^dxLOTa   6La(p€pouv   Mat         u6vov

waTd   T6v   6ebTepov   €vT6e   dyltb^Tie   6pov   at)T@v   T@v  6pLaltdiv c7uv-

STiwG}v    (i.4)     TG5v   dapopcoo@v   €1e   T6   Ttp@Tov   9cue^L@6€e   iip6B^Tiua

fi   TG;v   6pLaM@v   ouvST"@v    (6.3)    T@v   dq]op®o@v   €Le   T6      6€bTcpov

Scu€^L@6E:e   Ttp6B^Tiua.    ®€copooTiev   obTco,    dva^6ycoe   Ttp6e   6,TL    €-

1lpdEauev   6Ld   Thv   6Ttt^uoLv   T@v   Seu€^L®6G5v   abTG5v   TtpoB^1|udTcov,

Tfiv   u€v   ouvdpTT|oLv   a(z)    6L6ou5vT|vtJn6   Too   TbTtou    (i.7)  ,       Tfiv

6€   ouvdpTTioiv   P(z)    6L6ou€vTivtjn6   Too   Tbnou:

Vtz)  = ±1LEFdr-±|L=dr-±jL#dT  '      t5)

6iiou   €u(pavtEeTaL,   n€pav   Tfie   dyvchoTou   TtuMv6TTiToe   tp(t)   Too 6-

^oM^Tipdtuafoe   CAUCHY    (i.7)  ,   Mat   uta  deoabTcos   dyv®oToe   ouvdp-

TTioLe   co(t)  .    I:uyTtptvovT€§   Thv   €wtopaoiv    (5)    Tfic      ouvapTfio€coe

¥(z)    6Ld   Thv   €EeTaEou€vT|vn€ptnTcooLv   Too   uit{ToO   Seue^ich6oue
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npoB^fiuaToe   u€   Tde   €MappdoeLe   TTie    (i.12)    MCht    (6.4)    Tde      ett-

pesetoae   6Ld   Tde   TtepLiiTd>oeLe   Too   TtpchTou   t{at   6euT€pou  S€ue-
^id>6oue   npoB^fiuaToe   dvTLOTotxcoe,   TtapaTTipoouev   6Ti   h     dyvco-

oToe   ouvdpTTioue   cD(t)    ouv65eTai   ueTd   Tfie   €iitoTie           dyvd>oTou

ouvapTfioecoe   tp(t)    6id  ui&e   T@v   ox5o€cov:

O{t)    =   to(t)         ,       cO(t)     =   -74ap(t)     ,

dT}=-25T5-±=

(6)

Tfie   Ttpd>TTie    toxuoboTi§   6Ld   Thv   neptTtTcooLv   Too   npd>Tou   S€u€`^i-

ch6oue   TtpoB^fiuaTo§   Jtat   Tfis   6euT€pae   6id   Tfiv   TteptTTTooiv      Too

6euT€pou  t}eue^ich6oue   iipoB^TluaTos.

AquBdvovTee   t)Tt'    6iuiv   Tds   €MtppdocLs    (i.7)    Mat    (5)          T@v

ouvaoTho€cDv   ©(z)    ttat   ¥(z)    dvTioTotxcoe   d]e   Mat   Tote        TbTtoue

Too  PLEMELJ    (i.8)    Mat    (i.10)  ,   6uvduesa  vd  dvaydycDuevT6ob-

oTTiua   T@v   6pialtG5v   ouvST"@v    (3)    ete   T6   ttdTa>Si   oboTnua   t6io-

u6P(Pcov    6^OM^T|PcoT LM@V    €E LochoE:CDV :

±jL#dT+fitt7+#jL=dr-={±jL=dr+
\

+=1L ap ( I )
I-I

gap(t)+#jLapigdT+cO(t)   =  0

(7a)

(78)

uOoov  dapop¢   ete   Tfiv   ouvsfiwnv   uovoonudvTou   T@v   ueTaTOTtt-

oecDv    (I.21)  ,    at)TTi,    ^6yap   T@v   €ItcDpdoeov    (1.7)    Itat     (5)              T@v

ouvapTfioecov   ®(Z)    Ita.I   ¥(Z)    dvTioTotxcos, ^auBdvei   Tfiv      MdTtifol

dpM€Td  dn^fiv   uopapfiv:

`L["ap(t)+°(t)]dt   =   2jLq(t)dt.                                                        (8)

T5^oe   f\   ouvLOTauEvn   6bvauie    (X,Y)  ,   t\   6oS€toa   €Ttt        Tfie

pcoyufie   fi   6uvau€vTi   vd   €t)p€Sfi   Bdo€L   Tfie   ox€oecDe    (i)  ,         6t6€L

utav   dM6uT|   Ttp6s   n^fipcDOLv   ouvsfiMT|v,   iiTis   ^auBavou€vcov   tJn  6-
iLiiv   Mat   T@v   TbiTcov    (I.48)    tta[    (I.26)    ^auBdvei   Thv   dpMeTd   d-

vd^oyov   Tfis   ouvshMne    (8)    Hop(pfiv:
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jL[-tp(t)+co(t)ldt=2jLq(t)dt+Y-ix (9)

"H6n   6uvducsa  vd   u€^eTfio®u€v   Tfiv   yE:vLMiv nep[TtTcooLv  Too

uiltToO   Seue^Ld>6oue   TtpoB^fiuaToe.   Hp6s ToSTo :SE:copoou€v  Tfiv pco-

yufiv   L   dTtoTe^ouu€vnv   €M   Teoodpcov   TunudTcov   LL,L27L3   Itat   L+t
€M   T@v   6notcov   d>pLou€vQ   6bvavTaL   vd   €tvai   uT|6evLMoO     ufiltoue

fi   vd  dnoTe^@vTou   €w   iiepLoooT5pcDv   Too   €v6e   uiMpoT€pcov Mat  d-
veEapTfiTcov   ueTaEb Ta]v  TunudTcov,   6piEou€vcDv   d>e   €`F,fie:  LL  €tvou

T6   Tufiua   €wetvo   Tfie   pcDyufie,   Mas'   6   etvaL   yv®oTat  ai  €TtL0a^-

^6u€vaL    eTt'    duapoT€pcov   Td)v   Tt^eup@v   Tfie   pcoyufie   tDopTtoeLe,    L

etvaL   T6   Tufiua   €M€tvo   Tfi§   pcoyufie,   Mas.   6   €tvaL   yvcooTat      Cut

tttpioTduevai    €Tt'   du(poT€pcov   T@v   iT^eup@v   Tfie   pcoyufie   u€TCHOTtt-

o€l,e,   L3   etvaL   T6   Tufiua   €M€tvo   Tfie   pcoyufie,   Mas'   6           etvaL

yv®oTat   aL   €iiiBa^^6u€vai   (popTtoeLe   €iit   Tfie   S€TiMfis   Tt^eupde
Tfis   p®yufie   d>e   Mat   aL   bapioTduevaL   u€TaToiitoeL§   €Ttt   Tfie     dp-

vT|Tiltfie   ii^eupde   Tfie   pcoyufi§,   wac   L+   €Evai   T6   Tufiua        €tt€tvo

Tfis   pcoyufis,   Ma8'   6   €tvaL   yv®oTat   al   t)apLOTduevaL      ueTaToiit-

o€Ls   €Ttt    Tfie   S€TiMfie   ii^€upde   Tfie   pcoyufie   d>e   Mcht   aL       €TTiBa^-

^6uevaL      q5ooTtocLe      €iT.i      Tfis   dpvnTiMfis   Tt^€upds   Tfie   paJyufie.

Tdc   t)(pLOTau€vas   6pLaMde   ouvsfittae   €iTt   T@v   TUTiudTcov      Tfis

PcoYufi§   LLtL2   Mat   L3   €ue^€Tfioau€v   fi6T|   ete   Td   TufiuaTa  Al,   A6
]{at   A7   dvTioTotxcDe,   aL   6€   I)(oLOTduevaL    €iTt   Too   TufiuaToe      LH

Tfie   pcA]yufie   6pLawat   ouvsfi]tai    e[vaL   6vTe^die   dvd^oyoL   TG)v      t>-

apLOTau€vcov   €Ttt   Tot}   TufiuaToe   L3.    ®eopot}vTec   TtepaLT€po   6e6oT

u€vas   Tde   oTasepde   r   ltat   IT'    T@v   Tt>TtcDv    (I.2)    d3s   ltat  TT|vouv-

ioTau€vnv   6t)vauLv    (X,Y)    Tfiv   €T[evepyot)oav   €Ttt   Tfis        poyufic,

6uvduesa  vd   6LaiiLOTcbocou€v   €bxep@e   6Ti   T6   6^ov   llp6B^T|ua     d-

vdyeTou    €te   T6   MdT®SL   oboTTiua   i6Lou6ptpcov   6^oM^r`pcoTiM@v   €E-

L Ocooe®v :

±jL#dT+ytt)tDtt)+#jL¥dr-={±jLgdr+
\

dT)=  2ir-±={L=a=  ,        tioGj
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6(t)ap(t)+r#jL#dT+co(t)   =  o   , (loo)

evsa  aL   ouvapTfioeic   y(t)    ttat   6(t)   ItaTd  ufiltos   Tfic   pcoyuiic     L
^auBdvouv   Td§   ttdTosi   oTasepd§   Tiudc   €Ttt    Ta~)v    cTT|uetov   t   T@v
npoavatpep9€vTcov   TunudTcoV   abTfie   LLtL2 'L3   Mat   L+:

y(t)   -0        ,        6(t)   --1,        t€L1,

y(t)   =   0        '        6(t)   -"        ,        t€L2    ,

y(t)=¥E.1,       6(t)=¥,       t    L3l

y(t,--¥'     6(t,=¥'     teL-

( I |a)

(118)

(||y)

(116)

€v   ouutpcovtq   Mat   u€   Tde   t6iou6ptpoue   6^olt^npcDTLwde   €ELocho€Le

(I.15),(6.5)    ttat    (7),   aL   6€   ouvapTfioeie   p(t)    ttat   q(t)      6t-
6ovTou   €Ttt   Too   TufiuaToe   LL   ttTt6   T@v   ox€oecov    (i.5)  ,    €Ttt      Too

TufiuaToe   L2  tJn6   T@v   ox€oea)v    (6.2)  ,    €Ttt   Too   TufiuaToe  L3   tJn6

Tdiv   oxEoccov    (4)    Mat   €Ttt   Too   TufiuaToe   L+   tjn6   TG)v   wdTcosi      d-

va^6ycov   Tdiv    (4)    ox€oecov:

2p(t,   --2u(£=;[fl+i£¥:jfl)+(a;(t,+ioI,t,)   '         ,12a,

2q(t)   =   -2u{±±=±±L+i±¥:±±L}-{o=(t)+io=(t)}.            (128)

"Ooov   dapop¢   Sis   Tfiv   ouv8fikTiv  -uovoonudvTou   TG5v   u€TaTOTTt-

oeov   Mat   Tfiv   TtpottbTtTouoav   €It   Tfis   €It¢ppdoe®S   Tfic     OuvloTau€-

VTle     €1T.I      Tfi§     pcoYufis     6uvdue®e     duv8fiwr,vi   ,   a6Tai   6t6ovTai,

d>s   Mat   Ttponyouu€vcDs   OT[6   T@v   ox€oea]v    (8)    Itat   (9)  dvTioTotxoe.

EXETIKAI   EprAZ:IAI   -ITAPATHPHEEIE:   T6   €EeTaos€v   eie      T6

Tufiua  ToOTo  uiwT6v  Seue^i@6ee  Ttp6B^nua  6i'   dTt^fiv   ^etav   p®-

yufiv   €vT6c  dTtetpou   iooTp6Ttou  u€oou   6Ev   €xei     dvTiueTOTtio8fi

u€XPI   ofiuepov   eis   Tfiv   yevlltfiv   Too   TteptTtTooiv.`H   e16i"fi   Tte-

ptTtTooic   Too  TtpoB^fiuaTos   TobTou  u€   6e6ou€vas   Tds   Tdoeie   €-
Ttt   Tfie   uide   n^eupde   Tfi§   pa]yufie   Mat   Tde   u€TaTOTtto€Le  €nt  Tfie

€T€pae   5xeL    6ni^usfi   I)Tt6   Tdiv   MUSKHELISHVILI    {1953A,§120}Mat
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MILNE-THOMSON   {1960,§4.16}   6Ld   Tfiv   neptTtTa3olv      €bsuypduuou

pcoyufie.  `QabTCDe   fi   €TL    €t6iwcoT€pa   neptiTTcooLe   ToC`   uLMToO      Sc-

ue^Ld>6oue   npoB^fiuaToe,   was'   fiv   €Ttt   Tfie   uLde   Tt;``cupde  Tfi§ pco-

yufie   tJtotoTaTai   oTasepd  ueTaT6Ttioic,   €v¢  f\   eT€pa  iT^el`pd  Tfis
pcoyiJ,fie   etvou   dap6pTLOToe,    8xeL   €nL^usfi   tjTt6   Too  AHMED  5id Tde
TtepLTtTd>oeLe   pcoyufie   oxhuaToe   T6F,ou   wbM^ou  {1971A}   wac   pcoyufic

oxTluaToe   T6Eou   TLapaBo^fie   {19718}.

AauBavou€vou   OTt'   6Uiv   6TL   6  dvoT€pcD  6osets   Tp6Ttoe     dv-
\'

TLu€Tcontoeco§   Too   uiwToO   Seue^idi6ou§   TtpoB^huaToe   6L'      dTt^fiv

^eta.v   pcoyuhv   €vT6e  dTtetpou   tooTp6Ttou  u€oou  6^tyov u6vov et-
vou   Tto^uTt^oltd>Tepo§   Tot}   Tp6Ttou   dvTiueToiTtoecoe   Too   TtpdtTou,   fi

Mat   Too   6€uT€pou,   S€ue^id>6oue  npoB^fiuaToe,   6€v   Sci     6d>ocDu€v

ltaTcoT€po   ^tioeie   Tot}  TtpoB^fiuaToc   TotTou   6id   Tfiv     TtebtTtTcooiv

dviooTp6Tta]v   u€oov   fi   Old   Tds   T[epiTtTd>oeis   d^^cov ouvS€Tcov iTpo-

B^T|udTcov   p®yudiv,   Mas'   6oov  a6TaL   6bvavTaL   et"6}coe  vd     iTpo-
Mbiuouv   €M   Tfie   dvTioTotxou   ^boe®e   Too  TtpcbTou           Seue^icb6oue

npoB^fiuaToe,    €dv   ^n¢p9o0v   I)n'   6ULv   wac   Td   €ItTL35ueva   ete   T6

Ttap6v   Tufiua.
AbvaTou   T€^oe  vd  dvaq)epsfi   6Ti   f`   npoavatpeps€toa     €t6Lwh

TteptTtTcooLe   Too   uLMToO   Seu€^idt6oue   npoB^fiuaToe,   was'   flv   €nt

Tfie   uLde   Tt^eupde   Tfie   pcoyufi§   6t6ovTaL   aL   Tdo€Le   Mat   €nt   Tfie

€T€pae  at   ucTaTontoeie, €xei   dvTiueTCDTtiosfi   6L.      ebsbypauuov

pcoyufiv   ebpLOJ4ou€vnv   €vT6s  dvLooTp6Ttou   u€oou,   ueTaF,b   6tJo   t-
ooTp6Trov   u€cov,   ueTaF,b   6bo  dviooTp6Ttcov  u€ou>v  d)s  t4at   ueTaEb
€v6e   looTp6iTou   wac   €v6e  dvLooTp6Ttou   u€oou   tjTt6   Too     IQAKEI-

MIAH    {1973}.
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A8.    rENIKH   ME®oAOE   EIIIAyz:EQE   Toy   HpOBAHMAToz:          THE

AHAHZ:    AEIAZ}    PQITMHZ    ENTOE    AHEIPOY          ANIZ:OTPOHOY

MEZ:OY

KaTcoT€po   6t6eTai   yevLItti   u€So6oS   €Ttl^Uoecos   Too      lTpoB^fi-

uaToe   Tfis   dTt^fi§,   ^€tae   Mat   €v   y€v€L   MauTtu^oypduuou     p®yufie
€vT6e   diTetpou   dviooTp6TTou   u€oou   6Ld   Tfiv   TteptTtTCDoiv Tot}  iTpd>-

Iou  Seue^ld)Sous   TtpoB^huaToe,   f|Tis   etvai   ltat   fi   Tt^€ov     ouvT+
ST|§.    I:T|ueiot}TaL   6TL,   Itas.6oov   yvoptEouev,   otJ6€uta  Ttap€uape-

Phs   Epyaota   tJq)toTaTaL,   TtpoB^T|uaTa   6€   poyu@v   €vT6s        dvLoo-
Tp6Ttcov   u€ocov   €xouv   ^usfi   u6vov   6Ld   Tfiv   TteptTtTooLv   T@v   e6Su-

ypduucov   pcoyu@v.    `H  u€So6oe   €pyaotas   €tvou   dpMeTd     dvd^oyoe
Tfic   dlto^oUSTtsetor|s   6id   Ttiv   TteptTTTooLv   poyufis   €vT6§   tooTp6-

Ttou   u€oou.    OL   xpT|oLuoTtoLobuevoL   TbTtoL    e[vai    BeBatcos   dpweTd

TTo^uTt^owd>Tepoi,   TtapouoLdEeTai   6€   T6   q]cHv6uevov   Tfic      xpnol,-

uoTtoLf`o€coe   TPLC5v   uLya6iM@v   u€TaB^riT@v   €nt    Too   dviooTp6Ttou

€TtiTt€6ou   Tfis   poyufis   dvTt   ij,idc   d]§   ete   Tfiv   TteptTtTcooiv            Tfie

p®yufie   €vT6e   tooTp6iiou   €niii€6ou.   Hapd  TaoTa   €xou€v   u€yd^Tiv
dTt^oboTeuoLv   Tot}   TTpoB^T|uaTo§   Sis   Thv   TteptT[To0lv   Tfic   POYufis

€vT6e   dTtetpou  dvLooTp6Ttou   u€oou   5vavTi   Too   TtpoB^fiuaTos   Tfie

poyufi§   €vT6§  dTt€tpou   tooTp6Ttou   u€oou,   6e6ou€vou   6TL   6€v   0-

q)toTavTal    ets   TotJS   xpT|OLuoTtoLOuu€VOuS   TtJTtous   TtapdYcoYol   ul-

ya6lw@v   ouvapTfioea)v,   atTlv€s  otJxt   u6vov   6uoxepatvouv        Thv
€Ttt^uolv   Tot}   TtpoB^fiuaTos,   d^^.dTtoTe^o0v   ltat   6Lapwfi     Ttayt6a

Ttp6S   6T|uLoupytav   ^as@v.

AL   TdoeLs   €t§   Thv   neptiiTcooLv   dvLooTp6Ttou   u€oou     6t6ov-

TaL   ouvapThoel   6bo   ulya6lltc5v   ouvapTfioeov   ®(ZL)    Mat         u'(Z2)

BdoeL    T@v   TbTtcDv      {   SAVIN,1961,    Ch.I,         §3}    .

ox   =    2j?e   {  u]2@o(Z])+u22¥o(Z2)  I     t

oy    =    2j?e   {   ®o(Z[)+nyo(Z2)   }     J

Txy    =    -2Fe   {   uL®o(Zi)+u2nyo(Z2)   }    J
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8Vsa   ZL   Mat   Z2   uLya6LMat   u€TaB^T|Tat   6plE6uevaL   d)e    :

Zi   =   X+uiyJ             Z2   =   X+tl2yJ (2)

a,i   6€   OTasepat   uL   Mat   u2   €[VOu   xapaMTT|pLOTLMat   uLya6Lrat  OTa-

S€pat   Too   b^i,Moo   Too  S€copouu€vou  dvLooTp6Ttou   u€oou.

®ecopoovTee   pcoyuhv   d>e   f`   Too   Z}xfiuaToe   i.1   €TtLSuuoOu€v      vd

€xcouev   €Mappdoeie   Tfie   was€Tou   apopTtoecDe   on   d>e   Mat   Tfie         €tpa-

TtTOu€vLMfie   Ot   eTtt   T@v   6bo   n^€updiv   Tile   pcoyufie   OuvapThocL   T@v

uLya6iM@v   ouvapTfioecov   @(ZL)    Mat   T(Z2)  .

Hp6e   ToOTo   ^auBdvou€v   bTt'6Uiv   6TL     {   ENGLAND,197lA,    §2.

12):

-2is
On+lot   =  i(Oxx+Oyy)-±--Z-(Ox  -Oy  +2iTxy)  t                              (3)

€vsa  S   f`   ycovta   Tfie   €tpomTou€vTie   Tfis   pcDyufie   eie   T6   Tux6v     on-

u€tov   t  abTfie   ueTd   Too  &Eovoe   Ox,   d>e   ELe   T6   Exfiua   I.2,   ox€-
oLe,   f`   6Ttota   loxbei   npoapavG)e   Mat   6id   Thv   TteptnT®oLv   T@v     d-

vLooTp6llcDv   u€ocov   €E   Coou   wa^@§   d)§   Itat   6id   Td   to6Tpona  u€oa,

6Ld   Td   6Ttota,    €dv   T€SoOv     {   ENGLAND,19717     §   i.5   }     :

Ox+Oy     =    2   {®o(t)+®o(t)}    ,

ox -oy +2iTxy  =   -2  { t6;TE)+i;TE)  }

(4a)

(4B)

ele   Thv   ox€oiv    (3)    Mat   ^Tiapsfi   fi   ouEuyhe   uLya6LMfi     TChbTTie,  Ttpo-

MbTtTeL   6   TbTtoe    (i.3)    6€6ou€vou   6TL    :

dt           2is=e
aE

(5)

'Ava^6ycA)e   €w   Tfi§   ox€o€ojc    (3)    Mat   ^auBavou€vcDv   bTt'6Ulv  TG)v

TtJTTcov    (I)    6L'€v   dvLo6TpoT[ov   u€oov   npowbTtTel   6TL    :

On+lot   =  jig   {    (I+ui2)®o(tL)+(I+u22)Yo(t2)  }   +

e    {   (I-u]2)®o(tl)+(I

ui®o (ti) +u2To (t2 )

22  , nyo  ,t2 ,

(6)
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8vsa  6Ld  u€v  Too  ouu86^ou  t  iTaptoTovTai   Td  oT|ueta  Tfie     p®-

Tufis  L   Too   I:XhuaToS   l.I,6ld  6€   T@V   ouu86^oV   ti   Mat   t2      T[a-
ptoTovTou   Td  oTiueta   Td  TtpoltbTtTovTa   €It   T@v   onuetcDv   t Tfis  Po-

yufis   TChbTne   Bdoei   TG5v   ox5oecov    (2)  .    An^a6fi   €dv   S€ocouev    :

t  =  x+iy

6Ld   Td   oTiu€ta   Tfie   pcoyij,fie,   Sd   €xcDuev    :

ti   =  X+u|y   t             t2   =  X+tl2y.

Tot)   oTiuetou   t   Mivouu€-

vOu   €Ttt    Tfis   pcDyiific  L  Td On-

ueta   tL   Itat   t2   MIVot}VTOu  €-
Ttt    6bo   dTteLMovtoE:COV   LL    Wac

L2   dvTLOTotxcoe   Tfis      pcoyufie

L,    CbpLC"ou€vcov   Bdo€L       TG)v

ox€o€cov    (7)  ,   d]e   ets    T6   I:xfr

ua  I.   A€ov  vd  dvaap€psfi   Ttd-
^iv   6TL   aL   oTascpat   uL   Mat

u2   etvaL         xapaMTnpLOTiMat

Too   €EeTaEou€vou  dvLooTp6-

Ttou   u€oou   6Laap€pouoaL      dn6

(7a)

(78)

Z]xfiua   I

uEoou   ete  u€oov.   At   oTa8c-
paL   a6Tai   €Eioot)vTou   duap6T€pai   u€   Thv   apavTaoT"fiv        uovd6a
6i.1o6Tpoiiov   ii€oov,   6T€   6ucoe   6^oL   ot   TbTtoL   oL    toxUovTes   6i,'

dvLo6TpoTtov   u€oouv   iTa'Jouv   LoxbovT€e.
•0   TbTtos    (6)    dva^uTLwd>T€pov   6bva,Tai   vd   ypaapfi   djs   ttdTo8l:

2(On+iot)    =    (i+uL2)@o(tL)+(l+IL2)6=lt[)+(i+u22)To(t2)+

+(1+I22)5=lt;)+E{(l+iuL)2®o(tL)+(i+iIL)26%lE[)+

+(I+iu2i2¥Ott2)+ti+iF2]2F=Tr;]  }.                                            t8]

ELe   T6v   a,6T6v   Tbitov    (8)    6uvduesa  vd  ltaTCh^fiEouev   ltaL        ItaT
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&^^ov   Tp6Ttov..    Ot)To   ^auBdvovTes   OTt'6iLjLv   6TL   at   MaTd   TotJs   d-

Eovae   Ox   Jtat   Oy   ouvioTG}oou   Tfis   apopTtoecDe   Xn   wac      Yn      dvTL-

oTotxco§,   a)e   ets   T6   Exfiua   I.2,    6t6ovTaL   t>Tt6   T@v   TbTtov     {SA-

VIN,1961,    Ch.1,       §4}   .

apo (Zi)+S;l=T)+Uo (Z2)+¢;lz=)   =   i:Ynds+CL,                      (9a)

uiapo  (z 1 ) +lJiapo  ( z 1 ) +u2uO  ( z2 ) +u2luo  ( z 2 )
):

Xndsre2   ,        (98)

€vsa   aL   OuvapTfioeLS   apo(z[)    Itat   Uo(z2)    ouV6€ovTal   u€Td      T@V

©    (ZL)    Jtat   ¥    (Z2)    6ld   T@V   ox€oeov    :
00

®O(zi)     =ap'O(zi)J            TO(z2)     =    ul'O(z2),                                                         (1o)

wac    €xovTes   tJTt'6ULv   wac   Tde   ox€oeLs    (I.24)    Itat     (1.25),    6i)-

vduesa.vd  ypdulcDucv   :

}:(on+lot)dT   =   i    j:(Xn+iYn)ds   =    (i+±ui)apo(ti)+
-        _                                                    .             -          `         .          --     `    -        ,_.

+ ( i+±ui ) apo  (ti ) + ( i+±u2 ) LuO  (t2 ) + ( I+±u2 ) uO  (t2 ) +

+C 1+ic2 .

A6yap   Tfis   ox€oeoe    (7a)    6iaTtLOTot)uev   d>oabToe   6TL

t+t                   . t-ix=T ,     y=-|T '
6IT6Te   aL   ox€oels    (78)    ^auBdvouv   Tfiv   uopq>fiv    :

(11)

(12)

ti   =  i   {  (I-±ui)t+(I+±ui)I  }   J   t2   =  i  {(I-±u2)t+(I+iu2)E}  .
(13)

ALd  Ttapayoytoeos   a)s   Ttp6etttat   I  T@v   ox€oeov    (13)    eopt-

oMouev   dvTLOTotxcos    :

{ (I-iui)+(I+iui)¥}  /  ¥ = i  { (1-iu2)+(I+±u2)E

±=!((1-iul,¥(I+iul,,,dt

dt21--- = -
aE2 (,I-iu2,¥,I+iu2,)

(14a)

(148)
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^auBdvovTee   6€   Tde   ouEuyete   uiya6LMde   TtchpaoTdo€L§   TC)v    (14)

€xou€v   :

dtl
aE
dtlin

-i ( (i+lil,+(I-lil,=)

-i ( (I+iI1,F(i-iI1, )

1+iI2,+(I-iI2,=()I;a,

(I+iI2,E(I-iI2, ) .
(158)

ALd   iiapaycoytoecoe   fi6n   Too   Tt)Ttou    (11)    d>e   Ttp6e   t   wac       €ap'

6oov   ^iiapsoov   t)iT'6iLJLv   aL   ox€o€ie    (14a)    Mat     (158)    MaTd         Thv

TtapaycbyLoiv,    TtpoMbiiT€i   6   TbiToe    (8)    ^6yap   wac   T@v            ox€occov

(10)   .

®ccopoOvT€§   ii^€ov   Thv   pcoyuhv   L   Too   ExhuaTos   1   €vT6e   Too

diietpou  dvLooTp6Ttou   u€oou   €xou€v   6e6ou€vae   6Ld   Thv        TTE:pt-

TtTooiv   Tot}   Ttpd>Tou   S€ue^Ld>6ous   TtpoB^fiuaToe   Tde   ouvapThoeLS

on±(t)    wa,i   ot±(t)    Tfie   Mas€Tou   Mat   Tfie   €apanTou€vLwfie   apopTt-

o€co§   €Tt'duapoT€pcov   T@v   Tt^cup@v   Tfie   pcoyufie   che   Mat    Td   6e6ou€-

va   Tfie   apopTtoecDe   ele   Thv   nepLoxfiv   Too   dTtctpou.

A6yap   Tfie   apopTtoecoe   €te   T6   &Tt€Lpov   at   ouvapThoeLe®o(ZL)

Jtat   ¥o(Z2)    6bvavTou   vd   €Mappaosoov   d>s   €Efi§,   dva^6ycoe        TTp6e

Tde   €Mappdoeis    (I.I)    Old   Tfiv   TteptTtTooiv    tooTp6Ttou   u€oou    :

@O(zi)     =    r+@(zL),

¥    (z2)    =   r'+xp(z2)ta

(16a)

(168)

6iiou  at   ouvapThoeie   ®(z])    Mat   P(z2)    Tctvouv   €te   T6        un6€v

6ld     lzL,2l+cO         Ma.i    8xouev    :

©(Zi)=°(±)r          V(Z2)=O(±),6Ld    lzL,2l+cO          .        (17)

Tde  oTasepde   r  Mat   r'   6uvducsa  vd  Ttpoo6LoptocDu€v     ouv-
apTfioeL   T@V   Tdo€cov   oxco,    Oyco    Mat    Txyco    €te   T6   &nelpov            Mat

Tfie   Tt€pLOTpotpfi§   eco  eie   T6   &Tt€Lpov.    A€6ou€vou   6ucoe   6Ti            f`

n€pLOTpoapfi   ete   T6   &n€ipov   6€v   €TtTipedECL   Td§   Tdoeie         €vT6s

Too   dvLooTp6Ttou   u€oou   wac   Ttp6c   dTt^oTtotnoiv   TG)v   ox€oecov,ete

Tds   6nota§  Sd  MaTa^hEcouev,   Sc®poouev   6TL   f`   oTasepd   r   etvai
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TTpayuaT"fi,   6Tt6T€   €xou€v   Tpta     ET|Tot>u€va  llpayuaTIItd  uey€Sn,

Td   :r,   I?er'   Mat   fmr',   Ita.S'6oov   IT   =   i   ,   d]e   iTpo€^Exsri,            6Te

^auBavou€vov   biT'6iL'iv   wac    TC5v   TbTtcov     (I)    Ttpowt>iTT€L    T6             €Efie

TTpoTOBdsuLov   otJOTT|ua   €ELochoeov   TTp6s   iipoo6lopLou6v   T@v   ii€ye-

S@v   r   ltaL   r'    ouvapThoeL    T@v   Tdo€cov   eie   T6   &ii€ipov   Oxco,    Oyco

ltat    Txyco       {SAVIN,196l,    Ch.I,    §7}    :

I-i     -0,                                                                                                     (|8ch)

uL2r+IL2F+u22r'+[22F'    =   oxco,                                                                  (188)

I+i+r'+F'    =   oyco,                                                                                                 (18y)

uLr+uLr+u2r'+u2r'    =   -Txyco.                                                                       (186)

®ccDpoOvTce   f|6Ti   Td   tie:y€STi   I.   Mat    I-'d>e   yvcooTd   Sd   dvaETiTfi    -

oouev   BdoeL    TG)v   ox€oecov    (16)    Tds   OuvapTho€LC   ®(ZL)    Matxp(Z2)

dvTt    T@V    ®o(ZL)     Itat    Yo(Z2).

Auvduesa   iTepaLT€pcD   BdoeL   T@v   ox€oecov    (16)    vd         ypducou€v

T6v   TbTtov    (8)    u€   BdoLv   Tds   uLya6iwde   ouvapTfioeLs   @(z[)       wac

u'(Z2)  ,    atTIves   Tt^eoveltTOC}V    €VavTL    T@V   ®o(ZL)     Wac    u'o(Z2)t   Wast

6oov   un6evtEovTaL    €TTL6eLwvbouoai   Tfiv   ouuTtepLapopdv    (17)       ete

Thv   Tt€ploxhv   Tot)   dTtetpou.   Ot)Toe   €tJptc"ouev    :

ti+u]2t®ttLt+ti+IL2jaT|i+ti+u22jtytt2i+ti+I22tEltzi+

+E{ti+iu[)2®tt]j+ti+iI[i2alt=j+ti+iu2t2xptt2j+

+(i+iI2)2FTE?)    }    =   2f(t),                                                                   (19)

€vsa   €T€Sn    :

f(t)    =   on(t)+lot(t)-i  {  (1+u[2)r+(I+I[2)i+(I+u22)r'+

+(I+I22)F'  }   -i  ji  {  (I+iu[) 2r+(I+iFL) 2F+

+(I+iu2)2r'+(1+iI2)2F'}.                                                           (2o)
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T6v   TbTtov    (19)    f`uTtopooucv   vd   ypdu®uev   MchL   bii6   Tfiv      Md-

TCA]SL    uopaphv     :

(1+iui)    {  (I-iui)+E(1+±ui)  }  ®(ti)+(I+lil)   {  (I-lil)+

+E(I+lil)  }  6lt=)+(i+±u2)   {  (I-±u2)+ji(i+±u2) }  ¥(t2)+

+(I+±[2)   {  (1-±I2)+E(1+iI2)  }  FTEZ)    =   2f(t),       (2la)

Tfis   6Ttotas   ^auBdvovTe§   Tfiv   ouEuyfi   ltat   Tto^^cm^aoLdEovTee   €-
i'tt   aE/dt  duap6Tepa  Td  u€^n   ettptc"ouev   :

(I-iu])    {  (1-iui)+E(1+±ui)  }  ®(ti)+(I-lil)   {  (I-lil)+

+E(I+ill) }   6T|)+ (I-ilJ2)  { (1-iu2)+ji(I+±u2) }  ¥(t2)+

+(I-±[2)   {  (I-±I2)+E(1+iI2)  }  T{=;i   =   2=LETE).  (2iB)

OL   TbnoL     (21)    napouoLdEouv   T6   u€iov€MTnua   6TL      TuniM@e

€uapavlEovTai   etoepx6uevou   ete  at)Tots   T€ooape§          uiya6iwat
ouvapThoeLe,    ai   @(zL)  ,    6(zL)  ,    ¥(z2)    ItCht   i(Z2)  .     `QS   Sd   apavfi

6uo§   MaTOT€pco,    6i,d   Thv   €iit^uoiv   Tot)   TtpoB^huaTos   Tfic     dTt^fie

^etas   pcoyufis   €vT6s   ev6§  dTTetpou  dvLooTp6Ttou   u6oou  Sd        ude
6inuw6^uvev   €EaipeTiltc5s   f\   dTta^oLaph   Tfis   uide   TobTcov,         TTpd-

yuCh  dT[^ot)v,,   6€6ou€vou   6Ti   dvd  6t)o   etvou   ouEuy€te   uiya6iwat.
'Edv   oOTcoS   S€^cDuev   vd   dlTa^€tucDuev   Tfiv   S(z2)  ,    6€V   €XOu€V,et

uh   vd   Tto^^aTt^aoldocouev   T6v   TtJTtov    (2la)    €Ttt    (I-iu2)    MaL   T6V

(218)    €Ttt    (i+iu2)    Mat   dMo^obscoe   vd  dapaip€ocouE:v   MaTd        u€^n

TotJs   TtJTtouc    (2la)    Mat    (218),   ate   eoptc"ouev    :

(ui-I2)    {  (I-±ui)+ji(I+±ui)  }   ©(ti)+([i-[2)    {  (I-lil)+

+Eti+iILt }  apt+tu2-I2i   {  ti-iu2t+

+g(i+iu2,  )  ty,t2,   =  g(t, '

€vsa   €T€9n   :

9(t)   =  -i(i-iu2)f (t)+i€i(I+iu2)f (t) .
-I:       I-==T-

(23)

(24)
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Eie   T6v   TbTtov    (23)   6uvduet}a  ltaT'&Mov   Tp6Ttov   vd  ltaTa^h-

Ecoiiev   €ItMivoovTes   €Jt   Tot)   TtJITou    (11)  ,    Tot}   6TLotou   ^auBdvovTes

T6v   ouEuyfi   €xgucv   :

):(on-lot)aF  =   -i  I:(Xn-|Yn)ds   =   (I-|ui)apo(ti)+
____

+ (i-±ui) apo (ti) + (I-Lu2 ) uO (t2 ) + ( I-iu2 ) uO (t2 ) +ci-ic2 .

(25)

'EiTisuuot)vT€e,   d]e   wac   iTp6Tepov,    €Ed^eiuiv   Tfie        ouvapTfioeoe

Uo(z2)    Tto^^Cm^aoLdEOuev   T6V   Tbllov    (11)    €TTt    (i-iu2),    T6v      65

Tbiiov    (25)    eTtt    (i+iu2)    Itat   dapaipot)uev   Tots   TTpoltbiTTovTac   Tb-

noue   MaTd  uE^Ti,   6Tt6T€   ^auBdvouev    :

(ui-u2)q)o(ti)+(ui-u2)q)o(ti)+(u2-u2)Uo(t2)    =

(I-iI2)  I:(On+lot)dT-(l+iI2)   j:(on-lot)dr}.             (26)

HapaycoytEouev   dMo^ob9coe   T6v   Tbiiov    (26)    d>e   np6e   t   ^auBd-

vovT€e   bTt'6iLjLv   Mat    Tde   oxEoeLe     (10),     (14),     (15),     (16),     (20)

Itat     (24)  ,    6T€   Ttpowt)TtT€L   6   TbTtoc    (23)  ,    Too   6Ttotou   €T€pa    too-

6t>vauoe   uopapfi   ypaapfie   etvaL   i4at   fi   ltdTcoSL    :

--
tui-u2 I  t I -iui J @ ( t 1 J + tut-u2 )  t I -iuL j @ ttL j + tu2-u2 )  tl-iu2)vy tt2 tr

+E  {  (ui-I2)  (I+±ui)@(ti)+(Ii-I2)  (I+lil)Ti==T+

+(u2-I2)(I+±u2)xp(t2)   }   =   g(t).                                                             (27)

®€opot)vTes   fi6T|   Tfiv   poyuhv   L   Tot)   Z}xfiuaTo§   1   u€apopdv  6La-

ypatpfis   dTT6   Tfie   dpxfis   TTis   a   Ttp6e   T6   TT€pas   TTie   8   "at   OUuBO^l-

ou6v   T@v   6tJo   Tt^eup@v   TT|s   u€    (+)    "at    (-)  ,   a)S   ets   T6     dvoT€Po

Z]xfiua   I,   ^auBdvouev   6bo   TbTtous   chs   6    (23)    wac   6    (27)    6Ld   Tde

6tio   Tt^eupde   Tfie   poyufie   u€   Tdc   ouvapTfioels   ©(ZL)    Itat         u'(Z2)

^auBavoboas   Tdc   6bo   6pLaltds   Tov   Tlude   ®±(t])   Itat   Y±(t2)  .
Z]Tiueiot)TaL   6Ti   aL   u€TaB^nTat   tL   Itat   t2,    Tfis      ueTaB^TITfie

t   6iaypatpot>one   Tfiv   poyuhv   L,   6Laypdapouv   Td   T6Ea   L[   Itat        L2

dvTLOTotxoe   et)pic"6ueva   Bdoei   wat   TG}v   ox€oeov   (78).
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AauBavou€vou   fi6n   tJTt.6Uiv   6Ti   ai   ouvapTfioeis   ®(z[)      Itat

¥(Z2)    etvaL    Tur|uaTLIt@S   6^6uoP(POL    €q).6^ou   Too   €TtLii€6ou   Tt^hv

T@V   T6Ecov   LL   ttat   L2   dvTLOTotxoe,   &veu   Tt6^ov   Jtat   u€      ouuTte-

pl(popdv   che   f|    (17)    eic   Tfiv   TtepLoxhv   Too   dTtetpou,   a6TaL      6tJ-

vavTou   vd  iTapaoTasot)v   6L '6^ow^TipoudTov   CAUCHY   u€      TTultv6Tr\-

Tae   ap(tL)    Mat    y(t2)    dvTioTotxcoe   d>e   MdTcosL    :

®(zl,  -= lL

xp,z2,  -± j

fldT1,
T1-Z1

y (T2 '

L2T2-Z2--`2
dT

( 28a)

(288)

HapaTnpot}iJ,ev   6Tl    oL    6etttTaL     (1)    wac     (2)    wdTCDSI    T@V   uL-

ya6lM@v   ueTaB^T|T@v   otJ6€v   v6T|ua   €xouv,1T5pav   Tot)   6Tl   uds   tJ-
lT€vSuutEouv   6Tl   al   uLya6lltat   ouvapTfioeLC   ©(z)    Mat   xp(z)    €u-

apavtEovTaL   €te   T6   Ttp6B^nud   uae   u€   Thv   ueTaB^nThv   Tcov   z   €u-
tpaviEou€vTiv   d>e   zL   Mat    z2   dvTLOTotxcoe,    `tvCh   uh   ytvn   obyxuoLe

u€   Tfiv   ueTaB^T|Thv   z.   Tot)To   6ucDs   ot)66^oe   €uTto6tceL   vd     ypd-

Ucouev   Tote   TbTtoue    (28)    d>s    :

®(z)  -i2lli 1
rfuT ,

LI  T_Z
(29a)

¥(Z)  =  ±  jL2#T.                                                       (298)

BdoE"   T@v   TbTtcov   Too   PLEMELJ   €xOucv   6Ld   Tde   6pLc"de   Ti,-

ud§   Tfi§   ouvapThoccoe   ®(z)    €Ttt   Too   T6Eou   LL    :

©+,tl,-®-(tl,   -ap(tl), (30a)

®+(tL)+®-(tl)    =  i   jLL:±=+dT                                                        (30B)

Itat   6ld  Td§   6plaMds   TLuds   Tfis   ouvapThoeos   u'(z)    €Ttt   Too   T6-

EOu   L2:

qu+(t2,-¥-,t2,    =   y(t2,,

Y+(t2)+xp-(t2)   =  i  {L2#dT.

(3|a)

(318)
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rpdapouev   fi6Ti   T6v   Tt)nov    (23)    6Ld   Tde   6bo   n^cupd§   Tfi§   pco-

yufie   L   d>e   MdTcoSL     :

(ui-I2)   {  (I-±ui)+ji(I+±ui)  }  ®±(ti)+(f|-]2)   {  (I-lil)+

+Et]+±IiJ  } FTl+tu2-I2j   {  tl-iu2j+

+E(I+±u2)   }Y±(t2)    =   g±(t).                                                       (32)

HpOOS€TOvTE:e   wac   dapaLpOovT€e   Tots   'TbTtoue    (32)    MaTd   u€^n

Jtat   ^auBdvovTes   tJTt'6Uiv   Tots   TtJTtoue    (30)    Itat    (31)       €Optolto-

uev:

(uL-I2)  {  (I-Lui)+E(]=Lul)  }  i  jLL
\-(I1-I2,  (  (I-lil,+g(l+lil,  )

+(u2-I2)    {  (I-±u2)+E(I+Ju2)  }

=  g+ ,t, +g-(t) ,

i
Tti

i
lli

EdT-flat+
Lit-tl

L2EdT
(33a)

(ui-I2)   {  (I-±ui)+g(I+±ui)}ap(ti)+(Ii-I2)   {  (I-lil)+

+ji(I+iILi  }  aT|j+tu2-I2i  {  ti-ju2i+jEti+iu2l } ytt2l  =

-g+(t)-g-(t).                                                                                            (33B)

AL    OX€O€LS    (33)    ^auBCLvou€v®v   bTt'6Uiv   TGiv   TbTL®v        (14-15)

ypdapovTai   dTt^oboT€oov   d]e   €Efie    :

u1_1J,2

ni

+##jL2#d±=p(t)tLL   i                (34a)

(ui-u2)gap(ti)+(ui-u2)¥Z5T|)+(u2-u2):==y(t2)   =  q(t) J
(348)

±jLL#Ti-E±=jLL=drL+\

€vsa  €T€snoav   :
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p(t,-i,[g+(t,+g-(t,,,

q(t,-i[g+(t,-g-(t,I.

( 3 5a )

(358)

Eis   Tds   oxEoeis    (34)    €xouev   d>e   dyvchoTous   ouvapTTioeie

Tdc   TtuMv6TnTae   tp(t])   Itat   y(t2)    T@v   6^olt^npcoudTcov   CAUCHY  (29)

T@v   ltasopiEouo@v   Tds   ET|Touu€vas   ulya6"d§   ouvapTfioelc   ®(z)
Jtat   u'(z).    .EIt   Tfis    (348)    6ucos   6uvdu€Sa  vd   €Mq)pdocouev           Tfiv

ouvdpTnoiv   y(t2)    ouvapThoeL   Tfie   ap(t[)    a)e   MdTcosi    :

dt                               ui-u2 dt|~ytt2]=+aE=qtt]-±±±Z:=+tti7--'--=-aETaptti7,
u2-u2                          TJ2-u2         2                  u2-u2                        (36)

6Tt6Te   dvTiltasioTC)vT€s   Thv   TLufiv   Tfis   Ttuwv6TnTOS   y(t2)          etc

T6   6^olt^hpcoua  CAUCHY    (298)    €t)ptoitouev   €wcDpaoiv   Tfie     ouvap-

Tho€o§   ¥(.z).    ouvapTfioeL   Tfis   Ttukv6TTiToe   tp(tL)    Too   6^olt^npd>   -

uaToe   CAUCH¥    (29a)    Too   6t6ovToe   Tfiv   ouvdpTnoiv   ©(z)    d]s      `e-

Efis    :

xp(-z)_      -

2Tti (u2-u2 )

u1_tl2

2ni (u2-u2 )
"H6r`   6€v   €xouev   lTapd

9tldT- ul-u2

LT2-Z          2TTi(u2-u2)

T2-Z
dT1.

fldT1-
LI  T2_Z

(37)

(36)    Tfis   ouvapTfio€OS   y(t2

dvT LwaTChoTho®u€v   Tfiv         €Mq)paoLv

ets   Thv   €EtoooLv    (34a),   6id     vd

^dBcoucv   utav    t6L6uopapov   6^oM^TipcoTLMT|v   €Eto®oiv   u€.&yv®oTov

ouvdpTT|oiv   Thv   tp(tL)  .    OUToC   €Xouev    :

E=jLL#dTL-[L±_F=;

1#dT1+quni# `L-#d,1+=
= = [L#T

dt2
_iiiil

= p(t)-ri =

-±T1-LIT1=

(38)

•¥Tt6   &^^Tiv   uopaphv   f\    t6ta   t6L6uopapoe   6^oM^np®Tiwfi   €Etoco-

oLe    (38)    ypdapcTaL    :
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i
T1--tl

dtl       1       dt2
dt    T2-t2   dt

Tli
p(t,-=-i I

1

ap ( I 1 ) dT 1 -

dti+--dt  'T2-t2    dt

L#dT

(p ( I 1 ) dT 1

(39)

`H    t6i6uopapoe   b^OM^TipcDTi74h    €EtocooLe     (39)    Tt€pi€x€.L    d>e   &-

yvcooTov   ouvdpTTiouv   Thv   nuMv6TTiTa   tp(tL)    Too        6^oM^T|pchuaToe
CAUCHY    (29a)  .    Hpoo6LopLou6s   Tfie   ouvapTfioecoe   TatJTrie   €nLTp€-

Tt€i   Ttpoo6iopLou6v   Mat   TG)v   ouvapTho€cov   ©(z)    Mat   ¥(z)       BdoeL

T@v   TbTtcDv     (29a)    wac     (37)    dvTioTotxcoe   Mat    Tt€paLT€pcA]                TG)v

®o(z)    Mat    To(z)     BdocL    T@v   oxEo€cov     (16).     `Qs   dMPLB@e    toxbeL

Mat   6Ld   Thv   Tt€ptTtTcooiv   Too   npoB^fiuaToe   Tfie   dTt^fie   ^€tae   pco-

yufie   €vT6e  dnetpou   tooTp6Ttou   u€oou,    €iit^uoLe   M^eioTfie   uop-
apfie   Tfi§    i6iou6papou   6^oM^TipcoTLwfi§   €ELochoeco§    (39)    6€v      €[vou

6uvaTh   Tt^fiv   d>piou6vcov   €t6iMG5v   Tt€pLiTTcho€cov.     'Ev   TobTOLe   et-

vaL   6uvaTh   f`   Ttpoo€yyLOT"fi   €iit^uote   TTie   MaT6TtLv        dvaycoyf|e

TTie   ef e   oboTnua   6bo   TtpayuaTiM@v    i6iou6ptpcov      6^oM^npcoTiM@v

€ELod>oecov.    M€So6oe   €Tti^bo€coe   TTpayuaTLWG5v    t6Lou6papcov         6^o-

M^TipcoTiMG)v    €ELochoecov   d>e   Mat    ouoTTiudTcov   TOLobTcov       €Eiocboecov

8€^€L   6MTesfi   cte   T6   K€apd^c"ov   I.
`H   ouvdpTTioue   tp(t[)    Ttp€Tt€i         n5pav      Tfi§           €na^nsebo€aJe

Tfie            6^oM^TipcoTLMfie    EELochoeco§    (39)    vd   €Tta^Tiscbn   Mat          Tf`v

ouvshwT|v    (1.16)    Thv   6T|^o0oav   T6   uovoofiuavTov   TC3v     ueTaTo   -

TttoecDv   MaTd   ufiMoe   Tfie   pcoyufi§   L.    AauBdvovTce   I)n'6iuLv,      dva-

^6ycoe   Ttp6e   Thv   lie:ptnTcooLv   Tfie   pcDytj,fie   6vT6e   Too   dTtetpou      t-

ooTp6Ttou   u€oou,   6Ti   6L'€v   dvLo6TpoTtov   uEoov   al        ueTaTOTtt-

o€ie   u(z)    Mat   v(z)    efe   Tux6v   oTiuct6v   Iou   z   6t6ovTaL           bTt6

T@V    TbTtcDv      {   SAVIN,1961,    Ch.I,        §3    }   :

u(z)     =    2jte   {    pLapo(z])+p2luo(z2)   }    J

v(z)     =    2j?e    {   qLapo(Zi)+q2ulo(Z2)    }    J

( 4 0a )

(408)
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€Vsa   at   OTas€Pat   PL,    P2,    qL   Mat   q2    €[VaL   XapaMTT|PLOTIWCht

Too   €ttdoTOTe   S€copouu€vou   dvLooTp6nou   u€oou,   TtepaiT€pa}        6€

6Ti   ouv6udEovTe§   Tote   TbiTous    (40)    5xouev    :

u(z)+iv(z)    =    (pL+iqL)apo(zi)+(pi+Lqi)apo(zi)+

+(P2+±q2)Luo(Z2)+(P2+Lq2)Uo(Z2)J                                                         (4|)

6uvduesa   vd   ypdiL/cou€v   6i,d   Tde   ueTaTOTTtoeLe   €nt   Tfie  cx^Jvufle   L:

u±(t)+iv±(t)    =    (p[+iqi)apo±(ti)+(pi+±qi)apo±(ti)+

+(P2+Lq2)Uo±(t2)+(P2+±q2)Uo±(t2). (42)

`0   TbTtoe    (42)    iTapayoyiE6uevos   chc   Ttp6s   t   6t6ei   6id        Tde

ueTaBo^ds   T@v   u€TaToiTtoecov   €iTt   T@v   6bo   Tt^€up@v   Tfie      pcoyufis
ltaTd   ufiJto§   atJTfie,    ^6yap   Mat   T@v   ox€oecov    (10)    Mat    (16)     :

g±±EJ±l+  ±3£±±+  =   (Pi+Lqi) S=±± (ti) + (P1+±ql)=;±;[{[=)+dtdt

+ (P2+±q2):==¥± (t2) +(P2+±q2):=±==l==)  t                            (43)

6Tt6Tc   fi   ouvsfiMri    (i.16)    fi   f`   MdTcosi    too6bvauos   abTfie    :

jrL{d[u+(T±=u-(I)]   +±d[V+(T±=V-(TH     }dT   =   o          (44)

^ChuBdvouv   Thv   5Efie   uopapfiv    :

(pl+iql)
L1

-5T) ]
[  ®+ (I 1 ) + (Ti) ]  dTi+ (P|+±q|)

aft+tp±j j L2[  ¥+tT2'-"
I,

+tp2+Lq27    jL2[  v+tT27-fr]  ]  aT2

[  a+(T1,-

T2'   ]  dT2+

0.                             (45)

•H   ouvt}filtT|    (45)    ^auBavou€vcov   t)Tt'6iLJiv   T@v   TbTtov    (30a)wac

(36)    6bvaTou   vd   €Mappaosfi   ouvapThoeL   u6vov   Tfis   ouvapTho€cDS

ap(tL)    dJ§   MdTcosi     :

tpi+Lqi)  j  L[totTi)dTi+t5i+LEI)  j  L[gT|)ail-
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P2+iq2

u2-u2 {  (ui-I2)   jrLLap(Ti)dTi+(Ii-I2)   jL[6T)dri }  +

+¥{tui-u2)jLLaptTi)dTi+tli-u2)jLLapldri}=

P2+iq2    r     __,    \   .     .P2+iq2

j'Lq(I)dT+u2-u2 u2_u2 `    ET=)a=.                                  (46)L
`H   ouvshltT|    (46)    6tJvaTaL    €TTtoT|s   vd   ypa(pfi   ltat   dJS   €Eiic   ItaT'

dTt^oboTepov   Tp6Ttov    :

{(Pi+Lqi)(u2-I2)-(P2+Lq2)(ui-I2)+(52+LE2)(ui-u2)}Ltap(TiHTi+

+   {  (Ei+±Ei)  (u2-I2) -(P2+±q2)  (Fi-[2) +

+(52+LE2)  (Fi-u2)   }     jLLap(Ti)dTi

=   -tp2+±q2)   jLqtT)dT+t52+iE2)   jLal=)a=.                        t47i

Z}XETIKAI   EprAZ}IAI   -HAPATHPHEEIE:    T6   €EeTaos€v   ete      T6

Tufiua   ToOTo   np@Tov   S€u€^L@6ee   Ttp6B^Tiua   6i,'   drn^fiv   ^etav   pco-

yuhv   €vT6§  dn€tpou  dviooTp6Ttou  u€oou  6€v   8xel   u€xpL     ohuc-
pov   €Tti^usfi   eie   TT|v   yeviltfiv   Too   uoptpfiv.   M6vov   T6     Ttp6B^Tiua
Tfie   ebsuypduuou   p®yufie   evT6s  dTt€tpou  dvLooTp6Ttou   u€oou     5-

xei     'dvTiueTcoTtLosfi   ^6yap   ltat    Tfis   dTt^6TTiT6§   Iou.    OUTCDs  ol  SA-

VIN    {1961},    MILNE-THOMSON    {1968}    ttat    rAAIAAKHZ    {1968}    €Tt€-

^uoav   et6LMde   Tt€piTtTd>o€Le   Too   TtpchTou   9eiie^Lch6ous   npoB^hucl-

Toe   6i'   dn^fiv   ^etav   pcoyuhv   €vT6_e   dTTetpou   dvLooTp6Ttou   u€oou

Tfi   xpfioei   Tfis   ue$66ou   Tfie   ouuu6ptpou   dTT€iMovtoecDe   Tfie        pcD-

yufie   €nt   Too   uova6iatou   MbM^ou   fi,   6nep   TabT6,   6Ld  S€®phoc-
cos   Tfis   pcoyufi§   dts   dMpatae   nepiTtTchoecoe   €^^etu€co§      €t)pLc"ouE-

vTi§   €vT6e`  Too   dTte[pou   dvLooTp6Ttou   u€oou.uooov   dapop¢      €L6L-
Itd>Tepov   eis   Tfiv   €vTaT"fiv   ltaTdoTaoLv   Ttapd   Td  &Itpa   Tfis      etJ-

Suypduuou   pcDytific,   €v6iap€pov   TtapouoidEeL   T6  dpspov   T@v   Slfty
PARIS   and   IRWIN   {1965}.

T6   Ttp6B^nua   Tfie   €b9uypduuou   pcoyufis   €vT6e  dTt€tpou     dvL-
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ooTp6Ttou  u€oou  6bvaTou   vd  dvTLueTOTtLosfi   et"o^chTepov 6id xphT

oecos   Tfis   ues66ou   TC5v   uiya6"@v   6uvauLIt@v   lt`Cht   dvaycoyfis  Too 6T

lou   TtpoB^fiuaToe   ete   Ttp6B^nua   RIEprANN-HILBERT   €Ttt   Tfis   pcovufic;,

dva^6ycos   Ttp6s   Tfiv   €Ttt^uoLv   Tot}   atJTot}   TtpoB^huaTos   6i. Lo6Tpo-

Ttov   u€oov   ttTt6   Too   MuSKHELlsHvlLI    {1953A,    §120}.    `H      u6So6oe

at}TTi   TtapouoidEei   €vavTi   Tfis  TtpoavaapepsetoTie   ue$66ou Tfie ouu-

u6papou   dTte"ovtoecoe  Tt5pav   Tfis   oxeTLItfie  dTt^6TnT6e   Tns   ltat   T6
n^€ov€T4TT"a   6TL   6bvaTou   vd   €apapuoosfi   Mat   €te   Tfiv   iTeptiTTcooLv

tJTtdpEeoe   Tto^^@v   ouyypauuilt@v   pcDyuc}v.Aid   Tfi§   ue$66ou      TabTne

dvTeueTcoTttof}n   ei6iltfi   TteptTtTcoois   Tot}   TTpd>Tou   Seue^id>6ous   Ttpo-

B^huaTo§   T@v   ouyypauuLIt@v   pcoyu@v   bTt6   T@v   GREEN       and       ZERNA

{1968,     §9.10},    yev"d>Tepou            TTepiTtTd>oeie   Too   at)Too   TtpoB^fi-

tiaToe   bTL6   T@v   SIH   and   LIEBOWITZ    {1968},    h   6€   yeviwfi         Ttept-

TtTcoois   tjTt6   Too   IQAKEIMIAH   {1973}  ,    6oTis   €Sed>pnoev   6ucDe   t)(pi-

oTau€vnv   utav   u6vov   pcoyufiv,   Itat   ttTt6   Too   KRENK   {1975A} ,6oTis
56ooe   Thv   Tt^fipn   ^boiv   Too   TtpoB^fiuaTos   eLs   TteptTtTajoiv      tJTtdp-

Eeoe   Tto^}@v   ouyypauuiM@v   paJyu@v.
T6  iip6B^nua  Tfie   €bsuypduuou  pcoyufie   €vT6§  dnctpou  dvioo-

Tp6nou  u€oou   €u€^eThsn   Mat   6id  xpfioecos   Tfie  uc966ou   T@v     iJ,e-
TaoTdoecov.   ALd   Tfie   u€$66ou   TabTne   dvTcu€Td>iTioav   T6   Ttp6B^nua

ToOTo   oL   BARNETT   and   ASARO   {1972}    die   Mat   6   TUPHOLME    {1974}.

EnueiooTai   d]oChbTcoe   6TL   T6   Ttp6B^nua   Tfie   €tjpEo€coe   Too   €vTaTi-

woo   Tte6tou   Too   Ttpowa}ouu€vou   ttTt6   ueTaoTdo€ajv   €vT6s        dvIOo-
Tp6"ou   u€oou   €ue^eThsn   bTL6   Too   STROH   {1958},   6oTLe     dvTeue-

TchTtioev   eLs   T6  at)T6  dpspov   ltat   T6   Ttp6B^nua   Tfis   PoYufis           Tfi

xpfioei   6^ott^npcoTiM@v   ueTaoxnuaTicru@v,   Mat   bTt6   Too           STEEDS

{1973},   6oTLs   €EfiTaoev  6^a§   Td  6uvau€vas  vd       Ttapouoiaosoov
nepiiiTcho€i§  u€TaoTdoea]v   €vT6e  dvLooTp6nou  u€oou.

`Huets   eis   T6   Tufiua  ToOTo   f\plt€osnuev   ecg   T6   vd  dvaydyco-

uev   T6   Ttp@Tov  Seue^i@6ec   iTp6B^nua  Tfis  dlT}fie   ^etas P®yufis €V+
T6s  dTtetpou  dviooTp6Ttou   u6oou   eLs   t6i6uopapov     6^ow^npcoTikfiv
€E6oooiv,   xcopte  vd  epunveboouev  Tfiv  dlto^ousnsetoav     u€8o6ov
Tfi   Xpfioel   T@v   €vvoi@v   T6v   ouyltevTpa]u€vov   6uvdue®v   ltat         T@v

ueTaoTdoeov,   d>s   ecxouev   TTpdEei   6id  T6   to6TpoTtov   u6oov.
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A9.    ETEPA   ME®OAOE    EHIAYZ]EQE    TOY   HPOBAHMATOE    THE:    A-

IIAHz}   AEIAz:   pQrMHz   ENToz}   AIIElpo¥  ANlz:oTpoHo¥  ME-
\

Z]OY

T6   Ttp6B^Tiua   Tfie   dTT^fis   ^etae   poyufis   €vT6e   dTtetpou     dvi,-

ooTp6Ttou   u€oou   dvdycTou   ouuapchvcoe   iip6e   6oa   €E€T5STioav        €te

T6   TufiuaA8   Itat   Bdoei   T@v   TbTtov    (8.29)    €te   T6v        Ttpoo6iopi-

ou6v   TC)v   ouvapTho€ov   ap(t)    wac   y(t)    €Tta^nseuouo@v   Tde   6pLa-

wdc   ouvsfiMas    (8.34)  ,    €It   TC)v   6Ttotcov   Ttpowt)TtTeL    T€^ilt@s   f\       1-

6L6uopapoc   6^olt^TipcoTLwfi   €Etooois    (8.38)    u€   &yvcooTov      ouvdp-

TT|oLv   Thv   ap(t)  .    AL   6pLc"at    TLuat   TC3v   uLya6i]4d5v   ouvapTfio€cov

@(z)    wac   ¥(z)    I)iiawot)ouv   Gis   Tote   TbTtous   Tot)   PLEMELJ    (8.30)

Mat     (8.31),    ct§   Td   6E:ELd   uE^Ti   Tdtv   6notcDv   EuapavtEovTou         aL

OuvChpTho€Le   ap(t)    Mat    y(t).                                                         ,
"H6Ti   yevvdTai   T6   €pchTTiua  6iaTt   vd  Seopf\oou€v   a)e   Bao"de

wac   Ttpoo6LopioT€ae   ouvapThoeic   €TTt   Tfie   poyufie   L   Tds   Ttuwv6-

TTiTche   ap(t)    Mat    y(t)     T@v   6^olt^TipcoudTcov   CAUCHY    (8.29)              wac

Ta6Toxp6vcDs   6iaapopd§   TG3v   6pic"G)v   Tiu@v   TG5v   uiya6ilt@v      ouv-

apTfio€cov   a(z)    Itat   uJ(z)    €Ttt    T@v   6bo   TT^eup@v   Tfis   poyufis   WaTd

Tote   TttTtous    (8.30a)    Mat    (8.3la)    Itat   vd  ufi   O€opfioouevd>e  Ba-

aiwdc   ltat   Ttpoo6iopioT€a§   ouvapTfioeie   €Ttt   Tfie   poyufie   L     Tds
ouvChpTfio€ie  co(t)   Itat   x(t)    6piEou€vas  d]e   dspotouaTa  T@v     6-

pLalt@v   Titi@v   T@v   uLya6llt@v   ouvapTfioeov   ®(z)    Mat   xp(z)          €TTt

T@v   6bo   lT^eup@v   Tfis   pcDyufic.   IIpdyuaTl   otJ6ets   ^6yos      tJq>toTa-

TaL,   6oTie   vd   €iiiBd^^n   Tfiv   €It^oyfiv   d]s   BaoLIt@v     ouvapTT|o€ov

€Ttt   Tfis   Poyufis   T@v   q>(t)    Mat   y(t)    Itat   6xl   TG5v   o(t)    Itat   x(t)

fi   Mat   ypauuLWG)v   ouv6uaou@v   Tdiv   ap(t)    Mat   co(t)    Mat   y(t)       +tat

x(t)   dvTioTotx®e.
EtodyovTee   fi6n   Tde   ouvapTfioeLs   co(t)    wac   x(t)    ttaTd        Td

dvcoT€pcD   6uvdu€Sa  vd   ypducouev   Tote   Tbnous   Too   PLEMELJ(8.30)

wac     (8.31)    d>s    €Efie    :

®+,tl,-®-(tl,   =  ap,tl,Ttix ( tl )

X ( T 1 ) cO ( I 1 )

LI   T1-tl

2C -dTi+xlET'

(1a)

1
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a+(t[)+a-(tl)  =  i  jL]#dT|  =  0(Ti)

Mat:

v+(t2,-V-(t2,   =  y(t2,

y+,t2,+¥-(t2,  -i  IL2#

(18)

X(T2)X(T2).               2C2
dT2+rty,T2-t2       __2

(2a)

Y+(t2)+¥-(t2)   =  i   jL2FfdT2   =  X(T2),                              (28)

Td   6€   6^oM^npchuaTCh   CAUCHY       (8.28)    Td   6t6ovTa   Tde   ouvapThoEie

a(z[)wac   P(z2)^auBdvouv   Thv   €Efi§   uopapfiv    :

fldTI
LLT|-Zi+ri'

i"1'  -ZEl j

v(z2,  -±
C2 `iildT2L2T2-Z2

+giv,

r      xi(Ti)®(Ti)
T1-Z1

dT1+

T@V  OuvapTfioecov  XL , 2 ( z)   6 i6ou€vov MqTd  Td yvcooTd t)Tt6  T@v  TtJTtcov

xl'2`Z)    - ( z-al , 2 ) (z-B1,2-)     ,                                                                                     (4)

€Vsa   aL,2`  Itat    BL,2    Td   &Mpa   T@V   T6Ecov   LL,2    Too   ExfiuaToe   8.I.

EuvapThoel   T@v   ouvapTfio€oV   o(TL)    Itat   X(T2)    aL         6Plaltat

ouv9fittaL    (8.34)    Too   npoB^huaToe   6bvavTaL   vd  ypaapoov     Ttpoapa-

v@s,    Bdo€i   ltat    T@v   TbTtcov    (I)    wac     (2)  ,    Itat   d>e   eerie    :

(ui-u2):=±(°(ti)+(ui-u2):=±+1t=)+(u2-u2)¥X(t2)=P(t)J

dtl
(ul-u2)H

__1
+(ul-u2'H

dt2
+(u2-u2'H

Xi(Ti)0(Ti)_i_,     2Ci
dT+Ti-ti      -u|'X|(ti)

Xi(Ti)cO(Ti)

Ttix2(t2)     i_       T2-t2
2

(5a)

=   q(t).

(58)
'EMappdEovTE:e   Bdoei   Tfie   oxEo€®e    (5a)    Thv   ouvdpTnoLv   x(t2)
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ouvapTfio€L   Tfis   ouvapTho€a]S  a)(tL)    5Xouev   :
_ _  ____i

xtt2t  = + aETpttt-±±z frtt[t-±±z =;i;Ft,t6tdt
u2-u2                        u2-tJ2                           tJ2-u2

fi   6iiota   5MappaoLe   c[vai   €vTe^d)e   dvd^oyoe   Tfi§    (8.36)    6Ld   Thv

ouvdpTnoiv   y(t2).    'AVTiMasLOTd}vTce   fi6n   Tfiv   TLuhv   Tfie        nu-

Mv6TnToS   x(t2)    ets   T6   6^ow^fipajua   CAYCHY    (38)            etJptc"ouev

€wappaoLv,   dvTtoTOLxov   Tfie    (8.37)  ,    Tfie   ouvapThoecDe   T-(z)  ouv-

apThoei   Tfie   Ttuttv6TnToe   cD(tL)    Too   6^oM^npdtuaTos   CAUC.HY    (3a)

TOO   6t6OvToe   Thv   OuvdpTTioiv   ®(z)    d>s   eEfis    :

¥(z)
2Tti(u2-u2)X2(Z)    JL

ul_u2

2Tti(u2-I2)XZZ)

ul-u2

2Tti (u2 -u2 ) X2( Z )

x2(T2)P(I)

T2_Z dT-

L[X2(Tf::(zT[)dTL_

x2tT2iap_     c2
+T2-Z        -'1'X2z) (7)

"H6n   6ev   €xou€v   Ttapd  vd  dvTittaTaoThocDucv   Thv        €Itq)paoiv

(6)    Tfis   ouvapTfioe®e   x(t2)    ete   Tfiv   €Eto®oLv    (58),   6i,dvd^d-

Boij,ev   utav   16i6uopapov   6^olt^npcoTLItfiv   €Etoooiv,      dvTtoToixov
Tfi§    (8.38),  u€   &yvcooTov   ouvdpTnoLv   TT|v   co(tL)  .    ObTcoe   8xouev:

(ui-I2)±{FTIxiFjLL

dtl
+(ul-u2)H

Ttix!t2)

+¥`L
dt21
dt    Ttixzt2)

X[(Ti)O(Ti)I_    .    2Ci

Xi( I 1 ) CD ( I 1 )

XZ I 2 ) co ( I 1 )

Ti-ti          +  X|(t|)

dT.+T2-t2        _vl

X2T2)OT)_    2C2(u2-u2)
T2-t2        -.1          X2t2)

x2T2 ' P (I)

L     T2-t2
dT

-q(t)-

(8)

`YTt6   &MTiv   uopaphv   i    t6t`a   t6L6uoptpoe   6^ow^npcDTLItfi   €Eto®-

oi,e    (8)    ypdap€Tai   dvTioTotxcoe   Ttp6e   Tfiv    (8.39)     :
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:]1=i - !± _ ¥I2l - !Ez
xpt|)   T|-ti  dt    X(t2)  T2-t2   dt )

co(TL)dTi-

lL1(#=¥+#==)F,-dil-
(I)         2Ci(ui-u2)   dt|dt2

q ( t ) -Tat-

2Ci (ui-u2

FT
L     T2-t2

2C2(u2-u2)    dt2

¥(t2)          dt

xl(tl)          dt

(9)

AL    t6i6uopapoi   6^ott^npcoT"at   €ELod>o€is    (8.38)    wac          (8)

^6yap   T@v   Tbncov    (i)    6bvavTou   vd   ypChapoov   wat   u€           dyvd>oToue

ouvapThoeie   6xi   Tds  ap(t)   Mat   o(t)   dvTLOTotxos,   d^^'      dvTi-
oTp6que   h   u€v    (8.38)    u€   dyvcooTov   ouvdpTnoLv   Tfiv   ®(t)    Mat   fi

(8)    u6   &yvooTov   ouvdpTT|OLv   Tfiv   q)(t)    a)S   MdTosl    :

tut-u2tfrttL)+tut-u2)gap)-
dt2-iiii

+2C1

ul-u2
Tti

dT1+quni Lixi(Ti)  (T2-t2)

dtp(t)---dt   Tti
21

1 L#dT
wat   €ntone   :

tut-u2t#tt[)+tut-u2)gap)-
dt2iH ul-u2

Tt±X2(t2)   J  L[T2-t2   TtL  J   LL

ul_u2
Ttix2(t2)

XPE+
Li    T'i-Ti

(10)

'Ti#±jL.#dT'idTL-

'Li#±jLLffidr'idrL+
=q(t,-=±`L¥T

2C2  (u2-u2 )

x2(t2)

(11)

-Exouev  obTa]  T€ooapae   too6uvduoue   16iou6papoue  6^ott^Tipa>-
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Tiwd§   €ELochoeLe   Tde    (8.38),     (8),     (10)    wac    (11),    dpMec   6€   h

€Ttt^uoLs  ulde   €M   TobTcov   Thp6s   ebpeoiv   uid§   T@v     ouvapThoea]v

ap(t)   fi  a)(t)   wac   €Ttt^uoiv   Too  6^ou  T[ooB^huaT6e   ua§.    'Ava^6-
ycoe  Sd  fi6uvduesa  vd  oxTiuaTtcouev  T€ooapq§  dvTLOTotxoue     t-
6iou6pq>oue   6^oM^TipcoTiwde   €ELod>oeis  u€   dyvd>oToue        ouvapTh-

oeLe   Tds   y(t)    fi   x(t)  .    `Ona]o6hnoTe   Ttp€Ttei   waTd  Thv   €nt^uoLv

uids   T@v   t6iou6ptpcov   6^ow^T|pa]TiMd}v   €Eiochoea]v   vd  ^Tiapsfi   bn'6-

Ulv   wac   h   ouvshltT|    (8.47)   Too  uovoonudvTou  Tch;   ueTaTontoea)v,
flTie   etm6^a>§   Bdoei   Too   Tt)Ttou   (la)   6bvaTai   vd  €kappaosfi     wac
ouvapThoel   Tfi§  ouvapThoecos  a>(t),   €q).6oov  aoTn   etval   i       d-

yva]oToe   ouvdpTTious   Tfie   t6Lou6papou   6^ow^npcoTiltfis   €Eiocho€®§.
'ATtou€vel   fi6T|   T6  np6B^Tiua  Too  npoo6Lopiouoo   T@v     oTa9€-

P@V   CL   Wac   C2   T@V   €Mappdoea]v    (3)    T@v   uiya6iwdiv      ouvapThoecov

a(ZL)    Wac   Y(Z2).    ALd   Thv   €bpcolv   TobTa)v   6iaTtioToouev     waT'

dpxhv   Bdoei   T@v   €wappdo€a]v    (3)    6Ti    :

±'L1C1  =  -ZH ap ( I 1 ) dT 1 t

^auBdvovTes  bn.6ulv  6Tl   6uvduesa  Bdoei
Secophou)uev   6Ti    :

xl , 2 (Z)
_         _      -__

Z
+1,61.     Izl     +   co

y(T2)dT2,            (12)

ox€oea]e   (4)      vd

(13)

rlepaiT€p®  h   ouvshwTi   uovoonudvTou   T@v   ueTaTOTttoecDv   (8.47)

^6yap   wac   Tfie   Ttod>TTi§   T@v   ox€oecov    (12)    6bvaTai   vd   ypaapfi    :

{  (P|+±qi)  (u2-f2)-(P2+±q2)  (ui-I2)+(52+±E2)  (ui-u2)   }  Ci-
-   { t5L+iaL7  tu2-I2J -ip2+iq27  tIL-I2] + tE2+iE27 tIL-u2J  } EL=

= E2=Ezj LqtTidT -E2;Ezj LaT=ia=.                                         ti4t

'Ew   Tfis   uiya6iwfle   Ttpa]TOBdsutou   €Eiod}oea]§    (14)    6uvqu€vTle

vd  dva^usfi   eta   €v  oboTnua  6bo  TtpayuaTiw@v  npa)TOBasutcov   €E-
iod>oea>v  6bvaTai   et)xep@s  vd  npoo6loplosfi   f`  oTaSepd     CL        u6
TatjT6xpovov   €Eaotpd^Loiv   Tfis   loxboe  Tfis  ouvshwne  uovoonudv-



92

lou   T@v   u€TaTonto€cov    (8.47)  ,    €M   Tfie   6notae   wac   Ttpo€wuuev.
uOoov   dapop¢   ete   T6v   TtepaLT€pco  Ttpoo6Lopiou6v   Tfis     oTase-

pds   C2,   6bvaTal   vd   ^Tlapsfi   bTt'6it/iv   fi   ox€oic    (8.45)  ,   iiTLs,^6-

yap  Mat   T@v   ox€oecov    (12),     (8.30a)    ttat    (8.3la),   6bvaTai        vd

ypaapfi   d>e   MdT®SL    :

(P1+±ql)C|-(P|+±q|)Ci+(P2+±q2)C2-(P2+Lq2)C2   =   0.        (L5)

`H   ox€oie    (15),   6Laoapa^tEouoa  d>e   Mat   fi    (14)    T6     uovoofr

iJ,avTov   T@v   u€TaTontoe®v,   dTtoT€^et   MaTd   BdoLv   utav     uLya6L-
Mhv   €EtocooLv   Ttpd>Tou   Ba9uoO   Ttp6e   npoo6iopiou6v   Tfie   oTas€pde

C2,    €ap'6oov   fi   oTa9epd   CL   Se®pTi9fi   ebp€S€tou  che   ^boLe           Tfie

uiya6LMfls   npcoTOBasutou   €ELocho€coe    (14)  .
•H   oTas€Pd  C2   6bvaTal   vd   E:tJpesfi   wac   MaT'&^^ov        Tp6Ttov

ouvapTfioeL   Tile   oTasEpde   CL.   AauBdvovT€§   ot)Tcoe   tJn'6iLJiv      Tde

ox€o€Le    (12)    d]e   Mat   Thv    (8.36)    €bptc"ouev   €btt6^cDe   Thv   €Efie

€Itapp::L:  =Ti:=s,::(:)dT_(uL_[2)cL+(Ii-=2)E1  }.     ([6)

AbvaTaL   vd   6ianLOT®9fi   6Ti   aL   ox€o€Le    (14),     (15)            Mat

(16)    aL   €MappdEouoal   Tds   oTasepds   C±   Itat   C2   Bdoel   Tfis     oUV-
apT.fio€coe   q(I)    Mat   T@v   oTa9ep@v   Too   tj^LMoO   €tvou         ouuBLBa-

oTat   ucTaEb   Tcov,   d>e   €E   &^^ou  dvcu€veTo.

EXETIKAI   EPI-AEIAI   -rlAPATHPHZ:EIZ:   At   €wTes€toai   ete   T6

Tufiua   Tot)To   u€9o6oi   €Tti^bo€coe   Tot}   npd>Tou  Seu€^id6oue     Ttpo-

B^f|uaTos   61.   dTT^fiv   ^etav   pcoyufiv   €vT6§   dTtetpou     dviooTp6Ttou

u€oou  diTOTe^ot)v   €va^^a"Tiltde  ue$66oue  dvTiueTa]Tttoeti)€        Too
TtpoB^fiuaTos   TotJTou   Tt€pav   Tfic   dvaTtTuxsetoT|e   et§   T6   TufiTla  A8,

n^fiv   dpM€Td   6uotas   ]4ctTd   T6v   Tp6nov   €pycLotttc   €Metvne.   ITpocJ-

€Ti   6€   dTtoTe^ot}v   €Tt€ttTaoLv   6id   Thv   TteptTtTooiv   Too        dvioo-

Tp6Ttou   u€oou   T@v   dvaTTTuxseio@v   ele   T6   Tufiua  A2   u€$66cDv      €-

Tti^boeos   Too   Ttpd)Iou  Seue^id>6ouc   TtpoB^tiuaToc   6ld  Tfiv     dTt^fiv

^etav   poyutiv   €vT6c  dTtetpou   tooTp6Ttou  u€oou.
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KatToi   €v  v€v€L   6€ov  6Ttcos   h  &vouTuxSetoa  ete   T6     Tufiqu

A8   u€So6os  &vTiueTa]Tttoea)s   Too  TtpoB^huaToe   Tfis  dTt^fis     ^etas

PcDyufis   €vT6s  &Tte[pou  dvLooTp6nou  u€oou  npoTLuaTai   T@v     na-

pouotcov   TTie   ete   T6   Tufiua  ToOTo  &vouTuxS€io@v   ue$66cov,        €v
TobTois  at   Te^euTatai  a6Tai  dTto6eiwvbouv  kaTd  T6v     tta^bT€'-

pov     Tp6Ttov   T6  yeyov6e  6Ti   €v  np6B^nua  pcoyufi§  6bvaTaL        v&
&vTlueTa)Ttiosfi   6id  TtoM@v   Tp6Trov   kaT&   Bdoiv   B€Bat®s     &pweT&

dva^6va]v.   Aid  Thv  p®yuhv   6vT6e   tcJOTp6Ttou  u€oou   €xouev  dvct-
tp€peL   €te   Td  TuhTmTa  Al   €a)§  A5   8Ti   TtepioooT€pac        ue$66ou§

dvTiueT®ntoecoe  ti   €vTaosa  Old  Thv  pa]yuhv   €vT6e     dviooTp6nou

u€oou,   6uvduesa  6€  v&  TtapaTnphoa]uev  6Ti   6^aL  at  u€So6oi   aL
&vaTtTuxsetoou   6id  T6  Ttp6B^nua  Tfis  pa]yufis   €vT6r,   .a    tctotp6iT,ou

u€oou   6bvcl.vTcti   vd   €TtekTa.SoOv  wcit   elf,   Thv   n€rJtnTOJoiv   ptoyufir,
€vT6e  &viooTp6Ttou   u€OOu.




